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11.2 Case 2: The Poincaré Map of a Time-Periodic Ordinary

Differential Equation: Variation of the Cross-Section . . . . 155

12 Structural Stability, Genericity, and Transversality 157
12.1 Definitions of Structural Stability and Genericity . . . . . . 161
12.2 Transversality . . . . . . . . . . . . . . . . . . . . . . . . . 165
12.3 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167

13 Lagrange’s Equations 169
13.1 Generalized Coordinates . . . . . . . . . . . . . . . . . . . 170
13.2 Derivation of Lagrange’s Equations . . . . . . . . . . . . . 172

13.2a The Kinetic Energy . . . . . . . . . . . . . . . . . . 175
13.3 The Energy Integral . . . . . . . . . . . . . . . . . . . . . . 176
13.4 Momentum Integrals . . . . . . . . . . . . . . . . . . . . . . 177
13.5 Hamilton’s Equations . . . . . . . . . . . . . . . . . . . . . 177
13.6 Cyclic Coordinates, Routh’s Equations, and Reduction of

the Number of Equations . . . . . . . . . . . . . . . . . . . 178
13.7 Variational Methods . . . . . . . . . . . . . . . . . . . . . . 180

13.7a The Principle of Least Action . . . . . . . . . . . . 180
13.7b The Action Principle in Phase Space . . . . . . . . 182
13.7c Transformations that Preserve the Form

of Hamilton’s Equations . . . . . . . . . . . . . . . 184
13.7d Applications of Variational Methods . . . . . . . . . 186

13.8 The Hamilton-Jacobi Equation . . . . . . . . . . . . . . . . 187



xiv Contents

13.8a Applications of the Hamilton-Jacobi Equation . . . 192
13.9 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . 192

14 Hamiltonian Vector Fields 197
14.1 Symplectic Forms . . . . . . . . . . . . . . . . . . . . . . . 199

14.1a The Relationship Between Hamilton’s Equations
and the Symplectic Form . . . . . . . . . . . . . . . 199

14.2 Poisson Brackets . . . . . . . . . . . . . . . . . . . . . . . . 200
14.2a Hamilton’s Equations in Poisson Bracket Form . . . 201

14.3 Symplectic or Canonical Transformations . . . . . . . . . . 202
14.3a Eigenvalues of Symplectic Matrices . . . . . . . . . 203
14.3b Infinitesimally Symplectic Transformations . . . . . 204
14.3c The Eigenvalues of Infinitesimally Symplectic

Matrices . . . . . . . . . . . . . . . . . . . . . . . . 206
14.3d The Flow Generated by Hamiltonian Vector Fields

is a One-Parameter Family
of Symplectic Transformations . . . . . . . . . . . . 206

14.4 Transformation of Hamilton’s Equations Under Symplectic
Transformations . . . . . . . . . . . . . . . . . . . . . . . . 208
14.4a Hamilton’s Equations in Complex Coordinates . . . 209

14.5 Completely Integrable Hamiltonian Systems . . . . . . . . 210
14.6 Dynamics of Completely Integrable Hamiltonian Systems in

Action-Angle Coordinates . . . . . . . . . . . . . . . . . . . 211
14.6a Resonance and Nonresonance . . . . . . . . . . . . . 212
14.6b Diophantine Frequencies . . . . . . . . . . . . . . . 217
14.6c Geometry of the Resonances . . . . . . . . . . . . . 220

14.7 Perturbations of Completely Integrable
Hamiltonian Systems in Action-Angle Coordinates . . . . . 221

14.8 Stability of Elliptic Equilibria . . . . . . . . . . . . . . . . 222
14.9 Discrete-Time Hamiltonian Dynamical Systems: Iteration

of Symplectic Maps . . . . . . . . . . . . . . . . . . . . . . 223
14.9a The KAM Theorem and Nekhoroshev’s Theorem for

Symplectic Maps . . . . . . . . . . . . . . . . . . . . 223
14.10 Generic Properties of Hamiltonian Dynamical Systems . . 225
14.11 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . 226

15 Gradient Vector Fields 231
15.1 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . 232

16 Reversible Dynamical Systems 234
16.1 The Definition of Reversible Dynamical Systems . . . . . . 234
16.2 Examples of Reversible Dynamical Systems . . . . . . . . . 235
16.3 Linearization of Reversible Dynamical Systems . . . . . . . 236

16.3a Continuous Time . . . . . . . . . . . . . . . . . . . 236
16.3b Discrete Time . . . . . . . . . . . . . . . . . . . . . 238



Contents xv

16.4 Additional Properties of Reversible
Dynamical Systems . . . . . . . . . . . . . . . . . . . . . . 239

16.5 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . 240

17 Asymptotically Autonomous Vector Fields 242
17.1 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . 244

18 Center Manifolds 245
18.1 Center Manifolds for Vector Fields . . . . . . . . . . . . . . 246
18.2 Center Manifolds Depending on Parameters . . . . . . . . . 251
18.3 The Inclusion of Linearly Unstable Directions . . . . . . . 256
18.4 Center Manifolds for Maps . . . . . . . . . . . . . . . . . . 257
18.5 Properties of Center Manifolds . . . . . . . . . . . . . . . . 263
18.6 Final Remarks on Center Manifolds . . . . . . . . . . . . . 265
18.7 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . 265

19 Normal Forms 270
19.1 Normal Forms for Vector Fields . . . . . . . . . . . . . . . 270

19.1a Preliminary Preparation of the Equations . . . . . . 270
19.1b Simplification of the Second Order Terms . . . . . . 272
19.1c Simplification of the Third Order Terms . . . . . . 274
19.1d The Normal Form Theorem . . . . . . . . . . . . . 275

19.2 Normal Forms for Vector Fields with Parameters . . . . . . 278
19.2a Normal Form for The Poincaré-Andronov-Hopf
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