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�# +K .�#���� �0<Z .� /P�h) �7 �̀< �7 � �E$��< ��� A��N<�� A�-J�$�� �7 �j#$d�
+K ��# .��< A�4;�7 A�" 1��$:� �7 �4��� ? �

�-��
� ,-���  !>

/���P �# �� t ∈ T k(V ) �h'g +��� R A�� A$*7−n A��#�7 A�BD M V K ��L
E�T<Z �vi = vj K�@�7 �4@�# i �= j �7 j � i M Ǳ�.� �7 �L� �H K�8�L 0%#���

T (v�, · · · , vi, · · · , vj , · · · , vk) = �

A� vk � · · · �v� �- Ǳ�.� �7 E�T<Z �$@�7 /7��'� T �L�

� = (v�, · · · , vi + vj , · · · , vi + vj , · · · , vk)

= T (v�, · · · , vi, · · · , vi, · · · , vk) + T (v�, · · · , vi, · · · , vj , · · · , vk)

+T (v�, · · · , vj , · · · , vi, · · · , vk) + T (v�, · · · , vj , · · · , vi, · · · , vk)

= �+ T (v�, · · · , vi, · · · , vj , · · · , vk) + T (v�, · · · , vj , · · · , vi, · · · , vk) + �

���� �� &��9�� T �? ��7�'7

T (v�, · · · , vi, · · · , vj , · · · , vk) = −T (v�, · · · , vj , · · · , vi, · · · , vk)

!I3



Copyright :  Dr. Mehdi Nadjafikhah < m_nadjafikhah@iust.ac.ir >

��)*�
��+ Z
� > ��� ".���� -.��� ��>

���O �# S%>� ? �� +#�7 $-��) 9�< /<���< T E�T<Z �$@�7 �H J��:4� T �L� ��4"��
m�N�< ���# S%>� ? � ��+� = � �H /<�$�� A� � A��#�7 A�BD M .� /P�)
A�'*� �7 /<���< {�@ � ���� J#�7 �H J��:4� /'*� �7 J#�7 J��:4� ���O ? � �#

�+$ �9D�/� JZ
?@�� +K�-#/� J�;< Ωk(V ) #�	< �7 �� /<���< A�- T ∈ T k(V ) ��	- �-�g�	d�
f : V →W �L� �E�Gg �7 +$@�7/� T k(V ) .� / �BD� . Ωk(V ) ⊆ T k(V ) �H ���
m$'H/� �&O �� �-�BD � . ? � f∗ : T k(W ) → T k(V ) E�T<Z �$@�7 />) /% $"�
�\� � �Ω�(V ) = T �(V ) = V ∗ ��H $�'H ��� +f∗ : Ωk(W ) → Ωk(V ) �/'* 
+Ω�(V ) = T �(V ) �H #�@ R�D ��� ����� �E�Gg �7 +��� n $*7 �7 Ω�(V )

/��O �# ���� � �*�o�) k〉� A��7 Ωk(V ) $*7 �H ��� ?@�� ��Y�O Q�O �#
det ∈ T n(R)n J�'����# 67�� �/<���< ��N<�� ? �4D� �*� +K�<�#/	< ��<Z ��$:� �H
+##�L � �*� e ���� M �>� n .� /*7�� 1��P �7 ��<Z �
<Z �7 {��;� �$@�7/�
.� A���N7 �# +��� /<���< 67�� ? ��/%H �A��"*� �7 �67�� ? � �H $ # K�-��) A#�97
67�� �# �- #�@/� E#�# J�;< �H ��� ? � �$C ?���� �J�'����# ��0&� p�t �# �0;@�H
�7 e�� +dimΩn(Rn) ≤ � �T # J��7 �7 m$'"	- .� /7�B� �Rn �7 /<���< />)−n
V �L� ��4"��a +Ωn(R)n = � �H #�@/� E#�# J�;< det �&P ��r 67�� /%	g �)��
�)�� �Xj �	*� _+dimΩn(V ) = � K- .�7 E�T<Z �$@�7 E��n�# n $*7 �7 A��#�7 A�BD

+��� � q �# p� �@ o� � .� /P�) ���O �H ��� /= �P Q���D �7 det

/*7�� u ∈ Sk .� �Bg �- m��� {�, · · · , k} A�-�;T � ��	- ��g�	d� Sk K ��L
_/8��@� �̀< �- .�a E��n�# /8��−k M (v�, · · · , vk) �L� +i �→ u(i) / ���# ���

K�'H/� � �*� �$@�7

σ.(v�, · · · , vk) = (vσ(�), · · · , vσ(k))

?��� σ(�) ����� �	� ��  Z�# ?���� ���	��/D +#��# [4)�� �# /��07� �� �*� ? �
�4@�# E$;< S��� k � · · · �� A�-e $<� M	H �7 �� �- v �s<�'� +��� �- vi .� �h'g
σ.(v�, v�, v�, · · ·) ��P�� A��7 E�� M +��� /'*�/7 σ(�) .� ?4&T'n� �K�@�7
� �*� ����#� �# +· · · � w� = v� �w� = v� �w� = v� K�'H R�D m��� ?�'�

K�'H/�

σ.(ρ.(v�, · · · , vk)) = σ.(w�, · · · , wk)

= (vρ(σ(�)), · · · , vρ(σ(k))) (wα = vρ(α) �� .)
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K ��# �d�4< �#

σ.(ρ.(v�, · · · , vk)) = (ρσ).(v�, · · · , vk) _�+3 a

1��P �7 �� zT J���<y �R� �&� T ∈ T k(v) �- Ǳ�.� �7 �Q�O

Alt T :=
�

k!

∑
σ∈Sk

sgnσ.T ◦ σ

�T # J��7 �7 +K�'H/� � �*�

Alt T (v�, · · · , vk) =
�

k!

∑
σ∈Sk

sgnσ.T (vσ(�), · · · , vσ(k))

K ��# �σ J#�7 #�D 1��P �# � $@�7 ��. �;T � σ �L� ���� +� �7��7 sgnσ �H
+sgnσ = −�

+Alt(T ) ∈ Ωk(V ) E�T<Z �T ∈ T k(V ) �L� _� �
��� ����%
+Altω = ω E�T<Z �ω ∈ Ωk(V ) �L� _!

+Alt(Alt(T )) = Alt(T ) E�T<Z �T ∈ T k(V ) �L� _2

Q��T4<� � ��N<��& # ^�NO ^�4H .� 3� � 3� 1�=&P �7 � a E$'<��) E�$0g �7 23�*4�
� +_#�@ ��� �-�'�	) �7

8�@�E Y�� &!>

1��P �7 �� ω ∧ η ∈ Ωk+�(V ) �h'g �η ∈ Ω�(V ) � ω ∈ Ω(V ) Ǳ�.� �7 �Q�O

ω ∧ η =
(k + �)i

k!�!
Alt(ω ⊗ η)

�j$*7 ��� +$��/� �]< �7 #���/7 Xj �	4O� �K �E#�H �D�Y� �H /" �Y +K�'H/� � �*�
+$@ $-��) E#�# J�;< JZ /;n7#��

�H ��� ?@��

���� />) �# ∧ A�E�L ^�Y _�

(ω� + ω�) ∧ η = ω� ∧ η + ω� ∧ η

ω ∧ (η� + η�) = ω ∧ η� + ω ∧ η�
aω ∧ η = ω ∧ aη = a(ω ∧ η)
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+f∗(ω ∧ η) = f∗ω ∧ f∗η _!

+ω ∧ η = (−�)k�η = (−�)k�η ∧ ω ���� / �d7��< � #�V ∧ A�E�L ^�Y _2
+ω ∧ ω = � E�T<Z �$@�7 #�D k �L� Ek � �7

+##�L/� 1�"x� � . K
O �# A�E�L ^�Y A� \V�H�@ �E�Gg �7

E�T<Z �Alt(S) = � � T ∈ T �(V ) � S ∈ T k(V ) _� ����� ����%
Alt(S ⊗ T ) = Alt(T ⊗ S) = �

Alt(Alt(ω ⊗ η)⊗ θ) = Alt(ω ⊗ η ⊗ θ) = Alt(ω ⊗Alt(η ⊗ θ)) _!
E�T<Z �θ ∈ Ωm(V ) � η ∈ Ω�(V ) �ω ∈ Ωk(V ) �L� _2

(ω ∧ η) ∧ θ = ω ∧ (η ∧ θ) =
(k + �+m)!

k!�!m!
Alt(ω ⊗ η ⊗ θ)

K ��# _� 23�*4�

(k + �)! Alt(S ⊗ T )(v�, · · · , vk+�) =

=
∑

J∈Sk+�

sgnσ.(S ⊗ T ).(σ.(v�, · · · , vk+�))

=
∑

J∈Sk+�

sgnσ.S(vσ(�), · · · , vσ(k+�))

�7�x �� k+ � � · · · �k+� �H ��� / �- σ ��	- ��g�	d� G ⊂ Sk+� K�'H R�D Q�O
1��P ? � �# +#��#/� E�T<∑

σ∈G
sgnσ.S(vσ(�), · · · , vσ(k)).T (vσ(k+�), · · · , vσ(k+�)){ ∑
σ′∈Sk

sgnσ′S(vσ′(�), · · · , vσ′(k))
}
.T (vk+�, · · · , vk+�) = �

�7�'7 1��P ? � �# �σ�G = {σ�σ′ : σ′ ∈ G} K ��L +σ� ∈ G K�'H R�D �J�'H�
K ��# _�+3 a∑

σ∈G
sgnσ.S(vσ(�), · · · , vσ(k)).T (vσ(k+�), · · · , vσ(k+�)){ ∑
σ′∈Sk

sgnσ′.S(vσ′(�), · · · , vσ′(k))
}
.T (vk+�, · · · , vk+�)
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M σ�.(v�, · · · , vk+�) �� .a ��� �&P 1��"g ? � �H K�-# J�;< ��� /D�H eV
Ǳ�.� �7 E�T<Z σ ∈ G ∩ σ�G �L� �H #�@ ��� +_��� �-��#�7 .� �T # / �� (k + �)

�e�� +��� ~C�'� �H σ� = σ(σ′)−� ∈ G ? ��7�'7 � σ = σ�σ
′ A� σ′ ∈ G M 

�9d� ��g�	d� � . �# �7 �� Sk+� K�<���/� ��0 ? � �7 +G ∩ σ�G = ∅ �̀	d� �#
�7 Alt(T ⊗ S) ��>7�� +��� �&P �0<Z .� M �- �7 �̀	d� �H K�'H K�N:� A��t

+��� 1�"x� �7�C �7�;� 1��P

p�Y� �7 X�

Alt(Alt(η ⊗ θ)− η ⊗ θ) = Alt(η ⊗ θ)−Alt(η ⊗ θ) = �

K ��# _�a .� �\� �

� = Alt(ω ⊗ [Alt(η ⊗ θ)− η ⊗ θ])

= Alt(ω ⊗Alt(η ⊗ θ))−Alt(ω ⊗ η ⊗ θ)

+��� 1�"x� �7�C �7�;� 1��P �7 ��T # A��N�

K ��# X�

(ω ∧ η) ∧ θ =
(k + �+m)!
(k + �)!m!

Alt((ω ∧ η)⊗ θ)

=
(k + �+m)!
(k + �)!m!

(k + �!)
k!�!

Alt(ω ∧ η ⊗ θ)

� +��� 1�"x� �7�C �7�;� 1��P �7 �A$*7 A��N�

F\O Alt � �*� �# (k + �)!/k!�! ���g �L� /4O _!a ���� �7 �H #�@ ���
� �*� �# �/k! ���g ��T # A�� .� +��� � \V�H�@ ∧ A�E�L ^�Y J�'s	- �##�L
�# � ��N�< b�=P Alt(Alt T ) = Alt T ��>7�� �JZ J�$7 �� . ���� /���� Alt

J�$7 /�� Alt J�	- �� Alt �s<�'�� +#�@/� c%r _!a 1�"x� �# Q�� ��>7�� �d�4<
�
@ �7 �� ∧ /4N �7 �K�'H � �*� �/k! ���g

ω ∧ η :=
�

k!�!
Alt(ω ⊗ η)

/'*� �7 � ���# 9�< /-�'4� ��hn;� �7 A�-J�$�� �# /4O u=7 ? � +K�'H � �*�
���
� �"��� k!�! #�$*� �7 Alt(ω ⊗ η)(v�, · · · , vk�) 1G	 .� M �- �H ��� ����

!��
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? � �H #�	< ��"*� J���/� /'*� ? � �7 �� �/k!�! � �_$<�/<���< η � ω �� .a $<�@/�
�+K�'H/� ��h� �h'g M �� Ǳ/@ k!�!

A�� �� vn � · · · �v� �L� ���� ?�'� ∧ � �*� �# (k+�)!/k!�! ���g ��BO ���#
E�T<Z ��0<Z �7 ��]< J�L�# ��  �V ϕn � · · · �ϕ� � $'@�7 V A��7

ϕ� ∧ · · · ∧ ϕn =
(�+ · · ·+ �)!
�!�! · · ·�!

Alt(ϕ� ∧ · · · ∧ ϕn)

=
∑
σ∈Sn

sgnσ.(ϕ� ⊗ · · · ⊗ ϕn) ◦ σ

Ek � �7

(ϕ� ∧ · · · ∧ ϕn)(v�, · · · , vn) = �

_+ϕ� ∧ · · · ∧ ϕn = det E�T<Z �$@�7 Rn A��7 #��$<�4�� ��  �V vn � · · · �v� �L� �eVa
+�)�� J���/� Ωk(V ) A��7 A�� �V �� q 1��P �7

�� ≤ i� < · · · < ik ≤ n �7 A�- ϕi� ∧ · · · ∧ϕik ��	- ��g�	d� ����� ����%
�7a +��� (nk) = n!

k!(n−k)! $*7 �7 ��d�4< �# �H �$-#/� ��
;� Ωk(V ) A��7 A�� �V
_+Ωk(V ) = {�} �- k〉n Ǳ�.� �7 �(�h)

K�N �'7 K�<���/� �ω ∈ Ωk(V ) ⊆ T k(V ) �L� 23�*4�

ω =
∑

i�,···,ik
ui�···ik ϕi� ⊗ · · · ⊗ ϕik

�d�4< �# �

ω = Alt(ω) =
∑

i�,···,ik
ui�···ik Alt(ϕi� ⊗ · · · ⊗ ϕik)

±(�/k!)ϕj�∧ �7��7 j� < · · · < jk Ǳ�.� �7 �
' � � � ��� �&P � Alt(ϕi�⊗· · ·⊗ϕik) �-
�H j� < · · · < jk �H ϕj� ∧ · · · ∧ ϕjk �
@ �7 �P�'g �d�4< �# +$@�7/� · · · ∧ ϕjk

�L� +$''H/� $���� �� Ωk(V )

� =
∑

i�<···<ik
ai�,···,ik ϕj� ∧ · · · ∧ ϕjk

� +ai�,···,ik = � �H ##�L/� E$-�;� (vi� , · · · , vik ) �7 F�t �# Q�	g� �7 E�T<Z

!�!



Copyright :  Dr. Mehdi Nadjafikhah < m_nadjafikhah@iust.ac.ir >

8�C�G [
U $�> ��)*�
��+ Z
� > ���

QG:4�� A��7 /D�H � �.X {�@ E�T<Z �ω�, · · ·ωk ∈ Ω�(V ) �L� ������ ����%
+ω� ∧ · · · ∧ ωk �= � �H ��� ? � ωk � · · · �ω� />)

A��7 vn � · · · �vk �· · · �v� A�� �V E�T<Z �$'@�7 />) �:4N� ωk � · · · �ω� �L� 23�*4�
� ≤ i ≤ k Ǳ�.� �7 JZ ϕn � · · · �ϕk �· · · �ϕ� J�L�# A�� �V A�-��#�7 �H #��# #�� V
A��7 � �V M .� A�h'g ω� ∧ · · · ∧ ωn ? ��7�'7 +$''H/� �$P ϕi = ωi {�@ �#

+�N�< �&P �\� � ��� Ωk(V )

E�T<Z �ω� = a�ω� + · · ·+ akωk �L� ��T # A�� .�

ω� ∧ ω� ∧ · · · ∧ ωk = (a�ω� + · · ·+ akωk) ∧ ω� ∧ · · · ∧ ωk = �

� +��� ��	� J�-�7 �

�<�L$'� e $<� M I #�@ R�D ��� ����� ��-A��\L#�	< J#�H ���PG) �0 �7
.� �Bg �- �1��P ? � �# +��� ϕi� ∧ · · · ∧ ϕik �T; �	< ϕI � ��� (i�, · · · , ik)
�� �BC W"t �7 �H #�@ ��� +��� J��7 �7�C

∑
I

aIϕI �
@ �7 �4
 1��P �7 Ωk(V )

�
@ �7 67��� />) S�H�� 1��P �7 A� ω ∈ Ωk(Rn) �- �!+!+3

(v�, · · · , vk) �→

⎛⎜⎝ v�
+++
vk

⎞⎟⎠ e ���� .� k × k ��'��

+K�'H/� p�>� ��-$%&�'� ���O �7 ?4)�#�V .� �"C ���E#�� A���BC Gj  q +��� J��7 �7�C

�7 +ω ∈ Ωk(V ) � ��� V A��7 A�� �V vn � · · · �v� K ��L ����� ����%
K�'H R�D E�Gg

ωi =
n∑
j=�

αji vj (i = �, · · · , n)

1��P ? � �#

ω(ω�, · · · , ωn) = det(αij).ω(v�, · · · , vn)

1��P �7 �� η ∈ T n(Rn) �h'g 23�*4�

η((a��, · · · , an�), · · · , (an�, · · · , ann)) = ω

n∑
j=�

aji vj , · · · ,
n∑
j=�

ajn vj

!�2
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M Ǳ�.� �7 �\� � �η ∈ Ωn(Rn) �H ��� ?@� � 1��P ? � �# +K�<�/� � �*�
� c = η(e�, · · · , en) = ω(v�, · · · , vn) E�Gg �7 � �η = c. det A� c ∈ R

/40 1��P ? � �# �� �= Ωn(V ) � A#�7 A$*7−n V �L� ������ ����%
�H #��# #�� J�'� V A��7 μ #�&7 �h='�

ω(v�, · · · , vn) > � �L� �0'� � �L� [v�, · · · , vn] = μ

�L� +K�-$7 K�	*� K�<���/� A��#�7 A�-FGH ���O �7 �� $ $ A�" �)�� J�'H�
�7 Ωk(π−�(p)) �7 π−�(p) ��� �- ~ �*� �7 �$@�7 A��#�7 FGH ξ = π : E → B

�- Ǳ�.� �7 �H ω J�� ��� /*7�� �Ωk(ξ) .� ω o�7 +K���/� Ωk(ξ) $ $ FGH M 
Ωk+�(ξ) .� ω∧ η o�7 �$@�7 Ω�(ξ) .� /@�7 η �L� +ω(p) ∈ Ωk(π−�(p)) A� p ∈ B

�K�'H/� � �*� � . 1��P �7 ��

(ω ∧ η)(p) := ω(p) ∧ η(p) ∈ Ωk+�(π−�(p))

Z� )!>

�� "��� .� /<���< J� ���H A��#�7 A�-J�$�� .� $'���"g �j:�C# �H �Ωk(TM) A�0@�7
J� ���H A��#�7 J�$�� M /'*� �7 ���# ��D−� +K���</� M �7 +�,−k �� ��� k
���	- A�-��D .� ���� M �7 ���	- A��#�7 FGH Ωk(TM) p�Y� �7 J�� +���
b �h� [DG) �
<Z �T� K�<�#/� ���	- �� �-��D ��	- �eV ? � .� m�&L ?n� J���/�
�L� �$''H/� �	g J� �����4'H �
@ �7 J� ���H A�-��N<�� �H K �@/� ��Z#� +#�@
M �7 ��D−k M f∗ω E�T<Z �$@�7 N �7 ��D−k M ω � E#�7 ���	- f : M → N

�-��D−k .� � q (��) +#�	< � �*� J���/� 9�< �� w ∧ η � ω� + ω� �P�'g +���
�#�	< ��4'4�� J���/� Ωk(V ) �7 ��]< (��) .� /L#�� �7 ��

�) (ω� + ω�) ∧ η = ω� ∧ η + ω� ∧ η

�) ω ∧ (η� + η�) = ω ∧ η� + ω ∧ η�
�) ω ∧ η = (−�)k�η ∧ ω

�) fω ∧ η = ω ∧ fη = f(ω ∧ η)

�) f∗ω ∧ f∗η

!�5
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��
;� T ∗M A��7 A�� �V �- dxi(p) E�T<Z �$@�7 /��h4n� /-�T4�# (x, U) �L�
Ωk(p) A��7 A�� �V �i� < · · · < ik �H �- dxi� ∧ · · · ∧ dxik(p) �\� � �$'-#/�

�
@ �7 �4
 1��P �7 �� ω ��D−k �- �? ��7�'7 +$'-#/� ��
;�

ω =
∑

i�<···<ik
ωi�,···,ik dxi� ∧ · · · ∧ dxik

I = (i�, · · · , ik) �� <�L$'� e $<� Ǳ�.� �7 �� dxi�∧· · ·∧dxik �s<�'� � +�@�< J���/�
+ω =

∑
I

ωI dx
I E�T<�K�N �'7 dxI �
@ �7

{�@ �# �H A� ω′
I � ωI ?�7 ��>7�� ?4D� �� ���N�

ω =
∑
I

ωI dx
I =

∑
I

ω′
I dy

I

���O �d' � �# ��� +_�� �� ���N�a E$'<��) E�$0g �7 ? �	� J��'g �7 �$''H/� �$P
+K�'H/� p�>� ��<Z .� /P�)

(x, U) �$@�7 �-$%&�'�−n ?�7 ���	- /*7�� f : M → N �L� ����� ����%
q = f(p) ∈ N Q�O /��h4n� /-�T4�# (y, V ) � p ∈M Q�O /��h4n� /-�T4�#

1��P ? � �# �$@�7

f∗(g dy� ∧ · · · ∧ dyn) = (g ◦ f). det
(
∂(yi ◦ f)
∂xj

)
dxI ∧ · · · ∧ dxn

K�-# J�;< ��� /D�H �f : M → N �L� 23�*4�

f∗(g dy� ∧ · · · ∧ dyn) = det
(
∂(yi ◦ f)
∂xj

)
dx� ∧ · · · ∧ dxn

K ��# � �hD .� 5 �� ���N� M	H �7 �Q�O

f∗(g dy� ∧ · · · ∧ dyn)(p)
(

∂

∂x�

∣∣∣
p
, · · · , ∂

∂xn

∣∣∣
p

)
=

= (dy�(q) ∧ · · · ∧ dyn(q))(p)
(
f∗

∂

∂x�

∣∣∣
p
, · · · , f∗

∂

∂xn

∣∣∣
p

)
= (dy�(q) ∧ · · · ∧ dyn(q))

(
n∑
i=�

∂(yi ◦ f)
∂x�

(p)
∂

∂yi

∣∣∣
q
, · · ·

· · · ,
n∑
i=�

∂(yi ◦ f)
∂xn

(p)
∂

∂yi

∣∣∣
q

)
(�)
= det

(
∂(yi ◦ f)
∂xj

(p)
)

!�,
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� +��� ��	� J�-�7 �

� $'@�7 M �7 1�h4n� E�T4�# �# (y, V ) � (x, U) �L� ������ ����%

g dy� ∧ · · · ∧ dyn = h dx� ∧ · · · ∧ dxn

+h = g. det
(
∂yi

∂xj

)
E�T<Z

� +$ $'"7 ��H �7 �� ��BC �f J#�7 /<�	- R�D �7 23�*4�

���
�� A�-Q�T�y �7 ��]< /�$'- Ǳ��@� ��-��D−n �H $-#/� J�;< �d�4< ? �
+$'4N- �$<$@ � �*� 5 �hD .� �I �� ���N� �# A��<�L �7 z��.

�&P�< � �	- ω o�7 E�T<Z �$@�7 A��=&P−n FGH M ξ = π : E → B �L�
�'7 ω(p) ∈ Ωn(π−�(p)) �h'g �p ∈ B �- Ǳ�.� �7 �#��# �9� �7 /4�	-� Ωn(ξ) .�
##�L/� �]OG� /L#�� �7 +$'H/� �n;� π−�(p) �7 μp �0 M ZZ ��d�4< �7
�$P 2 �hD �# E$@ p�>� A��L.�� c ��@ �g�	d� �� {μp} A�-�0 ��  �#�L �H
��D−n M �L� �Ek � �7 +$'H/� � �*� ξ �7 �0 M μ = {μp} ? ��7�'7 � �$'H/�
��T # 1��"g �7a ��� � \V�0 M E�T<Z �$@�7 #��� M A$*7 n $%&�'� �7 ω �&P�<

���� ���# S%>� ? � e
g +_��� � \V�0 TM FGH

��D−n M E�T<Z �$@�7 � \V�0 M A$*7 n ���	- $%&�'� �L� ����� ����%
+��� �&P�< � �	- �# �H #��# #�� M �7 ω

.� A�� �#�L .� �
;4� M A��7 ϑ [@�V M �2+�+! � �ZZ A� �BC �7 �'7 23�*4�
J���/� ϑ ��# � . {ϕU} /<�
 .��D� M 9�< � �{(x, U)} /��h4n� A�-E�T4�#
U �7 ωU ��D−n M (x, U) �- Ǳ�.� �7 +��� M A��7 /40 μ K ��L +#�	< ^�n4<�

K�@�7 �4@�# v�, · · · , vn ∈ TpM � p ∈ U �- Ǳ�.� �7 �H K�'H/� ^�n4<� A��t

[v�, · · · , vn] = μp �L� �0'� � �L� ωU = (v�, · · · , vn) > �

�7 +��� ���	- ��D −n M ω 1��P ? � �# +ω =
∑
U∈ϑ

ϕUωU K�'H R�D Q�O

�$'H �$P [v�, · · · , vn] = μp �# v�, · · · , vn ∈ TpM �L� �A� p �- Ǳ�.� �7 �E�Gg
K ��# p ∈ U �H A� U �- Ǳ�.� �7 E�T<Z

(ϕU ωU )(p)(v�, · · · , vn) ≥ �

!��
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� +ω(p) �= � ? ��7�'7 +��� $�H� A� U M �C�$O �7 A��N��< �

� \V�0 M �L� �H K �E#�# J�;< +��� A$*7 M Ωn(TM) FGH �H #�@ ���
FGH ��d�4< �# �H �#��# _�&P�< � �	- �#a �&P�< /@�7 Ωn(TM) E�T<Z �$@�7
o�7 E�T<Z �$@�7 /0 $7 Ωn(TM) FGH �L� e
*��7 ���� +��� /0 $7 Ωn(TM)

−n FGH M ξ �L� ��H �#� +��� � \V�0 M �\� � #��# #�� A�&P�< � �	-
�7 �$@�7 � \V�0 ξ �H ��� /0 $7 Ωn(ξ) /4C� �0'� � /4C� E�T<Z �$@�7 A��=&P
[@�V � . M A���# JZ [@�V �- �/'* a $@�7 E#�;D���V B � �V A�BD �
<Z {�@

�+_$@�7 /-�'4� �j*Y��

Z� F� G�H2����� 5!>

M �7 f /*7�� 1��P �7 �� M �7 +�,−� �#�7 R .� A�T # J��7 �H Ω�(V ) ��� ���#
��Z#� a df ��D −� �f ��D −� �- Ǳ�.� �7 +_��� f.w /'*� �7 f∧ω � a K�'H/� /:%�
/��h4n� E�T4�# �# �H K�'H/� � �*� ��t ? � �� _d f(X) = X(f) �H K �@/�

K ��# �M �7 R��&� (x, U)

d f :=
n∑
j=�

∂f

∂xi
dxj

J���/� �$'��D −� �- ωI .� M �- �H �$@�7 ω =
∑
I

ωI dx
I ��D −k �7��7 ω �s<�'�

1��P �7 �� dw ��D −(k + �) � #�# ��
;� �� dωI A�-��D −�

dω =
∑
I

dωI ∧ dxI =
∑
I

n∑
α=�

∂ωI
∂xα

dxα ∧ dxI

^�n4<� �7 � �*� ? � �H #�@/� �7�x +K���</� ω ��N<��& # �� dω +#�	< � �*�
E�� M #�	< 1�"x� J��4�� W �t $' �7 �� S%>� ? � +#��$< /T4N7 /��h4n� E�T4�#
ω =

∑
I

w′
I dx

I 1��"g �# w′
I S ��Y ��N �:� #�d � A#� . E#�*�� ��D 1�"��=� �7 �H

+��� ωI /%"C S ��Y �7
�� �0<Z �Ha K�'H/� .�rZ dω .� /P��) ?4D� �7 +#��# A�4	H u=7 ��T # o��

_+ K�'
�� �7�x �(�hn7 1�h4n� E�T4�# M �7 �"N< J��7 �7 K-

!�3
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+d(ω� + ω�) = dω� + dω� _� �
��� ����%
+d(ω� ∧ ω�) = dω� ∧ ω� + (−�)kω� ∧ dω� E�T<Z �$@�7 ��D −k M ω� �L� _!

+d�� = � ��h4)� �7 � d(dω) = � _2

+��� bY�� _� 23�*4�
ω� = ���O �0'� ��� /D�H _�a �7 �'7 �H K�'H/� ��� �$47� _!a 1�"x� A��7 _!

� ω� ∧ ω� = f g dxI ∧ dxJ 1��P ? � �# +#�@ R�D ω� = g dxJ � fdxI

d(ω� ∧ ω�) = d(fg) ∧ dxI ∧ dxJ

= gdf ∧ dxI ∧ dxJ + fdg ∧ dxI ∧ dxJ

= dω� ∧ ω� + (−�)k fdxI ∧ dg ∧ dxJ

= dω� ∧ ω� + (−�)kω� ∧ dω�

? � �# +K ��T7 �]< �# �� ω = fdxI �
@ �7 A�-��D −k ��� /D�H �p�Y� �7 _2
1��P

dω =
n∑

α=�

∂f

∂xα
dxα ∧ dxI

�d�4< �#

d(dω) =
n∑

α=�

⎛⎝ n∑
β=�

∂�f

∂xα∂xβ
dxβ ∧ dxα ∧ dxJ

⎞⎠
? � �# �# �7 �# ∂�f

∂xβ∂xα
dxα ∧ dxβ ∧ dxI � ∂�f

∂xβ∂xα
dxβ ∧ dxα ∧ dxI 1G	

� +$<�@/� F\O �̀	d�

+K�'H/� p�>� �� U �7 d E�$''H �n;� ��P�) �� ���#� �#

�#��T'7 U �7 /��D −(k+�) �7 �� U �7 ��D −k �- d′ $�'H R�D �
��� ����%
E�Gg �7 � ���� E��n�# A#$g k

�) d′(ω� + ω�) = d′ω� + d′ω� �) d′(d′f) = �

�) d′(ω� ∧ ω�) = d′ω� ∧ ω� + (−�)kω� ∧ d′ω� �) d′f = /	 $C df

+U �7 d = d′ �1��P ? � �#

!��
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�'7 ���� +d′ω = dω E�T<Z �ω = fdxI �L� �H K�-# ��� /D�H �H ��� ?@�� 23�*4�
K ��# _!a �7

d′(fdxI) = d′f ∧ dxI + f ∧ d′(dxI)
(�)
= df ∧ dxI + f ∧ d′(dxI)

JZ �# �H �d′(dxI) = � �H K�-# J�;< ��� /D�H �eV

dxI = dxi� ∧ · · · ∧ dxik (�)
= d′xi� ∧ · · · ∧ d′xik

K ��# �k − � A��7 K
O /4��# R�D �7 +K�'H/� �	g k �7 Ǳ��:4�� �7

d′(dxI) = d′(d′xi� ∧ · · · ∧ d′xik)
(�)
= d′(d′xi� ) ∧ d′xi� ∧ · · · ∧ d′xik

−d′xi� ∧ d′(d′xi� ∧ · · · ∧ d′xik )
A= �− �

� +��� ��	� J�-�7 � m��� E$@ E#�&4�� Ǳ��:4�� R�D � _!a .� A �# �H

−(k + �) �7 M �7 A�-��D −k .� #��7 �h='� d A�T%	g ������ ����%
$'H/� �$P � . c ��@ �# �H #��# #�� �E��n�# k Ǳ�.� �7 �M �7 A�-��D

�) d(ω� + ω�) = dω� + dω� �) d� = �

�) d(ω� ∧ ω�) = dω� ∧ ω� + (−�)k d� ∧ dω�

+��� /
 d /	 $C ��N<��& # �7 �67��� #��� �# �

+��� ���4)� �# dU A#�&7 �h='� �T%	g �(x, U) 1�h4n� E�T4�# �- Ǳ�.� �7 23�*4�
K�'H/� � �*� � K�'H/� ^�n4<� p ∈ U �7 A� U �p ∈ M � �R��&� ω �- A�.� �7
� +dω(p) = dU (w|U)(p)

� �*� �� 8��� �1�h4n� E�T4�# �7 �"N< d � �*� QG:4�� 1�"x� �# W �t ?����
+��� JZ A�#���<

�h='� ��D −(k+�) M E�T<Z �$@�7 M �7 ��D −k M ω �L� ����� ����%
� · · · �X� A��#�7 A�-J�$�� .� ��g�	d� �- Ǳ�.� �7 �H #��# #�� J�'� M �7 dω #�&7

!��
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K ��# Xk+�

dω(X�, · · · , Xk+�) =
k+�∑
i=�

(−�)i+�Xi(ω(X�, · · · , X̂i, · · · , Xk+�))

+
∑

�≤i<j≤n
(−�)i+jω([Xi, Xj ], X�, · · · , X̂i, · · · , X̂j, · · · , Xk+�)_!+3 a

=
∑
�

+
∑
�

�H �<�T<Z dω ��D −(k + �) ? � +��� �%	 JZ F\O /'*� �7 Xi �7 ∧ ��Gg �H
+��� /
 �$@ � �*� Gj "C

��� />) p�Y� �7 �#��T</�
∑
�

+
∑
�

�7 �� (X�, · · · , Xk+�) �H A�T%	g 23�*4�

�7 �� Xi� �L� �6C�� �# +��� />) F ���	- 67��� ��g�	d� �7 Gj 	g �E�Gg �7 +R �7
�7 ∑

�
E�T<Z �K�'H ~ �*� fXi�

f
∑
�

+
∑
i=i�

(−�)i+�(Xif)ω(X�, · · · , X̂i, · · · , Xk+�)

A�-Q���D .� E#�&4�� �7 � �#�@/� � $"�

[fX, Y ] = f [X,Y ] + Y f.X [X, fY ] = f [X,Y ]−Xf.Y

�7 ∑
�

�H ##�L/� E$-�;� /L#�� �7

f
∑
�

−
∑
i<i�

(−�)i+i� (Xif)ω(Xi� , X�, · · · , X̂i, · · · , X̂i� , · · · , Xk+�)

+
∑
i�<i

(−�)i�+j(Xjf)ω(Xi� , X�, · · · , X̂i� , · · · , X̂j, · · · , Xk+�)

f
∑
�

+f
∑
�

�7
∑
�

+
∑
�

�H ##�L/� �]OG� ��C# /	H �7 eV m##�L/� � $"�

+#�@/� � $"�
�# �#�P dω #�&7 �h='� J� ���H A��#�7 J�$�� �H $-#/� J�;< �+,+5 �� �BC
M �\� � ���� /<���< dω �H #�H W�:=� J���/� /L#�� �7 +#��# #�� _,+3 a

+$@� /� ��D −(k + �)

d(fdxI) ��� /D�H �H ��� ?@�� �(x, U) /��h4n� E�T4�# �# dω �� "��=� A��7
ω = fdx�∧· · ·∧ K�'H R�D K�<���/� �H K �@/� ��Z#� �E�Gg �7 +K�'H �"��=� ��

!!I
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K ��# ��T # E��n�# ��D �- J�s	- �dω #��� �# +dxk

dω =
∑

α�<···<αk

dω

(
∂

∂xα�
, · · · , ∂

∂xk+�

)
= �

M �
<Z �T� ��� �&P dω

(
∂

∂xα�
, · · · , ∂

∂xk+�

)
= � �H ��� ?@�� _,+3 a .�

J�� +$@�7 (�, · · · , k) .� /4;T � (α�, · · · , α̂i, · · · , αk+�) �
@ �7 �� <�L$'� e $<�
�H ��� ?
	� /4C� �0'� ? � �$'4N- A#�*P �- α

(α�, · · ·αk+�) = (�, · · · , k, j) (j > k)

���O ? � �# �H

dω

(
∂

∂xα�
, · · · , ∂

∂xαk
,
∂

∂xj

)
= (−�)k

∂f

∂xj

? ��7�'7 �

dω =
∑
j〉k

(−�)k
∂f

∂xk
dx� ∧ · · · ,∧dxk ∧ dxj

=
∑
j〉k

∂f

∂xj
dxj ∧ dx� ∧ · · · ∧ dxk

=
n∑
j=�

∂f

∂xj
dxj ∧ dxi ∧ · · · ∧ dxk

� +��� d /	 $C � �*� J�	- �7 ���# �H

9�< � ���� K0� A��N<�� A��7 �#���< � �*� M .� �� /:�:O Q��� ?���� ? �
�n;� b �P �
@ �7 dω(p)(v�, · · · , vp+�) �� +��� �+,+5 �� �BC .� �� E�#�&4�� ?����
A��#�7 A�-J�$�� �- Xi �H �K #�H �$�V �� dω(X�, · · · , Xk+�) �$47� �
%7 �K #�
<
J���/� M"� ?�	- �7 +K #�H �"��=� p �# �� 67�� ? � e�� � �$'4N- vi E�$'-# 6����
���N7 ��H ? � +$'4N- �:4N� Xk+� � · · · �X� A�-6���� �H #�	< 1�"x� � #�H �	g
QG:4�� e�� � #�H /D�*� /��h4n� /-�T4�# �# �� �̀Y�� �H ��� JZ .� ��E���H
dω(X�, · · · , Xk+�)(p) ��$:� ��H �# +��� �n� �̀Y�� ? � o� \V �]< �7 ��� +#�# J�;< �� JZ
A�/T4N7 �<�L }�- {�:< � �� �# �0<Z ��$:� �7 � #��# /T4N7 p �# Xi � #�:� �7 �0'�
/T4N7 9�< _JZ F��t�a p 9 �7 /t�:< �# ω � #�:� �7 ��$:� ? � E�Gg �7 +#��$<
� �*� �7 �H ��� � �*� A�-�"' .� �T # /
 +#�@ E#�# ���C Q���D �# /4N �7 +#��#
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A�-J�$�� �H��7 ���@ 1G	 ��0� ���� ��4;� �T # K0� A�-��N<�� A�#���<
�T%	g �<�T� $'-#/� J�;< �H $'4N- 1G	 �<�L ? � +��� JZ �# �%4n� A��#�7
A�-E�T4�# �7 J#�H ��H o� � �# ��P�h) ? � /�� ���� />) ���	- 67��� �7 E$@ � �*�

+�N�< #�0;� /��h4n�
�#��#/� J��7 �� � q Q���D 5+5+3 �� �BC �$@�7 ��D−� M ω �H /P�) ���O �#

dω(X,Y ) = X(ω(Y ))− Y (ω(X))− ω([X,Y ])

�����7 _ ���'�7� �D A� \����T4<� �� �BCa 5+!+� �� �BC .� /��# J��7 J�
�� Q���D ? �
�� :%O K�:4N� �̀	d� 1��P �7 �� Ω(M) ��:%O +#.�� /� K-��D �� /%�N<��& # A�0��D
�$@�7 M �7 A$*7 −k /* .�� Δ �L� �K�'H/� � �*� �E��n�# � �7 M �7 A�0��D −�
� . ��P�) �7 A�0��D ��	- c��� E$@ $���� �� :%O 1��h7 �� D(δ) ⊂ Ω(M) E�T<Z

E�T<Z �$@�7 � ���# .� � �L� �K�'H/� � �*�

+$'@�7 W%*4� δ �7 X�, · · · , X� E�L �- ω(X�, · · · , X�)

η ∧ ω ∈ �L� 9�< � ω� + ω� = D(Δ) E�T<Z ω�, ω� ∈ D(Δ) �L� �H ��� ?@��
D(Δ) QZE$ � +��� Ω(M) ��:%O �# /�ZE$ � D(Δ) ? ��7�'7 +D(Δ)η ∧ ω ∈ D(Δ)

�# +##�L/� $���� ωn � · · · �ωk+� �:4N� ��D M n − k c��� /*Y�� �
@ �7
K�<���/� J�'� (x, U) /��h4n� /-�T4�# �p ∈M �>:< �- .� A�/T �N	- �# �6C��
? � �# +$''H/� $���� �� Δp ��� ∂/∂xk

∣∣∣
p

� · · · �∂/∂xk
∣∣∣
p

A�-��#�7 �H K�'H ^�n4<�
S%>� ? � �/T4���V �7 �'7 +��� �&P�< Δp �7 dx�(p)∧ · · · ∧ dxk(p) �h'g 1��P
�d�4< 2+!+3 ��d�4< �����7 �H ���� ���# 9�< p �7 _/D�H E.�$<�7a M #9< q �- A��7
fαβ ���	- 67��� �? ��7�'7 +$'4N- />) �:4N� Δq �# dxk(q) � · · · �dx�(q) K ��L/�

�H $<��# #�� A��t

dxα(q) =
k∑

β=�

fαβ (q) dxβ(q) (Δ�7 E$@ $ $=�) α = k + �, · · · , n

K�'H R�D K�<���/� �? ��7�'7

ωα = dxα −
k∑

β=�

fαβ dxβ
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[Z�� \�2] ?��
�-�� 8��VW���N�2� �� �9: ;!>

/4C� M �7 Δ 6 .�� +X+#� 6� z�����%# �, $�	
�!��)��  8 �21Y �
��� ����%
+d(D(Δ)) ⊆ D(Δ) �H ��� � \����T4<� /4C� �0'� �

K�'H ^�n4<� K�<���/� A��t �� ωn � · · · �ω� A�0��D −� /*Y�� �
@ �7 23�*4�
�� D(Δ) QZE$ � wn � · · · �ωk+� E�G*7� �$''H/� $���� �� T ∗

qM A� q �- Ǳ�.� �7 �H
�? ��7�'7 +$'4N- ωi(xj)δij �7 A��#�7 A�-J�$�� Xn � · · · �X� K ��L +$''H/� $����
�H ��� � \����T4<� Δ /4C� �0'� � /4C� eV +$''H/� $���� �� Δ 6 .�� Xk � · · · �X�

�H $<�@ �D� J�'� Cβij ���	- 67���

[Xi, Xj ] =
k∑

β=�

CβijXβ i, j = �, · · · , k

J�'H�

dωα(Xi, Xj) = Xi(ωα(Xj))−Xj(ωα(Xi))− ωα([Xi, Xj ])

�0'� � /4C� eV +$<�&P ���� �	� �# Q�� �� %	 �# α〉k � � ≤ i � j ≤ k A��7
�- Ǳ�.� �7 /4C� �0'� � /4C� ���� +ωα([xi, Xj]) = � �H dωα(Xi, Xj) = � /4C�
Δ ��T # 1��"g �7a ���� W%*4� Δ �7 A� [Xi, Xj ] �- �H ωα([Xi, Xj ]) = � A� α
�- �H ��� �&P /4C� �0'� � /4C� A� dωα(Xi, Xj) �- �
<Z Q�O _+���� \����T4<�
� +$@�7 W%*4� D(Δ) �7 A� dωα
$���� �� Ω�(TqM) A�BD (i < j)ωi ∧ ωj A� q A�-��D Ǳ�.� �7 �H $�'H ���

K�N �'7 K�<���/� �(�hn7 θαj A�-��D Ǳ�.� �7 �? ��7�'7 +$'H/�

dωα =
∑
i<j

Cαij ω
i ∧ ωj =

∑
j

θαj ∧ ωj

K ��# �$'@�7 9 �	4� j�, i� ≤ k � α〉k �L�

� = dωα(Xi� , Xj�) =
∑
j

(θαj ∧ ωj)(Xi� , Xj�) = θαj�(Xi�)

1��P �7 �� D(D(Δ)) ⊆ D(Δ) {�@ �? ��7�'7 �

dωα =
∑
β〉k

θαβ ∧ ωβ
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A�-�
 ��7 �H K�'H p�>� J�'� (x, U) /��h4n� /-�T4�# �s<�'� +�@�< J���/�

{q ∈ U : xk+�(q) = uk+�, · · · , xn(q) = an}

D(Δ) A��7 A��$ �V dxn � · · · �dxk+� 1��P ? � �# �$'@�7 Δ Q��T4<� A�-$%&�'�
�7�x �eV +$'@�7 �0<Z .� />) /"�H�� /4N �7 ωn � · · · �ωk+� �\� � �$'-#/� ��
;�

�H $@

/T �N	- M �# />) �:4N� A�0��D M ωn � · · · �ωk+� �L� ������ ����%
�7 (α, β〉k)θαβ A�0��D −� E�T<Z �$'@�7 p ∈M .�

dωα =
∑
β

θαβ ∧ ωβ

�H $'@�7 �4@�# #�� A��t (α, β〉k)gβ , fαβ 67��� �H $<��# #�� /4C� �0'� � /4C�

ωα =
∑
β

fαβ dgβ

�# JZ A��L��
7 �#��# ���C �#���< � ��*� �7 ��� J�<�H �# 5+5+3 �� �BC �
' � �7
+_��� E$@ E#��Z (�) ��'�4�� M , $% /<� �V �hD �#a ��� ���@# k〉� A�04��O
�$'H/� p�>� �� ω ���# �7 ���:4�� ���� �7 �� dω .� A�T # A�#���< � �*� �� �� ���N�
�� �BC �# � �*� A��L��
7 �# #��� 1G
;� $<���/� E$'<��) +��� �� E#�� ���N7 �H

�$'H �7�d� �� d .� � q K0� /Lk � 1�"x� A��7 5+5+3

E�T<Z �$@�7 N �7 ��D −k M ω � ���	- f : M → N �L� �
��� ����%
+f∗(dω) = d(f∗ω)

+��� f(p) Q�O /��h4n� /-�T4�# (x, U) K�'H/� R�D �p ∈ M A��7 23�*4�
K�'H R�D K�<���/�

ω = g dxi� ∧ · · · ∧ dxik

K ��# k = � A��7 +K�'H/� �	g k �7 ���:4�� �7

f∗(dg)(X) = dg(f∗X) = [f∗X ](g) = X(g ◦ f) = d(g ◦ f)(X)
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K ��# k−� A��7 Q���D R�D �7 +_#�H ��"*� J���/� g ◦ f 1��P �7 �� f∗g ��4"�� �a

d(f∗ω) = d((f∗g dxi� ∧ · · · ∧ dxik−� ) ∧ f∗ dxik )

= d(f∗g dxi� ∧ · · · ∧ dxik−� ) ∧ f∗ dxik + �

_d f∗dxik = dd(xik ◦ f) = � �� .a

= f∗(d(g dxi� ∧ · · · ∧ dxik−�)) ∧ f∗ dxik (Ǳ��:4�� R�D �7 �'7)
= f∗(dg ∧ dxi� ∧ · · · ∧ dxik−�) ∧ f∗ dxik

= d((f∗(dg ∧ dxi� ∧ · · · ∧ dxik−� ∧ dxik ) = f∗(dω)

� +��� ��	� J�-�7 �

R�:� � ��H- Z� =!>

A���BC �H #��# #�� d .� /&�H /4�P�) �$@ �]OG� �"C �hD �# �H �s<Z �7 �'7
��� �7�C /: �t d� = � ��>7�� �$�-#/� ��
;� �� ��N<��& # ��$'- .� /����
1�OG>P� �g�	d� +$<�7��7 SH�� /89 1�:4;� �H ��� S%>� ? � J��7 A��7
dω = �H K�8�L �4N7 /���P �# �� ω ��D +#��# #�� S%>� ? � J��7 A��7 A�T #
zW�C#y pG>P�a +ω = dη A� η M ��.� �7 �H K�8�L W�C# /���P �# ��<Z � �
/4C� ��N<��& # eV +$'��'�� z��N<��& #y E#�� �� ��N<��& # ��D � ��� M��GH
/'4"� �4N7 pG>P� +$@�7 �T # ��N<��& # M ��N<��& # Gj 	g �H #�@/� �4&L W�C#
���C /��7 #��� $*7 �hD �# �H ���� �-E��d<. (�h) �# /07�;� pG>P� �7
{�@ dω = � ��T # J��7 �7 +��� �4N7 �W�C# ��D �- �d� = � J�� _+�D�L $-��)

E�T<Z �_ ω =
n∑
i=�

ωi dx
i �7a $@�7 ��D �� M ω �L� +��� ω = dη �O A��7 �.X

�H ��� /'*� ? � �7 dω = � {�@

∂ωi
∂xj

=
∂ωj

∂xi

A��7 �� �T # 1��"g �7 $'�.X ω = df �O A��7 > ��@ ? � �

∂f

∂xi
= ωi

!!,
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��*Y� �0��D �! #��� �# $'4N-9�< /D�H c ��@ ? � �!+�+� �� �BC �����7 �J�'H�
�
@ �7 R� �# ��D �! M ω �L� ��� �����@#

ω = Ady ∧ dz −B dx ∧ dz + C dx ∧ dy

�H ω = d(P dx+Qdy +Rdz) /4C� �0'� � /4C� E�T<Z �$@�7

∂R

∂y
− ∂Q

∂z
= A,

∂P

∂z
− ∂R

∂x
= B,

∂Q

∂x
− ∂P

∂y
= C.

.� �N���"g dω = � �.X {�@

∂A

∂x
+
∂B

∂y
+
∂C

∂z
= �

? ��7�'7�a K ��# ��H� �� A��E$�s�V /89 1�:4;� �7 ��N<��& # 1X#�*� �7 �/%H ���O �#
��.X c ��@ ? � �H #�@ /� �7�x +_$ Z/� ��$7 A��E$�s�V A� \����T4<� c ��@
�� ��
O� � �� ��� 9�< K
O ? � I��� W�C# E�T<Z�$@�7 �4N7 ω �L� �$'4N- /D�H
���O �7 �0�=7 J#�H #�$=� ��4"�� +$'4N- /*Y�� ���N<��& # 1X#�*� (�h) �#

�$ ��T7 �]< �# �� R� �7 ω �4N7 ��D�� ���O +#��# �� #�) (�) � X# /*Y��

∂f

∂y
=
∂y

∂x
�7 ω = f dx+ g dy

/'* mK�7��7 K�<���/� ω = dα �7 R� �H�7 α /*7�� �<�T� �H K�<�#/�

α(x, y) =
∫ x

x�

f(t, y�)dt+
∫ y

y�

g(x, t)dt

$-��) 1��&4� /%�) ��*Y� �#�@ � �*� R� − {�} �7 �0'� ω ��� ��T # A��.�
E�T<Z �$@�7 [�,∞]× {�} �7��7 L ⊂ R�E�L�- �H K �@/� ��Z#� +$@

θ : R
� − L→ R

i
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�+3 �
@

��� �+3 �
@ .� _���a �	NC �7a ��� ���	- �$@ � �*� ! �hD �# �H A��<�L �7
6C�� �# m_#�@

(r, θ) : R
� − L→ {r : r > �} + (�;�π)

�7��7 (a, b) �# JZ W4;� J�'����# �H ���� (a, b) �→ (a cos b, a sin b) �@�T< J����
+K�'H � �*� θ� �T # /*7�� K�<���/� �L A�d7 L��T # /g�*@ F\O�7 +��� a �= �

dθ� � dθ ��j4d�4< +A� �� �O�< �# θ� = θ + �π � A� �� �O�< �7 θ� = θ 1��P ? � �#
/	H�7 I$''H /� � �*� R�−{�} �7 ω ��D�� M �\�� �$<�7��7 J�;H�4;� �� �O�< �7

�H #�# J�;< J���/� _!I �� ���N�a �"��=�

ω =
−x

x� + y�
dx+

x

x� + y�
dy

ω = �� . �#��# ��07� A��\L#�	< ? � ��� �$'-$�� J�;< dθ �
@ �7 Xj �	*� �� ω ��D��
ω �6C�� �# I_#�@ ��� �+3 �
@ .� _^a �	NC �7a ��� ���C�7 R� − L �7 �0'� dθ
��� �N�< df �
@ �7 f : R� − {�} → R ��]< C� �GH .� ���	- 67�� }�- Ǳ�.� �7
�d�4<�# �H �d(f − θ) = � ? ��7�'7 � R� − L �7 df = dθ E�T<Z ω = df �L� �H
Q�=� �H �R� − L �7 f = θ+ z�7�xy /4N �7 +∂f/∂y, ∂θ/∂y � ∂f/∂x = ∂θ/∂x

�7 d(dθ) � R� − L �7 d(dθ) = � ��� .a +�N�< dω = � �dH }�- �� . +���
�- .� A�/T �N	- �# �Q�O ? ��7a +�N�< W�C# /�� ���� �4N7 ω eV +_R� − L�

_+��� W�C# R� − {�} ��>:<
J�;< Q��� ? � +�N�< W�C# � .� M��H /4O /T �N	- }�- �# ω �H ��� ?@��
���)# �< � $@�7 W�C# A��4N7 ��D �- �
' ��# �JZ E�.�$<� �< � ���O�< �
@ �H $-#/�

+#��#
�H p� ∈ M ��>:< �7 K�8�L �	
Fs�A9� _���	- �
@ �7a /���P �# �� M $%&�'�

J�� ���	- /*7��

H : M × [�;�] →M

Rn �Gj �� +H(p,�p� � H(p,�) = p A� p ∈ M �- Ǳ�.� �7 �H ##�L �D� J�'�
�7�� H : Rn × [�;�] → Rn 67�� m���� \VR�":<����	- �
@ �7 � ∈ Rn �7
��>:< �7 U ⊂ Rn /���P �# ��� /%H K�'H � �*� K�<���/� H(p, t) = tp 1��P
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E�.�$<� �7 E�T<Z �p ∈ U �L� �H $@�7 /Lk � ? � A���# �H ���� \V R�":<� p� ∈ U

�"N< �BH T���� �� U A���O�< ?�'�a p� + t(p − p�) ∈ U A� t ∈ [�,�] �-
[�,�] �s<�'� +$'4N- R�":<� �7�C �>:< �7 /O��< .� A���N7 ��4"��+_K���</� p� �7
p �→ �@�T< �t R� �&� J��. �- Ǳ�.� �7 E�T<Z �K ��T7 �]<�# /<��. E�#.�7 �T; �	< ��
� ��� /<�	- �@�T< J�	- ���# t = � ��]=��# m��� o#�) A�47 M .� H(p, t)

+_#�@ ��� !+3 �
@ .� _���a �	NC �7a $@�7/� �7�x �@�T< �t = � ��]=� �#

i

!+3 �
@

��D�- E�T<Z ��>:< M �7 $@�7 � \VR�":<����	- �
;7 M �L� �H #�# K�-��) J�;<
�]< .� �X�7 �# dθ ��D #��� �# �� ��%=� � K
O ? ��6">��7a +��� W�C# M �7 �4N7
?�	- m���� \V R�":<� A��>:< }�- �7 R� − {�} A�BD �H ��� ?@�� A#�0@
_+K�'H/	< �7�x ��<Z $*7 �hD �� ��� ���� ���# Rn − {�} A�BD A��7 QX$4��
/���7 �� _M E��n�# $%&�'� A��7a M × [�;�] �H ��� ? ��� K
O 1�"x� �# M�'
�
��� !+3 �
@ .� _^a �	NC �7a K�'H/� ��� H �H �7 /4n� �7 � �K�'H /�
it(p) = 1��P �7 �� it : M → M × [�;�] �@�T< A� t ∈ [�;�] �- A��7 +_#�@
�$@�7 dω = � �7 M × [�;�] �7 /��D ω �L� �H K�'H /��g#� +K�'H/� � �*� (p, t)

W�:=� JX� ?�	- ��<Z $�<���/� �	@ �a $ # K�-��) �j$*7 ���� W�C# i∗
�
w−i∗

�
w E�T<Z

#�@/� �d�4< /0 $7 1��P �7 S%>� ? � .� ���BC �H _$�'H
1�h4n� E�T4�# M �# ��H�7 +���L/� �]< �# M×[�;�] �7 ω ��D�� M �$47�
�4n��7 π � �h� �/'* a M × [�;�] �7 t bY�� /*7�� K�'H/� .�rZ M × [�;�] �7
�M �7 � �h� πM � $@�7 M �7 /��h4n� /-�T4�# (x, U) �L� � �#��# #�� _��#

E�T<Z

(x� ◦ πM , · · · , xn ◦ πM , t)
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�0 �7a K�-#/� J�;< x̄i �7 �� xi ◦ πM ��� U × [�;�] �7 /��h4n� /-�T4�#
�H #�H W�:=� J���/� /L#�N7 +_u=7 J$@ ���PG)

i∗α

(
n∑
i=�

, ωi dx̄
i + fdt

)
=

n∑
i=�

ωi(�, α)dxi

ω =
n∑
i=�

ωi dx̄
i+fdt #��� �# �Q�O +��� p �→ ωi(p, α) 67�� �T; �	< ω�(�, α) �H

K ��#

dω =
{

$<��# �7 �# �� dt �H /�G	
}
−

n∑
i=�

∂ωi
∂t

dx̄i ∧ dt+
n∑
i=�

∂f

∂x̄i
dx̄i ∧ dt

��d�4<�# +∂ωi
∂t

=
∂f

∂x̄i
##�L/� �d�4< dω = � .� �e��

ωi(p,�)− ωi(p,�) =
∫ �

�

∂ωi
∂t

(p, t)dt =
∫ �

�

∂f

∂x̄i
(p, t)dt

�\� �

n∑
i=�

ωi(p,�)dxi −
n∑
i=�

ωi(p,�)dxi =
n∑
i=�

(∫ �

�

∂f

∂x̄i
(p, t)dt

)
dxi _2+3 a

E�T<Z �K�'H � �*� g(p) =
∫ �

�

f(p, t)dt 1��P �7 �� g : M → R �L�

∂g

∂xi
(p) =

∫ �

�

∂f

∂x̄i
(p, t)dt _5+3 a

�H ��� #�0;� �4"�� +i∗
�
w − i∗

�
= dg �H $'-#/� J�;< _5+3 a � _2+3 a 1X#�*�

�:4N� �j4:�:O K- g �d�4< �# � f 67�� �K �E#�H E#�&4�� 1�h4n� E�T4�# .� �
' � �7
M × [�;�] ��	� A�BD #��� �# �H #�@ ��� +$'4N- 1�h4n� E�T4�# ^�n4<�.�

K ��#

T(p,t)(M × [�;�]) = Kernel(π∗)⊕Kernel(πM∗) _,+3 a

!!�
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i
2+3 �
@

ω ∈ �- E�T<Z �$@�7 �BD � . V = V� ⊕ V� K�:4N� �̀	d� V A��#�7 A�BD �L�
�H ��@�< J���/� ω = ω� + ω� 1��P �7 �� A� Ωi(V )

ω�(v� + v�) = ω(v�) = ω(v�) ω�(v� + v�) = ω(v�)

1��P �7�� M × [�;�] �7 ω ��D�� �_,+3 a ��  9d� #��� �# S%>� ? � A��L��
7 �7
+ω� = f dt �H �N- #�&7 �h='� A� f �d�4< �# ��@�< J���/� ω� + ω�

�� ω �H _!! �� ���N�a #�@/� �]OG� /L#�N7 �ω R��&� ��D −k A��7 ��H �#
�
@ �7 �4
 /���P �7

ω = ω� + (dt ∧ η)

η � �vi ∈ KernelπM∗ A� i M Ǳ�.� �7 �L� ω�(v�, · · · , vk) = � �H ��@�< J���/�
� . �
@ �7 �� M �7 Iω ��D −(k − �) +��� �7�;� /4�P�)�7 ��D −(k + �) M 

�K�'H/� F�*�

Iω(p)(v�, · · · , vk−�) =
∫ �

�

η(p, t)(it∗v�, · · · , it∗vk−�)dt

/����D ?4D� �6C�� �# i∗
�
w − i∗

�
= d(Iω) #�@/� �d�4< dω = � .� �H K�'H/� �g#�

+��� ��E#�� �$@�7 ���C �7 dω �= � /4C� /4O �H i∗
�
w − i∗

�
w A��7

K ��# M × [�;�] �7 ω ��D −k �- Ǳ�.� �7 ����� ����%

i∗
�
w − i∗

�
ω = d(Iω) + I(dω)

!2I
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_+i∗
�
w − i∗

�
= d(Iω) E�T<Z dω = � �L� ��j4d�4<a

/-�T4�# �# K�<���/� /7�) �7 �K �E#�H � �*� �� �#�< �
@ �7 Gj "C �� Iω J�� 23�*4�
�\� � ���� />) I #�
%	g �H ��� ?@� � (x̄�, · · · , x̄n, t) ��]< +K�'H ��H /��h4n�

�K ��L/� �]< �# ���O �# �0'�

E�T<Z �ω = f dx̄i� ∧ · · · ∧ dx̄ik = f dx̄I �L� _�

dω = · · ·+ ∂f

∂t
dt ∧ dx̄I

�H ##�L /� �]OG� /L#�N7

I(dω)(p) =

(∫ �

�

∂f

∂t
(p, t) dt

)
dx̄I(p)

= {f(p,�)− f(p,�)}dxI(p) = i∗
�
(p)− i∗

�
(p)

+$'H/� �7�x ���O ? � �# �� K
O ? � Iω = � J��

+i∗
�
ω = i∗

�
ω = � E�T<Z �ω = f dt ∧ dx̄i� ∧ · · · ∧ dx̄ik−� = f dt ∧ dx̄I �L� _!

J�'H�

I(dω)(p) = I

(
−

n∑
α=�

∂f

∂x̄α
dx ∧ dx̄α ∧ dx̄I

)
(p)

= −
n∑

α=�

(∫ �

�

∂f

∂x̄α
(p, t)dt

)
dxα ∧ dxI

?�'s	- �

d(Iω) =

(∫ �

�

f(p, t)dt

)
dxI

=
n∑

α=�

∂

∂xα

(∫ �

�

f(p, t)dt

)
dxα ∧ dxI

� +I(dω) + d(Iω) = � 1��P ? � �# �H ��� ?@��

@*�<2��P �� >!>

�$@�7 � \V R�":<� p� ∈ M A��>:< �7 ���	- ��>7 M �L� ������ ��%�%
+��� W�C# M �7 ω �4N7 ��D �- E�T<Z
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A� p ∈ M �- ��.� �7 �H K ��# A� H : M × [�;�] → M R�D W7�>� 23�*4�
���� /<�	- �@�T< H ◦ i� : M → M ? ��7�'7 +H(p,�) = p � H(p,�) = p�

�7 �'7 �\� � d(H∗ω) = H∗(dω) = � ��� ���� p� �7�x �@�T< H ◦ i� : M → M

��BC

ω − � = i∗
�
(H∗ω)− i∗

�
(H∗ω) = d(I(H∗ω))

� +��� ��	� J�-�7�

E��
<��V K� �� d� = � �	- �H /��O �# �$'<�#/� E��
<��V K� /)�7 �� !+,+3 �d�4<
_+��� �4@�# /t�"��� �� JZ �7 E��
<��V K<�#/	< �� s�- �7 ?� ��4"��a +$'��'@ /�
Q���D �K ��# �� H b �P Q���D �H �Rn .� U �
@ E��4� .�7 ��g�	d� � . ���O �#
J�� +_2! �� ���N�a K�7��7 K�<���/� U �7 ω ��D �- Ǳ�.� �7 �� I(H∗ω) A��7 b �P
ω = / 9 1�:4;� �7 1X#�*� E�T4�# ? ��7�'7 #�@/� �4)�� Q��T4<� �7 $ $ ��D
A�-J�$�� (�h) �# M��GH A� �BC +K�'H �O K�<���/� �-Q��T4<� M	
7 �� dη
�� ���N�a $'4N- JZ J� ��� � E��
<��V K� .� ��4'4�� �7�C �H �$<��# #�� R� �# A��#�7
�
' � �7 +��� E#�7 ��
O� ? � ��	- �
@ M K�	*� �# d p�t ��;'� 6C�� �# � �_!3
��$'- A#��'7 A� �BC 1��P �7 � �� u=7 �# / �" . �
@ �7 [<���� � #��
<��V K�
? � ���V +#�7 .�� M ?� A��7 d ��	-� ���# E���	- ��� �$<$@ p�>� ��N<��& #
1�=&P �# �H z��N<��& # A�-��D �7 /*�"t A�-�T%	gy �� ��:��# e���V �� [��V
���� E$<��� ��� �7 Trans. Amer. Math, Soc, 92(1959) �� %d� .� �5� �� �!,
�@�T< �- Ǳ�.� �7 �H K ��# �0��D−� �7 �-��D −k .� D A�T%	g $�'H R�D +��� E#�#

���L� # �f : M → N ���	-

M �7 A�0��D− k f∗
 M �7 A�0��D− k

D

� �

D

M �7 A�0��D− � f∗
 M �7 A�0��D− �

�;�	- �(�hn7 A#���� 9d7 �H #��#/� J�gq� e���V �� �BC +��� � \V ~ �*�
$<���/� D E�T<Z �k = � �L� �$'4N- ?�'� A��"*� �7 (�) #���� ? � +D = �

$<��4�� �0'� D E�T<Z � = k + � �L� +�T # 9�� �< � �$@�7 /<�	- �@�T< .� /7�B�
� \V~ �*� �� X�7 ���L� # $<���/� d� �H ��� �d� = � ��d�4< �#a +$@�7 d .� /7�B�
$@�7 �4@�# #�� ��� ?
	� �&P ��r A D �H #��# #�� �T # ���O M �0'� _�$'H

!2!
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zQ��T4<�y .� /7�B� $<���/� D ����O ? � �# +� = � � ��� M $*7 �7��7 k /4C�
+#��L /� ���C /�� �7 #��� $*7 �hD �# �H $@�7

'�
��(� D!>

E�T<Z σ(v�, · · · , vk) = (vσ−�(�), · · · , vσ−�(k)) K�'H � �*� �L� �H $�-# J�;< +�
+σ.p.(v�, · · · , vk) = σp.(v�, · · · , vk)

+w∧η = Alt(w ⊗ η) K�'H � �*� � ���� �/k! ���g J�$7 /�� Alt K ��L +!
/���7 �� θ ∈ ω�(V ) � ω � η ∈ ω�(V ) ���Oa +�N�< � \�4H�@ ∧ $�-# J�;<

_+$�'H

{�, · · · , k} ��g�	d� �# �- �H ��� / �- σ ��	- .� �
;4� Sk+� E��L � . S′ K ��L +2
A��g�	d� � . S′ 0"D�� a�% +$''H /� �&O �� {k + �, · · · , k + �} �

+#��#�7 �# �� �Bg M ���# S′ �� �� 4�$	- �- .� �H ��� k ⊂ Sk+�

K ��# K A�\L o�7 �- Ǳ�.� �7 �H $�-# J�;< _���

ω ∧ η(v�, · · · , vk+�) =
∑
σ∈k

sgnσ.w ⊗ η(vσ(�), · · · , vσ(k+�))

+#�H E#�&4�� J���/� /-�'4� ��hn;� �7 A�0<�$�� ���O �# /4O�� � �*� ? �
+ω ∧ η = (−�)k�η ∧ ω � ���� /<���< ω ∧ η �H $�-# J�;< � �*� ? � .� _^

_+��� ��%@ /%�) A� \V�H�@ 1�"x�a
σ(�) < σ(�) < �H K�8�L zJ.�7 �;T �y /���P �# �� σ ∈ Sk+� �;T � _�
�H $�-# J�;< σ(k + �) < σ(k + �) < · · · < σ(k + �) 9�< � · · · < σ(k)

+��� S′ A��7 A�\L o�7 M �J. �7 A�-�;T � ��	- �g�	d�

�7 �� v!w ∈ Ωk−�(V ) s�A9� � 0���� ;�D w ∈ ωk(v) � v ∈ V A��7 +5
1��P

(v!w)(v� , · · · , vk−�) = ω(v, v�, · · · , vk−�)

+��� ����� /%�) 9�< iv w #�	< +K�'H/� � �*�
$�-# J�;< _���

v!(w!w) = −w!(v!w)

!22
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· · · �ϕ� _J�L�#a #�9	- ��  �V �7 V A��7 A�� �V vn � · · · �v� �L� �H $�-# J�;< _^
E�T<Z �$@�7 ϕn �

vj!(ϕi� ∧ · · · ∧ ϕik) =

{
� $@�"< �7��7 A� iα }�- �7 j �L�
(−�)α−�ϕi� ∧ · · · ∧ ϕ̂iα ∧ · · · ∧ ϕik j = iα�L�

E�T<Z ω� ∈ Ω�(V ) � ω� ∈ Ωk(V ) �L� �H $�'H �7�x _�

v!(ω� ∧ ω�) = (v!ω�) ∧ ω� + (−�)kω� ∧ (v!ω�)

_+$�'H E#�&4�� 9�� �	- J#�7 />) � _^a .�a
E#�&4�� J��4�� k + � �7 Ǳ��:4�� M	H �7 ω� ∧ ω� � �*� A��7 �� _�a Q���D _#
A��7 ∧ �L� �_$'H /� �	g E��n�# J�$�� �7 A��#�7 A�BD ���O A��7 �Ha #�H

K�'H /� � �*� �$@�7 E$@ � �*� k + �〉 �̀	d� �7 ���# .� A�-��D

ω� ∧ ω�(v�, · · · , vk+�) = [(v�!ω�) ∧ ω�](v�, · · · , vk+�)

+(−�)k[ω� ∧ (v�!ω�)](v�, · · · , vk+�)

#�@ /���7 ��� /D�Ha ��� �H J��:4� �� �*� ? � �7 ω�∧ω� �H $�-# J�;<
+_#�@/� R�g ���� �	� ��Gg �K�'H R�g v� �7 v� �L� �H

+ω�∧ω� = (−�)k�ω�∧ω� E�G*7� ��� />) �# ∧ �H $�'H �7�x Ǳ��:4�� �7 _-
X!w ��D −(k−�) �$@�7 M �7 ��D −k M ω � M �7 A��#�7 /<�$�� X �L� _�
ω� �L� �H $�-# J�;< +K�'H/� � �*� (X!w)(p) = X(p)!ω(p) 1��P �7 ��

E�T<Z �$@�7 ��D −k M 
X!(ω� ∧ ω�) = (X!ω�) ∧ ω� + (−�)kω� ∧ (X!ω�)

A�/T �N	- �# /4C� �-'� � /4C� f�, · · · , fn : M → R 67�� n �H $�-# J�;< +,
df�∧· · ·∧dfn(p) �= �H $'-#/� 1�h4n� E�T4�# M ��
;� p ∈M ��>:< .�

+�

ϕi ∈ V ∗ = M Ǳ�.� �7 �H K�8�L �	
F 	45� /���P �# �� w ∈ Ωk(V ) �h'g +�
�H $�-# J�;< 1��P ? � �# +ω = ϕ� ∧ · · · ∧ ϕk A� Ω�(V )

+��� � \V� 9d� A� w ∈ Ω�(V ) E�T<Z dimV ≤ � �L� _���
ω = ϕ� ∧ ϕ� + ϕ� ∧ ϕ� E�T<Z �$'@�7 �:4N� i = �, · · · ,� �7 A�- ϕi �L� _^

+�N�< � \V� 9d�
�+#�@ ��� ω ∧ ω �7 20������'�

!25
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� �*� Ann(ω) = {ϕ ∈ V ∗ : ϕ ∧ ω = �} �� ω .�N��V ω ∈ Ωk(V ) �- A��7 +3
+K�'H/�

ω �H ���� ���C�7 /4C� �0'� � /4C� A��N� � dim Ann(ω) ≤ k $�-# J�;< _���
+$@�7 � \V� 9d�

S �Y $O �# �H ���� � \V� 9d� ω M Ann(ω) .�N��V V ∗ .� �BD� . �- _^
+��� �4
 

Ann(ω�) ⊂ Ann(ω�) /4C� �0'� � /4C� E�T<Z �$'@�7 � \V� 9d� ω� � ω� �L� _�
+ω� = ω� ∧ η A� η M Ǳ�.� �7 �H

/4C� �0'� � /4C� E�T<Z �$'@�7 � \V� 9d� �- ωi �L� _#

Ann(ω�) ∩Ann(ω�) = {�}

���O ? � �# +ω� ∧ ω� �= � �H

Ann(ω�) + Ann(ω�) = Ann(ω� ∧ ω�)

+��� � \V� 9d� A� w ∈ Ωn−�(V ) �- E�T<Z �$@�7 n $*7 �7 V �L� _-
K�<���/� ? ��7�'7 �#�H ��h� J���/� V ∗∗ .� / �Bg� J��'g �7 �� �- vi ∈ V J�� _�
SNO �7 �� _#a �� _���a A�04	NC v� ∧ · · · ∧ vk ∈ Ωk(V ∗) �H K�'H R�D

+$�'H J��7 ^�Y ∧ ? �

#�� J�'� V ∗ .� ϕn � · · · �ϕ� A�� �V $�-# J�;< +w ∈ Ω�(V ) K ��L _��� +�
�H #��#

ω(ϕ� ∧ ϕ�) + · · ·+ (ϕ�r−� ∧ ϕ�r)

�ψ� ?�7 �� ϕ� � ψn � π�� ψ� ?�7 �� ϕ� �ω =
∑
i<j

aijψi ∧ψj �L� 2 0������'

$�'H ^�n4<� A��t ψn � · · ·

ω = ϕ� ∧ ϕ� + w′

+�� ψ� �< � #��#�7 �# �� ψ� �< w′ �H
���� � \V� 9d� � �&P �� ω ∧ · · · ∧ ω / �� r A�E�L ^�Y �H $�-# J�;< _^
� �*4@�) r �? ��7�'7 +��� �&P o#�) �# ω / �� (r + �) A�E�L ^�Y �

+��� ω  8 A�� ��<Z m���
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+��� (aij) �� "�� �7��7 ω �� "�� $�-# J�;< �ω =
∑
i<j

aijψi ∧ ψj �L� _�

$�-# J�;< �ωi =
n∑
j=�

αjivj � $@�7 V A��7 A�� �V vn· · ·v� �L� +�

det(αij)ω∗
�
∧ · · · ∧ ω∗

n = v∗
�
∧ · · · ∧ v∗n

� ��� �7�x � ≤ p ≤ n K ��L +��� n × n /N ���� A = (aij) K ��L +�I
K�'H/� � �*� K = k� < · · · < kq � H = h� < · · · < hp Ǳ�.� �7 q = n−p

BH =

∣∣∣∣∣∣∣
a�,h� · · · a�,hp+++ +++
ap,h� · · · ap,hp

∣∣∣∣∣∣∣ , CK =

∣∣∣∣∣∣∣
ap+�,k� · · · ap+�,kq+++ +++
an,k� · · · an,kq

∣∣∣∣∣∣∣ .
$�-# J�;< �ωi =

n∑
j=�

ajivj � $@�7 V A��7 A�� �V vn � · · · �v� �L� _���

ω� ∧ · · · ∧ ωp =
∑
H

BHvH ωp+� ∧ · · · ∧ ωn =
∑
K

CKvK

$�-# J�;< +��� _A#�*P S���� �7a H ′ = {�, · · ·n} −H K ��L _^

vH ∧ vK =
{
� K �= H ′�L�
eH,H′v� ∧ · · · ∧ vn K = H�L�

��� � . �;T � ��Gg eH,H′ �H(
� � · · · p p+ � · · · n
h� h� · · · hp k� · · · kq

)
+detA =

∑
H

eH,H′BHCH
′ �$�'H �7�x �� �GVX cN7 _�

��>7�� �# ψ�, · · · , ψk ∈ V ∗ � $'%:4N� � ϕ�, · · · , ϕk ∈ V ∗ K ��L +X&����� V!a +��
�7 aij #�$g� 1��P ? � �# +$''H/� �$P ϕ� ∧ ψ� + · · · + ϕk ∧ ψk = �

+ψi =
k∑
j=�

ajiϕj �H $<��# #�� A��t aij = aji

� �� � Ω .� E#�&4�� �7 TM .� E$@ �4)�� A�-FGH A�-o�7 ��-��D �7 E�Gg +�!
A��#�7 FGH ξ = π : E → B �L� �Gj �� +�D�L �]< �# J���/� �� �-�L�	g
Ωk({π−�(p)}∗) JZ .� p �# ��� �H K ��T7 �]< �# �� Ωk(ξ∗) /DGH K�<���/� �$@�7
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o�7 �- ��D�L �]< �# J���/� (TpM)∗∗ .� A�h'g �� ∂/∂xi
∣∣∣
p

J�� +���
��@�< J���/� � . 1��P �7 /*Y�� �
@ �7 �� Ωk(T ∗M) .�

h
∂

∂x�
∧ · · · ∧ ∂

∂xn

A�-���
�� �7 ���'4� /�$'- Ǳ��@� �Ωn(T ∗M) A�-o�7 �H $-#/� J�;< _���
+��� ��− � �# −� J.� �7 _��.a /4"N<

�
@ �7 />) $'� 67��� ��	- A��#�7 A�BD �T; �	< T k[m]
� (TM) K ��L _^

V × · · · × V︸ ︷︷ ︸
�� k

×V ∗ × · · · × V ∗︸ ︷︷ ︸
�� �

→ Ωm(V )

A�-��N<�� �7 ���'4� /�$'- Ǳ��@� T k[n]
� (TM) A�-o�7 $�-# J�;< +���
+$'4N- � J.� � (

k
�

) �̀< .� _��.a /"N<
�� Ωn(V ) Ǳ�Bg� E�T<Z �$@�7 V A��7 A�� �V vn � · · · �v� �L� �H $�'H ���a
�# ^�Y /:�:O #�$g� ��:�:O �#� #�	< ��"*� J���/� /:�:O #�$g� J��'g �7

�+v∗
�
∧ · · · ∧ v∗n ��4;� ���g

Ωm(V ∗) �7 �� Ωm(V ) �
' � 9d7 �##�L � �*� �7�;� 1��P �7 T k�[m](V ) �L� _�
A�-��N<�� �7 ��]< /�$'- Ǳ��@� T k�[n](TM) A�-o�7 $�-# J�;< �K�'H R�g

+��� −� J.� � (
k
�

) �̀< .� _��.a /"N<

�I�5 �� ���N� �# �H M J.� � (�n) �̀< .� J� ���H /"N< ��N<�� �H $�-# J�;< _#
�@�T< �7 �$@�7 εi�···in A�-�&���� �7 �s<�'� �$@ � �*�

V ∗ × · · · × V ∗︸ ︷︷ ︸
�� n

→ Ωn(V )

A�-�&���� �7 /"N< ��'��� +��� ���'4� (ϕ�, · · · , ϕn) �→ ϕ�∧· · ·∧ϕn ��>7�Y �7
+$�'H ��"*� �7�;� 1��P �7 �� εi�···in

�7 η : V × · · · × V → R 67��� ��	- ��g�	d� �T; �	< Ωn;w(V ) $�'H R�D _-
�
@

η(v�, · · · , vn) = [ω(v�, · · · , vn)]w

T k[n]
� ��"@ T k[n;w]

� (V ) K ��L w ∈ Ωn(V ) � ��� b�=P A#$g ω �H �$@�7
A�-o�7 $�-# J�;< +K�'H R�g Ωn;w(V ) �7 �� Ωn(V ) �
' � 9d7 �#�@ � �*�

!23
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J.� � (k�) �̀< .� _��.a /"N< A�-��N<�� �7 ��]< /�$'- Ǳ��@� T k[n;w]
� (TM)

+$'4N- ω

+$�'H �	g T k�[n;w] �7 �7�;� 1��P �7

/��) �" � V ⊗W A��N<�� ^�Y (�h) �# /"��>� #�H J��7 � q ��
O� _�
�7 �� T k� (V ) +��� ∧k(V )

k⊗
V ∗ ⊗

�⊗
V := V ∗ ⊗ · · · ⊗ V ∗︸ ︷︷ ︸

�� k
⊗V ⊗ · · · ⊗ V︸ ︷︷ ︸

�� �
A��#�7 A�-�BD �Ωm(V ) � Λm(V ∗) � {Λm(V )}∗ J�� +�D�L /
 J���/�⊗k V ∗ ⊗ � ⊗k V ∗ ⊗

⊗� V ⊗ Λm(V ) �7 S���47 �� T k�[m](V ) � T k[m]
� (V )

A��#�7 A�-�BD ��7�;� 1��P �7 +�D�L J���/� /
 ⊗�
V ⊗ Λm(V ∗)

T k[m;w]
� (V ) :=

k⊗
V ∗ ⊗

�⊗
V ⊗

w⊗
Λm(V )

T k�[m;w](V ) :=
k⊗
V ∗ ⊗

�⊗
V ⊗

w⊗
Λm(V ∗)

+��� A$*7 M �;�	- Λn(V )⊗· · ·⊗Λn(V ) �H #�@ ��� +K ��T7 �]< �# ��
A�-��N<�� � S���47 T k� [n;w](TM) � T k[n;w](TM)

� A�-o�7 �H $�-# J�;<
+$<���'4� −w � ω J.� � (

k
�

) �̀< .� ��. /"N<

�@�T< E�T<Z �$@�7 />) /% $"� A : V → V � E#�7 n $*7 �7 V �L� _��� +�2
$�-# J�;< +$@�7 J#�H ��7�x M .� /7�B� /4N �7 A∗ : Ωn(V ) → Ωn(V )

_+#�H #�$	%C J���/� detA 67�� � �*� J��'g �7 �� ? �a +c = detA

+detAB = (detA)(detB) �H $ ��T7 �d�4< _^

.� �N���"g A : V → V ��hn;� A��%	 $'� �H K �@ /� ��Z #� +�5

X (λ) := det(λI −A)

= λn − (trace A)λn−� + · · ·+ (−�)n detA

= λn − c�λ
n−� + c�λ

n−� + · · ·+ (−�)ncn

+��� A∗ : Ωk(V ) → Ωk(V ) �@�T< �x� �7��7 Ck $�-# J�;< _���

+ck(AB) = ck(BA) $ ��T7 �d�4< _^

!2�
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A : V → �L� +##�L � �*� _�2 �	NCa ,�5 �� ��N� �# ��� δj�···jki�···ik K ��L _�
$�-# J�;< �$@�7 _� �V M �7 �"N<a (aji ) e ���� A���# V

ck(A) =
�

k!

∑
i� · · · ik
j� · · · jk

a
j�
i�
a
j�
i�
· · · ajkik δ

i�···ik
j�···jk

E�T<Z �$@�7 (�
�

) �̀< .� A��N<�� A � ##�L � �*� ��=&P �# ��� δ �L� � ? ��7�'7
J���/� A⊗ · · · ⊗A⊗ δ / �� (�k) R�":<� 1��P �7 �� p �→ ck(A(p)) 67��

+#�	< � �*�

n × n e ���� �- Ǳ�.� �7 +��� ���4� n� �7 A��%	 $'� M P (Xij) K ��L +�,
/� ��Z #� +#�H � �*� J���/� S���� ? � �7 �� P (aij) #$g �A(aij) J��
B � \V��
*� e ���� �- � A �- Ǳ�.��7 �H ��� ���#� /���P �# P �H K �@
�- �H K
O ? � .� ��� / �	@ �� ���N� ? � P (A) = P (BAB−�) K�@�7 �4@�#
E$@ /D�*� cn � · · · �c� A�0 ��%	 $'� .� A��%	 $'� 1��P �7 �#���< P
J��:4� A��%	 $'� �H K ��# .��< A�" K
O ? � �7 +$'4N- �5 �� ��N� �#
σn · · · �σ� .� A��%	 $'� 1��P �7 yn � · · · �y� ���4� n �7 Q(y�, · · · , yn)
· · · �y� .� /���$:� J��:4� A��%	 $'� ?��� i .� 1��"g σi �H ��@�< J���/�

+��� yn �
#�H /D�*� J���/� � . �
@ �7 �� �- σi �H K �@/� ��Z #� 

πni=�(y − yi) = yn − σ�y
n−� + · · ·+ (−�)nσn

� · · · �y� A�-�; � �7 A��%	 $'� S ��Y �- σi ��Gg .� �]< F�P �? ��7�'7
A�-�; � �� �*� �7 �'7 A e ���� �- λn � · · · �λ� E�k � � #�:� J�� +$'4N- yn

�H K ��L /� �d�4< �$'4N- X(λ) A��%	 $'�

ci(A) = σi(λ�, · · · , λn)

?
	� P S ��Ya K ��L /� �]< �# �� C �%4n� #�$g� A�� A A�0N ���� �$47�
+_$'@�7 c%4n� ���

A�]< e ���� A �H K�'H/� � �*� P (A) 1��P �7 �� Q(y�, · · · , yn) _���⎛⎜⎜⎜⎝
y� � · · · �

� y� · · · �

+++ +++ + + + +++
� � · · · yn

⎞⎟⎟⎟⎠
!2�
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�H #��# #�� A��t R A��%	 $'� M 1��P ? � �# +���

Q(y�, · · · , yn) = R(σ(y�, · · · , yn), · · · , σn(y�, · · · , yn))

+�N- 9�< R A��%	 $'� �$@�7 /:�:O S ��Y �7 p �d<�'� _^

+P (A) = R(c�(A), · · · , cn(A)) K ��# A A�]< e ���� �- Ǳ�.� �7 _�

E�k � � #�:� �- λi �H �##�L /� � �*� πi=j(λi − λj)� 1��P �7 D(A) ?�"� _#
A A�-� Z�# .� A��%	 $'� M 1��P �7 �� D(A) $�-# J�;< +$'4N- A

+�@�< J���/�

�7 +P (A) = R(c�(A), · · · , cn(A)) K ��# �D(A) �= � E�L�- �H $�-# J�;< _-
9�< C A�� A A�-e ���� ��	- A��7 A��N� �H $ ��T7 �d�4< /T4���V M	H
���# ��4'4�� ? � �K�'H R�g �T # J�$�� �- �7 �� C �L� /4Oa +��� ���#
/
N ��. Af���V�� �7 �"N< D(A) �= � �H / �- A ��	- ��g�	d� �� . ����

+_��� Q�T�

A B �- � /:�:O A A �- Ǳ�.� �7 � $<�/:�:O P S ��Y $�'H R�D Q�O
+P (A) = P (BAB−�) � \V��
*�

��#�*�a ��� ���# � \V��
*� c%4n� A B � c%4n� A A A��7 ��#�*� ?�	- _�
+$ ��T7 �]< �# bij � aij SNO �7 A��%	 $'� �� �#�*� n� 1��P �7 ��

ωj = �7 ω�, · · · , ω� ∈ V � ��� V A��7 A�� �V vn � · · · �v� $�'H R�D _��� +��

E�T<Z �w ∈ Ω ∗ k(V ) �L� �H $�-# J�;< +$'4N-
n∑
j=�

αjiVj

ω(ω�, · · · , ωk) =
∑

I=i�<···<ik
αIω(vi� , · · · , vik)

9d7 A�-�>� ��	- F\O .� �P�O (αij) .� k × k e ���� � . J�'����# αI �H
+��� ik � · · · �i� A�-�>�

+$�-# K�	*� �-��D −k ���O �7 �� !+2+3 ��d�4< � �+2+3 �� �BC _^

+#��$< /T4N7 1�h4n� E�T4�# �7 d � �*� �H $ ��T7 �d�4< _^a .� �j	�:4N� _�

A� k � j �i �- Ǳ�.� �7 �L� �0'� � �L� d(
∑
i<j

αij dx
i ∧ dxj) $�-# J�;< +�3

∂αij
αxk

− ∂αik
∂xj

+
∂αjk
∂xi

= �

!5I
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+K #�H � �*� A E��n�# A��N<�� J�$�� A��7 �� LXA �h'g �5�, �� ��N� �# +��

+�N- 9�< LXw E�T<Z �$@�7 ��D −k M ω �L� �H $�-# J�;< _���

.� E#�&4�� �7 _�+LX(ω� ∧ ω�) = LXω� ∧ ω� + ω� ∧ LXω� $�-# J�;< _^
$�-# J�;< �5�, �� ��N� .� _-a �	NC

X(ω(X�, · · · , Xn)) = LX(ω(X�, · · · , Xk))

= LXω(X�, · · · , Xk)

+
k∑

α=�

(−�)α+�ω([X,Xi], X�, · · · , X̂i, · · · , Xk)

�$�'H 1�"x� �� � . Q���D �# _#

dω(X�, · · · , Xk+�) =
k+�∑
i=�

(−�)i+� LXiω(X�, · · · , X̂i, · · · , Xk+�)

+
∑
i<j

(−�)i+j+�ω([Xi, Xj ], X�, · · · , X̂i, · · ·

· · · , X̂j, · · · , Xk+�) dω(X�, · · · , Xk+�)

=
�

�

k+�∑
i=�

(−�)i+�{X�(ω(X�, · · · , X̂i, · · · , Xk+�))

LXiω(X�, · · · , X̂i, · · · , Xk+�)

�T # 1��"g �7 X!dω = LXw − d(X!w) $�-# J�;< _-

dω(X�, · · · , Xk+�) = (LX�
w)(X�, · · · , Xk+�)

−d(X�!w)(X�, · · · , Xk+�)

_+#��Z ��$7 d .� /& �*� � E#�H E#�&4�� J���/� Ǳ��:4�� �7 �� ? �a

+d(L)X = LX(dω) �H $�-# J�;< _-a .� E#�&4�� �7 _�

�.X {�@ �H $�-# J�;< +$'@�7 aij = aji �7 Rn �7 67�� n� .� 1��"g aij K ��L +��
A��<�L �7 R ��>:< �- .� /T �N	- M �# un · · · �u� 67��� �
' � A��7 /D�H �

�H $<�@ �D� 

aij =
�

�

{
∂ui
∂xj

+
∂uj
∂xi

}
!5�
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A� k � j �i �- Ǳ�.� �7 �H ��� ? �

∂�aij
∂xk∂x�

− ∂�aik
∂xj∂x�

=
∂�a�j
∂xk∂xi

− ∂�a�j
∂xj∂xi

fjk∂uj∂x
k−∂uk/∂xj A��7 / 9 1�:4;��7 ��N<��& # 1X#�*� �$47� 2 0������'�

�+$�'H E#�&4�� !+�+� �� �BC .� e�� � E#�# ��
;� ��

��� arctan(y/x) �7��7 θ �-� A���N7 �#a +”dθ” =
xdy − ydx

x� + y�
$�-# J�;< +!I

_+�7�x M E��G*7 Xj �	4O� 9d7

M �H $�-# J�;< �$@�7 f(�) = f(�) �7 [�;�] ��D f dx M ω �L� _��� +!�
w − K ��# g(�) = g(�) �7 g 67�� M Ǳ�.� �7 �H #��# #�� J�'� λ �4
 #$g
λ � �4D�L Q��T4<� [�;�] �7 �� w − λdx = dy �� �#�*� 2 0������'� +λdx = dy

�+$�7��7��

�7 c : [�;�] → S� �L� +σ′ = i∗dθ � ��� A�4O� i : S� → R� K ��L _^
+c∗(σ′) = dx $�-# J�;< �$@�7 c(x) = (cos�πx, sin�πx) A�>7�Y

J�'� λ #�&7 �h='� A#$g $�-# J�;< �$@�7 S� �7 �4N7 ��D −� M ω �L� _�
+��� W�C# w − λσ′ �H #��# #��

ω� ∧ A�-��D �̀	d� 1��P �7 �� w ∈ Ωk(V� ⊕ V�) �- �H $�-# J�;< _��� +!!
� ��� β = k − α ���# .� ω� � α ���# .� ω� �H �@�< J���/� ω�

�ω�(v�, · · · , vα) = � E�T<Z �vi ∈ V� A� i M Ǳ�.� �7 �L�
+ω�(v�, · · · , vβ) = � E�T<Z �vi ∈ V� A� i M Ǳ�.� �7 �L�

ω� + �
@ �7 �4
 /���P �7 �� ω E�T<Z �� �= λ ∈ V ∗
�

� dimV� = � �L� _^
���� ��D −(k−�) M ω� � ��� ��D −k �H ω� �H �@�< J���/� (ω�∧λ)

�H A��<�L �7
�ω�(v�, · · · , vk) = � E�T<Z �vi ∈ V� A� i M Ǳ�.� �7 �L�

+ω�(v�, · · · , vk−�) = � E�T<Z �vi ∈ V� A� i M Ǳ�.� �7 �L�

�� H : [�;�] → U � ���� .�7 � � �7 �"N< �
@ E��4� ��g�	d� K ��L +!2
�L� +K�'H/� � �*� H(p, t) = tp ��>7�Y�7

ω =
∑

i�<···<ik
ωi�···ik dx

i� ∧ · · · ∧ dxik

!5!
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$�-# J�;< �U �7

I(H∗ω) =
∑

i�<···<ik

k∑
α=�

(−�)α−�
(∫ �

�

tk−�ωi�···ik(tx)dt

)
xiα

dxi� ∧ · · · ∧ d̂xiα ∧ · · · ∧ dxik

R� − U �H A��<�L �7 ��� ��$<��H .�7 ��g�	d� M U ⊂ R� K ��L _��� +!5
�>:< M �7 ? ��7�'7 � ���� F����U& # R� �7 U $�-# J�;< +$@�7/� $'"	-
20������'� _+#�@/� �7�x ��� �� ���N� �# S%>� ? � e
ga +��� � \VR�":<�
�g�	d� ?��� k �H �$�N �'7�-�g�	d� .� A#�*P /g�	4� 1��P �7 �� U
�� "��� �k ≤ �� %P�D �H $@�7 U �# /t�:< ���@ A�-67�� .� /-�'4� /g�	4� �7��7

+_#�@ ��� 5+3 �
@ .� _���a �	NC �7a �+$<��# ���C U

U /�� �$@�7 $'"	- R� − U �H $�7��7 J�'� U ⊂ R� A��$<��H .�7 ��g�	d� _^
+$@�"< � \VR�":<� A��>:< }�- �7

i

5+3 �
@

Rn �7 U � Z +��� .�7 � � �7 �"N< �
@ E��4� ��g�	d� M U ⊂ Rn K ��L +!,
��� . +�N�< E#�� JZ 1�"x� /�� ��� �"�� Q���� ? � ���Va w��� F�����	-
����� �4���V�< �
@ �7 ��� ?
	� �g�	d� . �� � � ?�7 �P� � A�-`�*@ Q�t

+_#�@ ��� 5+3 �
@ .� _^a �	NC �7a _+$'H

+〈a, b〉 =
n∑
i=�

aibi ��� Rn �# /��	*� /%)�# ^�Y 〈, 〉 K ��L +!�

!52



Copyright :  Dr. Mehdi Nadjafikhah < m_nadjafikhah@iust.ac.ir >

��)*�
��+ Z
� > ��� ����
%� F�>

v�×· · ·×vn−� ∈ #�&7 �h='� A��#�7 $�-# J�;< v�, · · · , vn−� ∈ Rn �L� _���
A� w ∈ Rn �- Ǳ�.� �7 �H #��# #�� J�'� Rn

〈v� × · · · × vn−�, w〉 = det

⎛⎜⎜⎜⎝
w
v�
+++

vn−�

⎞⎟⎟⎟⎠
+$�-# cN7 �- e∗i SNO �7 ��<Z � × · · ·× ∈ Ωn−�(Rn) $�-# J�;< _�̂

�+$�'H E#�&4�� [�V �-��'�� SNO �7 J�'����# cN7 .� 20������'�
�H $�-# J�;< R� A��7 _�

v × w = (v�w� − v�w�, v�w� − v�w�, v�w� − v�w�)

�+$�7��7 �� �- ei × ej ��	- �$47� 20������'�

1��P �7 �� Rn �7 _f J� #��La grad(f) A��#�7 J�$�� f : Rn → R �L� _��� +!3

grad(f) :=
n∑
i=�

∂f

∂xi
.
∂

∂xi
=

n∑
i=�

Di f
∂

∂xi

K�N �'7 K�<���/� ∇ :=
n∑
i=�

Di∂/∂x
i A��P #�	< p�t �7 +K�'H/� � �*�

Dvf(p) �H �Dv f(p) = 〈v, w〉 $�-# J�;< �f(p) = ωp �L� +grad(f) = ∇f
vp ∈ #�@ R�D ��s<�'�a ��� v A�4��� �# � p ��>:< �# f A#��4�� W4;�
f �H ��� / �4��� ∇f(p) �H $ ��T7 �d�4< +_Dv f(p) = vp(f) E�T<Z TpRn

$-#/� ��d<� p �# �� 1������ ��H�$O JZ �#

1��P �7 �� X e<�f �� # �$@�7 Rn �7 A��#�7 /<�$�� X =
n∑
i=�

ai∂/∂x
i �L� _^

K�N �'7 K�<���/� A#�	< �
@ �7a +K�'H/� � �*� divX =
n∑
i=�

∂a/∂xi

�_� �*�a K ��# n = � Ǳ�.� �7 �?�'s	- _+divX = 〈∇, X〉

Curl(X) := ∇×X

:=

(
∂a�

∂x�
− ∂a�

∂x�

)
∂

∂x�
+

(
∂a�

∂x�
− ∂a�

∂x�

)
∂

∂x�

+

(
∂a�

∂x�
− ∂a�

∂x�

)
∂

∂x�

!55



Copyright :  Dr. Mehdi Nadjafikhah < m_nadjafikhah@iust.ac.ir >

����
%� F�> ��)*�
��+ Z
� > ���

K�'H /� � �*� � . �
@ �7 �� ηX � ωX A�-��D

ωX := a�dx+ a�dy + a�dz

ηX := a�dy ∧ dz + a�dz ∧ dx+ a�dx ∧ dy

$�-# J�;<

df = ωgrad(f), d(ωX) = ηCurl(X), d(ηX) = (divX)dx ∧ dy ∧ dz.

$ ��T7 �d�4< _�

Curl(grad(f)) = �, div(Curl(X)) = �.

�CurlX = � � $@�7 U ⊂ Rn �
@ E��4� .�7 ��g�	d� �7 A��#�7 /<�$�� X �L� _#
E�T<Z divX = � �L� ��7�;� 1��P �7 A� f : U → R 67�� M Ǳ�.� �7 E�T<Z

+X = CurlY A� U �7 Y A��#�7 J�$�� M Ǳ�.� �7
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