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�0DHI �6 @�04*�� �\� � �@��#�6 @�-�AD �6 >
	� @�04*�� ��	- �l" �9� �"B Q�jD �#
/&*�# ^�Y �6 5
�� 8L�- � ��� F#�4D� K&B .� K0� #��� M ���� ,K #�I r�=� ��

,K�(I /D�+� �� F#�4D� �
 ��86� > � �I ��� F%��� JZ J��. J�(I� ,K�4'T6 /4p�
/=* �# ��� /+6�� �F J�%�� �6 V @��#�6 @�AD �6 1���� <�E M .� ��](�
�F#�6 J��94� /4N �6 � �K�-#/� J�:; (v, w) �→ 〈v, w〉 #�	; �6 �I �F �6 V × V .�
#�
� J�(� @� w �= � F�T;Z �v �= � �L� �%?�6 F%�-�"��; � 〈v, w〉 = 〈w, v〉 /(+ 
_/9�9O #�%i� ��i�	d�a R �� F _J�%��a 2���- �eV > � .� ,〈v, w〉 �= � �I #��#

,K ��L/�
�� =6�Y �6 Rn �6 〈 � 〉r /&*�# ^�Y M �� ≤ r ≤ n �6 r �- @�.� �6

〈a, b〉r :=
r∑
i=�

aibi −
n∑

i=r+�

aibi

F�T;Z �a �= � �L� �I ��� ���� F%�-�46�; > � ,K�(I � �+� K�;���/�
〈
(a�, · · · , an), (a�, · · · , ar,−ar+�, · · · ,−an)

〉
=

n∑
i=�

(aii)
� > �

〈〈a, b〉〉 = �K���/� Rn �6 〈〈, 〉〉 #��%;�4�� /&*�# ^�Y �6 �r = n @��6 �Fm � �6
,〈〈a, a〉〉 > � K ��# @� a �= � �- @�.� �6 �/&*�# ^�Y > � #��� �# ,∑n

i=� a
ibi
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�- @�.� �6 �I K�7�L H�"� ]Bi� /���P �# �� 〈, 〉 J��94� /=* �# 56�� M ��I �#
� ��� F%�-�46�; �>�+� �"�� /=* �# 56�� �- �I ��� >?�� 〈v, v〉 > � @� v �= �

,��� /&*�# ^�Y M ��d�4; �#
f : �L� �\� � ���� T �(V ) .� @�j<(� V �6 〈, 〉 /&*�# ^�Y �- �I %�(I �
��
> � ,��� W �6 J�94� /=* �# 56�� M F ∗〈, 〉 F�T;Z �%?�6 /=* /& %"� w → V

�L� �Hl �� ,%?�6 M �6M f �L� /4O %?�6 F%�-�46 ��� >
	� J��94� /=* �# 56��
�6 ,f(a) = (a, a) 56�� f : R → R

� � %?�6 R
� �6 〈a, b〉 = a�b� − a�b� ^�Y 〈, 〉

,��� F%�-�46�; f∗〈, 〉 r�Y� �6 F�T;Z �%?�6 V @��6 /	N�D����8 � f �L� �Q�O > �
�I ��� >�+� �"�� /4B� �0(� � /4B� f∗〈, 〉 F�T;Z �%?�6 >�+� �"�� 〈, 〉 �L� >�(u	-

,%?�6 M �6M f
� V ∗ @��6 v∗n, · · · , v∗� ��]; J�L�# ��  �V �6 �V @��6 vn, · · · , v� � �V �- @�.� �6

K�N �(6 K�;���/�

〈, 〉 =
n∑

i,j=�

gij v
∗
i ⊗ v∗j

2��"i > � �# �I

gij := 〈vi, vj〉

,gij = gji �%?�6 J��94� (gij) e ���� �I %(I/� ^�d � 〈, 〉 J#�6 J��94� �> ��6�(6
�� '���� �6 �"N; 〈, 〉 /&*�# ^�Y �- J�� ,#��# 8�; @�T # K0� ��"+� (gij) e ����
�K�(I � �+� K�;���/� v ∈ V �- @�.� �6 ϕv ∈ V ∗ /=* /4?�T; ���� /=* [��#
v �→ ϕv �?�T; ���� /=* 8�; [��� �� '���� �6 �"N; 〈, 〉 J�� ,ϕv(w) = 〈v, w〉
F�T;Z �v �= � �L� �I %(I/� ^�d � 〈, 〉 /L%�-�46�; ,%?�6/� V ∗ �6 V .� /=* /& %"�
KN�D����8 � M �〈, 〉 /&*�# ^�Y �- �%?�6 /-�(4� %+6 �6 V �L� �> ��6�(6 ,ϕv �= �

��=6�Y �6 α : V → V ∗

〈v, w〉 = α(v)w

�6 �"N; g : V → V ∗ e ���� ���# (gij) e ���� �r�Y� �6 ,%-#/� �� �6
|�? �6 Q#�+� 〈, 〉 /L%�-�46�; �> ��6�(6 ,��� V ∗ @��6 {v∗i } � V @��6 {vi} @�-� �V

���� � .

det(gij) �= � � /(+ ��� >�
��; (gij)
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�"�� % �6 (gij) ���� ���(4� (gij) #��� �# ��F%�u�V /g�? �6 〈, 〉 J#�6 >�+� �"��
/(+ �%?�6 >�+�

n∑
i=�

gija
iai > � K ��# ���� �'P ���p� �0;Z .� /
 �B�X �I an, · · · , a� �- @�.� �6

2��P �6 �� ��]; ‖.‖ ��D �V �6 〈〈, 〉〉 >�+� �"�� /&*�# ^�Y �- @�.� �6

_��� F%? �4D�L �"�� @#%i .��: �a ‖v‖ := 〈v, v〉�/�

#�	; �6 �� Rn �# 〈, 〉 �6 ���(4� ��D ,K�(I/� � �+�

‖a‖ = 〈a, a〉�/� =
( n∑
i=�

(ai)�
)�/�

���� F%�Z � s �# ‖.‖ /&P� )��* ,K�-#/� J�:;

K ��# @� v, w ∈ V �- @�.� �6 ����� ����*
,a ∈ R �I �‖av‖ = |a|.‖v‖ _�

w � v �I ��� ���B�6 /4B� �0(� � /4B� @��N� �I �I �〈v, w〉 ≤ ‖v‖.‖w‖ _!
,_8����? @��N��;a v = λw �I #�? �D� λ ∈ R /(+ �%(?�6 /=* �� 4N6��

,‖v + w‖ ≤ ‖v‖+ ‖w‖ _3

23�*4�

,��� /0 %6 _�a

�2��P > � ��t �# ,��� ���B�6 @��N� r�Y� �6 �%(?�"; /=* �94N� w � v �L� _!a
λv −w �= � @� λ ∈ R �- @�.� �6 F�T;Z �%(?�6 /=* �94N� w � v �L� /(+ 

�\� �

� < ‖λv − w‖� = 〈λv − w, λv − w〉 = λ�‖v‖� − �λ〈v, w〉 + ‖w‖�

,#��%; @��: � ~�- � ��� λ SNO �6 ��# ��
�# �� �#�+� M ���� �	� eV
eV ,%?�6 /'(� JZ >�"� % �6 ��d�4; �#

�〈v, w〉� − �‖v‖�‖w‖�〈�

,��� ��	� J�-�6 �
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K ��# _!a �6�(6 _3a

‖v + w‖� = 〈v + w, v + w〉 = ‖v‖� + ‖w‖� + �〈v, w〉

≤ ‖v‖� + ‖w‖� + �‖v‖, ‖w‖ = (‖v‖+ ‖w‖)�

,K ��T6 �\
 >�D�g .� ��� /D�I J�(I�

� \V��N;��' # � ∈ Rn �# Rn �6 |.| 56�� �Hl ��� #��# /6�&=��; )��* ‖.‖ 56��
V �6 ��# �
�# /+6�� ���*� 56�� ,#��%; �� 2H
:� > � ‖.‖� 56�� �I � �N�;
.� >T	- @��&	
 %(� M 2��P �6 ��;Z �V @��6 {vi} ��  �V SNO �6 � ���

�?�; J���/� ! ��
�#
∥∥∥ n∑
i=�

aivi
∥∥∥� =

n∑
i,j=�

gija
iaj

�T # J��6 �6

‖.‖� =
n∑

i,j=�

gijv
∗
i .v

∗
j

#��Z ��%6 ��# �
�# 56�� @��6 �#���; /' �+� J���/� � s �� �AB �6 �
�� �6
,_� �� ���N�a

^�Y �6 ���(4� ��D ‖, ‖ �L� ��5@�� :';� ��AB�� ���� ����*
F�T;Z �%?�6 V �6 〈, 〉 /&*�#

(�) 〈v, w〉 =
�

�
{‖v + w‖� − ‖v‖� − ‖w‖�}

(�) 〈v, w〉 =
�

�
(‖v + w‖� − ‖v − w‖�)

� ,��� �"��<� 23�*4�

�6 �%((I Ǳ�9�� �� ��D M �I /&*�# ^�Y �# �- �I %-#/� J�:; !,�,� �� �AB
�- @�.� �6 /(+ a %?�6 ��D �D�O f : V → W �L� �6�:� 2���Y �6 ,%;�6��6 K-
�- @�.� �6 �/(+ a �N- 8�; /&*�# ^�Y �D�O f F�T;Z �_‖f(v)‖ = ‖v‖ @� v ∈ V

,_〈f(v), f(w)〉 = 〈v, w〉 @� v, w ∈ V

3!1



"
��+ [
U ��d D�%�� 
,� d ���

�6 >�+� �"�� /&*�# ^�Y M �0(� KN�D����8 � %O �# �I K�-#/� J�:; Q�O
,#��# #�
� @��#�6 @�AD �-

@%+6−n @��#�6 @�AD �6 >�+� �"�� /&*�# ^�Y M 〈, 〉 �L� ����� ����*
,〈vi, vi〉 = δij �I #��# #�
� J�(� V @��6 {v�, · · · , vn} @�� �V F�T;Z �%?�6 V
f : Rn → /	N�D����8 � ��l4d�4; _,K���;/� 〈, 〉 �6 �"N; ���"�� ��  �V ��� @�� �V >�(�a

�I #��# #�
� V

〈a, b〉 = 〈f(a), f(b)〉 a, b ∈ R

,f∗〈, 〉 = 〈, 〉 ��T # 2��"i �6

@.��%��+4� K4 ��T�� @��L��
6 �6 ,��� V @��6 F��p�# @�� �V {w�, · · · , wn} K ��L 23�*4�
K�(I � �+� K�;���/� �w� �= � J�� ,K ��Z/� ��%6 �� � �V > � ���	y�����L
vk, · · · , v� �*�� �6 WD�� %�(I R�D ,‖v�‖ = � r�Y� �6 � �v� := w�/‖w�‖

eV ,K �F%?

〈vi, vj〉 = δij

F�H+6 �

{v�, · · · , vk} = − {w�, · · · , wk}

K ��L ,��� /=* �94N� vk � · · · �v� �6 �"N; wk+� �> ��6�(6

w′
k+� := wk+� − 〈v�, vk+�〉v� − · · · − 〈vk, vk+�〉vk �= �

�I ##�L/� F%-�:� /L#�� �6

〈w′
k+�, vi〉 = � i = �, · · · , k

� ,K�-#/� ���#� Ǳ��94�� �6 wk+� := w′
k+�/||w′

k+�|| K�(I � �+� K�;���/� �\� �

,%(��;/� V �6 1����2��� ��� V �6 〈 � 〉 >�+� �"�� /&*�# ^�Y �2�B�� /*�6
,K���/� V �6 /�%�&B��� M �6 �p(v, w) = ‖v−w‖ � �+� �6 �I ��� > � JZ ���#
,��� �4� M Hl 	i p �I %-#/� J�:; _�,�,� �� �AB .� _3a �	NBa /�&�� @��N��;

,%(��;/� v (�S �� ‖v‖
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�- �I K ,q/� ��Z#� ,K ��# .��; �T # @�"
 �� 4
; M �0(� �6 ���I �6 .�tZ @��6
V �6 α(v)(w) = 〈v, w〉 �6 α : v → V ∗ KN�D����8 � M V �6 〈 � 〉 /&*�# ^�Y

K�(I/� � �+� i : V → V ∗∗ /+�"g KN�D����8 � M	I �6 ,%(I/� � �+�

i(v)(λ) = λ(v)

KN�D����8 � �S���� > � �6

β : V ∗ α−�

−→ V
i−→ (V ∗)∗

��=6�Y �6 V ∗ �6 〈 � 〉∗ /=* �# 56�� M � �+� @��6 β .� J�(I� ,K ��# ��

〈λ, μ〉∗ = β(λ)(μ) = iα−�(λ)(μ) = μ(α−�(λ))

2��P �6 �� 〈 � 〉 J#�6 J��94� J�(I� ,K�(I F#�'4�� K�;���/�

α(v)(w) = α(w)(v)

2��P �6 �� �=6�� > � �α(w) = μ � α(v) = λ R�D �6 ,#�# b�Y�� J���/�

λ(α−�(μ)) = μ(α−�(λ))

��l4d�4; 〈μ, λ〉∗ = 〈λ, μ〉∗ ,��� J��94� 8�; 〈 � 〉∗ %-#/� J�:; �I ��?�; J���/�
,_��� β J�	- �5B�� �#a ��� V ∗ �6 /&*�# ^�Y M 〈 � 〉∗

�4D�L �]; �# V @��6 {vi} @�� �V ���� /(+� �� �6 Hl I > � K�(�"6 �
( � @��6
� ��� V ∗ @��6 ��]; J�L�# ��  �V {v∗i } K�(I/� R�D � �4D�L

〈, 〉 =
n∑

i,j=�

gij v
∗
i ⊗ v∗j

> ��6�(6 ,��� {v∗i } � {vi} �6 �"N; α : V → V ∗ e ���� (gij) 2��P > � �#
β : e ���� (gij)−� > ��6�(6 ,��� {vi} � {v∗i } �6 �"N; α−� : V ∗ → V ��  �V g−�ij
�(gij)−�−(gij) K�(I � �+� �L� ��d�4; �� ,��� {v∗∗i } � {v∗i } �6 �"N; V ∗ → V ∗∗

F�T;Z∑
gik gkj = δij

�K ��T6 V ∗∗ @�Ai �� vi �L� �F�Hi �6 �

〈, 〉∗ =
n∑

i,j=�

gij v∗∗i ⊗ v∗∗j =
n∑

i,j=�

gij vi ⊗ vj

3!�
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K ��# α(v) = λ Ǳ�.� �6 F�T;Z �%?�6 >�+� �"�� 〈 � 〉 �L� �I %�(I �
��

λ(α−�(λ)) = β(λ)(λ) > � @� λ �= � �- Ǳ�.� �6

J���/� �-� �V SNO �6 � �+� .� �l	�94N� �� > � ,��� >�+� �"�� 8�; 〈 � 〉∗ �> ��6�(6
� s r�? �6 〈 � 〉∗ ��P�� @��6 F�� > ��F#�� �>�+� �"�� ���O �# ,#�	; 2�"y�
�I ��� %��+4� 〈 � 〉∗ �6 �"N; /4B� �0(� � /4B� V ∗ @��6 {v∗

�
, · · · , v∗n} ��  �V ����

,%?�6 %��+4� 〈 � 〉 �6 �"N; {v�, · · · , vn}
@��#�6 @�-�AD �� �&I �6 /&*�# ^�Y �� �0� @��6 _1 �� ���N�a �� /06�:� @�-M�(
�
���O M �6 �0(� �� �4"�� ,#�I ��
� J���/� Ωk(V ) � Tk(V ) = T k(V ∗) �T k(V )

Ωn(V ) @��#�6 @�AD ,�N�; ��P�� �6�B �#���; �
? �6 ���I ��=6 �I �K ��# �
��
� w �j(i �# �0(� �6 �JZ �6 /&*�# ^�Y M � �+� @��6 > ��6�(6 ���� @%+6 M 
%;� V @��6 @�� �V�# {w�, · · · , wn} � {v�, · · · , vn} K ��L ,K ��# .��; M Q�=6 −w

2��P > � �# �wi =
n∑
j=�

αji vj K�N �(6 �L� ,%(?�6/� %��+4� 〈 � 〉 �6 �"N; �I

δij = 〈wi, wj〉 =
〈 n∑
k=�

αki vk ,

n∑
�=�

α�j v�

〉
=

n∑
k,�=�

〈vk, v�〉 =
n∑
k=�

αki αkj

^�d � JZ .� �I �%(I/� �%P AAt = I ��=6�� �# A e ���� At �0;��� �> ��6�(6
@� w ∈ Ωn(v) �- Ǳ�.� �6 �I ##�L/� �d�4; $�E @��AB .� ,detA = ±� #�?/�

K ��#

w(v�, · · · , vn) = ±w(w�, · · · , wn)

�I ##�L/� �d�4; r�Y� �6 > � .�

v∗
�
∧ · · · ∧ v∗n = ±w∗

�
∧ · · · ∧ w∗

n

�6 �"N; ±v∗
�
∧ · · · ∧ v∗n �
? �6 �0;Z oK ��# Ωn(V ) .� 2��'4� �j(i �# �> ��6�(6

,K���;/� Ωn(V ) �# M Q�g �6 �P�(i �� �0;Z ,%(4N- V @��6 {Vi} %��+4� @�� �V
/
 � #�I 8 �	4� K- .� �4:�6 J���/� K- .�6 �� �0;Z �%?�6 ���4*� �# 8�; μ /40
 �L�
�� JZ �K���;/� �"�� ���� [v�, · · · , vn] = μ 2��P �6 �I v� ∧ · · · ∧ vn �-��#�6 .�

,K���;/� Ωn(V ) �# M �"�� Q�g �6 �j(i
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�{w�, · · · , wn} F��p�# @�� �V SNO �6 M SNO �6 M Q�g �6 �P�(i cN6 @��6

^�d � wi =
n∑
j=�

αji vj K�N �;/� � F#�I ^�p4;� %��+4� {v�, · · · , vn} %��+4� @�� �V

�I ##�L/�

det(αij)w∗
�
∧ · · · ∧ w∗

n = v∗
�
∧ · · · ∧ v∗n

K�N �(6 �L�

〈, 〉 =
n∑

i,j=�

gij w
∗
i ⊗ w∗

j

F�T;Z

gij = 〈wi, wj〉 =
〈 n∑
k=�

αki vk,
n∑
�=�

α�j v�

〉
=

n∑
k=�

αki αkj

F�T;Z �A = (αij) �L� �\� �

det(gij) = det(At.A) = (detA)�

.� %(���"i Ωn(V ) �# M Q�g �6 �P�(i �l4d�4; ,��� ]Bi� ����L det(gij) �Fm � �6

±
√

det(gij)w∗
�
∧ · · · ∧ w∗

n , gij = 〈wi, wj〉

C�(�* ��� &!c

ξ = π : E → �L� ,K ��L/� ��
6 @��#�6 @�-GHI #��� �# �� % %
 ��86� > � J�(I�
〉p >�+� �"�� /&*�# ^�Y M p ∈ B �- �6 �I 〈 � 〉 /+6�� �%?�6 @��#�6 GHI B
�# �- Ǳ�.� �6 �I ��"+� > � �6 ���� �4���V � _π−�(p) @�AD �6a %-#/� �"N; �� 〈 �

56�� �s�, s� : B → E �� 4���V q�6

〈s�, s�〉 = p �→ 〈s�(p), s�(p)〉

%&'�(� �6 ���	- @��#�6 GHI M ξ �L� ,K�7�L/� ξ �6 &��	� ���A	 ���� �4���V 8�;
,K�7�T6 >p� K�;���/� ���	- J�	 � �4� .� �%?�6 B ���	-

3!�
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,� d ���

@�-^�Y ��	- ��i�	d� Euc(V ) K ��L ,#��# #�
� � �+� @��6 K- @�T # q���
� K�(I � �+� Euc(π−�(p)) �6 �� π−�(p) �- �L� ,��� V �6 >�+� �"�� /&*�#

#�? R�D

Euc(ξ) =
⋃
p∈B

Euc(π−�(p))

> � �
:� �0(� ,��� Euc(ξ) .� /?�6 �ξ �6 J�	 � �4� M .� ��](� �2��P > � �#
��4*�� .� �;�	; M Euc(ξ) ���# >�	- �6 ,�N�; @��#�6 @�AD Euc(V ) �I ���

�,��� @��� GHI ��(6 ��/&I

S���� �6a @��<'P−k GHI M ξ = π : E → M K ��L ����� ����*
_���	- S���� �6a J�	 � �4� M 2��P > � �# ,��� M ���	- %&'�(� @�� _���	-

,#��# #�
� ξ �6

#��# #�
� U .�6 @�-�i�	d� .� SI�� M @��6 U /-�(4� �l+Y�� [?�V M 23�*4�
tU : π−�(U) → U × Rk _���	- S���� �6a @.�� /0 %6 M �0;Z .� M �- �6 �I
#�
� 〈(p, a), (p, b)〉p = 〈a, b〉 J�	 � �4� M r�Y� �6 U × RK �6 ,��� ���4*� �#

K�(I/� � �+� �v, w ∈ π−�(p) �u;�(� ,#��#

〈v, w〉Up := 〈tU (v), tU (w)〉Up

{ϕU} K ��L ,��� ξ
∣∣∣
U

@�6 _���	- �S���� �6a /;�	 � �4� M 〈 � 〉U �2��P > � �#
2��P �6 �� 〈 � 〉 ,��� U ��#� . /;�
 .��D� M 

〈v, w〉p :=
∑
U∈U

ϕU (p)〈v, w〉Up v, w ∈ π−�(p)

@� p Ǳ�.� �6 � ��� _���	- S���� �6a �4���V 〈 � 〉 2��P > � �# ,K�(I/� � �+�
J#�6 >�+� �"�� J#�# J�:; @��6 ,��� J��94� � /=*�# /+6�� π−�(p) �6 〈v, w〉p

�I K�(I/� �
�� �JZ

〈v, v〉p =
∑
U∈u

ϕU (p).〈v, v〉Up

� ,��� �"�� �- U .� /
 @�.� �6 � �%;�/'(��; �- ϕv(p)〈v, v〉Up .� M �- �

�F#�:D���V @�AD M @� � @��#�6 GHI �- �I %-#/� J�:; QX%4�� >�	- ��"?
,#� \V/� J�	 ��4�
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,� d ��� D�%�� 
,� $�d

〈, 〉U /&*�# @�06�Y /L%�-�"��; �I /4��O �# �*Z �� &O�� QX%4�� �I #�? �
��
�I #��%; #�
� @� 〈, 〉 ~�- TS� �6 _E �� ���N�a 5B�� �# ,#�"; ���# �K�4?�%; �"B .� ��
F%�-�46�; /�� �%?�6 >�+� �"�� �I %(I Ǳ�9�� /=*�# J��94� � 56�� @� TpS� �- �6

,%?�";
J�(I�� �I @��#�6 @�-GHI #��� �# [��V %(� �1 �� �AB .� @#�6��I J��(i �6

,K�(I/� �O �F%;��

,ξ = ξ F�T;Z �%?�6 @��<'P−k GHI M ξ = π : E �L� ������ ����*
�p ∈ M �- @�.� �6 2��P > � �# ,��� ξ @��6 /;�	 � �4� M 〈, 〉 K ��L 23�*4�

/	N�D����8 �

αp : π−�(p) → {π−�(p)}∗

��=6�Y �6

αp(v)(w) = 〈v, w〉p v, w ∈ π−�(p)

E′ = �6 E .� /	N�D����- �- αp ��	- � �#�L �I %(I/� ^�d � 〈, 〉 /T4���V K ��#
� ,%(I/� � �+� ⋃p∈M{π−�(p)}∗

/4B� ξ F�T;Z �%?�6 @��<'P −� GHI ξ = π : E → M �L� ������ ����*
,%?�6 � \V�0
 �I ��� /-%6 /4B� �0(� �

M �6 /;�	 � �4� 〈, 〉 � F#�6 μ �0
 @���# ξ �L� ,��� /0 %6 �L� �0(� �	NB 23�*4�
�I #��# #�
� #�'6 �j<(� @� s(p) ∈ π−�(p) F�T;Z �%?�6

〈s(p), s(p)〉p = � , [s(p)] = μp

f(λs(p)) = ��=6�Y �6 �� f : E →M×R @.��K- e�� o��� q�6 M s r�Y� �6
,K�(I/� � �+� (p, λ)

�I _%�(I �
�� ��E �� �AB .� eV b�Y�� �6a K�;�#/� �38�� :B�'C� ����*
� �#��# #�
� Ω�(ξ) = ξ∗ @��6 �'P�; �
 �	- q�6 M F�T;Z �%?�6 � \V�0
 ξ �L�
� ,ξξ̃∗ ��� ,��� /-%6 ξ∗ �\�

��	� GHI ��� GHI �I %((I/� �%�V �4:�6 ��	-� /��T(- 2�%-�:� > � ��	-
@��6 〈, 〉 ���	- J�	 � �4� M �6 ����O > � �# ,%?�6 M ���	- %&'�(� M �6 TM
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,� d ���

�% &��	� ��� �� �%(I/� Ǳ�9�� >�+� �"�� /&*�# ^�Y M @� TpM �- �6 �I �TM
�6 U �6 �� 〈, 〉 J�	 � �4� �%?�6 M �6 /��j4p� /-�T4�# (x, U) �L� ,K���;/� M

2��P

〈, 〉 =
n∑

i,j=�

gijdx
i ⊗ dxi

〈, 〉 �I ��� �%((I/� �%P gij = gji �� =6�� �# g − ij ���	- 56��� �I ��?�; J���/�
,��� >�+� �"�� 〈, 〉 �� . det(gij) > � � ���� J��94�

,��� �# �� "��� .� J� ���I @��N;�� �M �6 〈, 〉 J�	 � �4� �- �I ��� >?�� �4"��
�#��# #�
� N �6 f∗〈, 〉 J� ���I @��N;�� �f : N →M ���	- �?�T; �- @�.� �6 eV
>?�	 � f �I ��� N �6 J�	 � �4� /4B� �0(�� /4B� > � o��� /=* �# r�Y� �6 �I

,_%?�6 M �6M f∗p @� p ∈ N �- @�.� �6 /(+ a %?�6
J� ��� Q�4(I ��N;�� M �T ∗M J�L�# GHI �6 〈, 〉 c��� / �9�� 〈, 〉∗ J�	 � �4�

K�N �(6 K�;���/� ��� �# �� "��� .�

〈, 〉∗ =
n∑

i,j=�

gij
∂

∂xi
⊗ ∂

∂xi

J� ��� (gij(p)) e ���� �p �- @�.� �6 �I %-#/� J�:; V ∗ �6 /&*�# ^�Y ��P��
�d�4; �# o��� (gij(p)) e ����

n∑
k=�

gikg
kj = δji

�� Ωn(TpM) .� �j(i �# M �6 〈, 〉 J�	 � �4� �p ∈ M �- @�.� �6 ��6�:� 2��P �6
�?�; J���/� K �F% # Hl "B ,M Q�=6 �P�(i �%(I/� �p:�

±
√

det(gij(p))dx�(p) ∧ · · · ∧ dxn(p)

K-��D �� �"�� M Q�=6 �j(i >��+� J�
�� μp F�T;Z �%?�6 μ �0
 @���# M �L�
�D�O x : U → R

n �L� oK���/� M �6 ��D −n M �6 S���� > � �6 � �#.��/�
2��P �6 U �6 �� ��D > � F�T;Z �%?�6 �0
√

det(gij)|dx� ∧ · · · ∧ dxn|

/6 �d( � �# d �4"�� �I �K�-#/� J�:; dV #�	; �6 �� KdO J�	�� > � ,�?�; J���/�
J��46 ��D −n M J��(i�6 J��46 ��;Z � %?�6 � \V�0
 M /4B� /4Oa ��� /(+�
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�S���� > � �6 ,K���;/� 〈, 〉 �4� c��� #�? �p:� KdO J�	�� �� JZ � _#�I ��j�
F#�:D M �L� �I ��� >?�� ,K�(I � �+� K�;���/� ∫

M
dV 2��P �6 �� M KdO

_%�(I �
�� �C�� �� ���N� �6a F#�:D ��t M ���O �# ���� /(+� �6 Q���D > � �%?�6
� . �6a ��� �4L�86 F��p�# ��86 #%i �- .� � � ��� �p:� @#%i Q��T4;� > � � 
K� �L/� ���O > � �# ,_#�?/� F��p�# ��86 #%i �- �6��6 M F�#�:D @�-�i�	d�

,��� /-�(4��; KdO �6 M

〈, 〉 =
n∑
i=�

dxi ⊗ dxi /��	+� J�	 � �4��6 Rn �# ��#.�� %&'�(� −n M M �L�

/��	+� /(+� �6 {KdOz � dV = |dx�∧· · ·∧dxn|��d�4; �# ,gij = δij F�T;Z �%?�6
,#�?/� JZ

�
3
� K�e )!c

,K .�#��/� JZ �6 �jD J� �V �� �I #��# #�
� M �6 J�	 � �4� �- �6 ��]; @�4	0� �*��
��	� @�-��#�6 �γ : [a, b] →M ���	- /(<(� �- @�.� �6

γ′(t) =
dγ

dt
∈ Tγ(t)M

#�I F#�'4�� J���/� JZ Q�g �� "��<� @��6 〈, 〉 .� > ��6�(6 � �K ��# ��

∥∥∥dγ
dt

∥∥∥ =
〈dγ
dt
,
dγ

dt

〉�/� (
=

[
〈dγ
dt
,
dγ

dt
〉γ(t)

]�/�
��W�B#

)

J�(� [a; b] @��6 a = t�〈· · · 〈tn = b @.��D� �I /(+� > � �6 �%?�6 $� C� ����L γ �L�
�� 2�94:� �6 �4"��a ��� ���	- �- [t−i− �; ti] .� M �- �6 γ �I %?�6 �4?�# #�
�

2��P �6 �� γ Q�g �_t�, · · · , tn−� �# �&4p� ���� �

k
���	- @��
� /(<(� ��,� �
?
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�ba(γ) =
n∑
i=�

�ki
ti−�

(
γ
∣∣∣
[t′

i−�
ti]

)
#�	; .� �0(� �%?�6 �4?�# #�
� �ba �� "��<� J�8�� �# /��06� F�L�- ,#�I � �+� J���/�
�- @�.� �6 �I %-#/� J�:; _�$ �� ���N�a �j4p� /�X%4�� ,#�I F#�'4�� J���/� �
J��I > �4
��I Q�g � �+� > � �/��	+� J�	 � �4� �6 �Rn �# ���	- @��
� /(<(�

,��� /
 �/(<(� �6 5B�� /+&Y %(� @�-/(<(� Q�g / X�6
2��P �6 γ ��B Q�g 56�� ��; �6 s : [a; b] → R /+6�� �>�(u	-

s(t) = �ta(γ) =
∫ γ

a

∥∥∥dγ
dt

∥∥∥ dt
�l4+�"g ,#�	; � �+� J���/�

s′(t) =
∥∥∥dγ
dt

∥∥∥ _�,� a

> � �6 �l9�B# > � � �s(t) = t �I ��� M Q�g �6 /���P �# �l9�B# dγ/dt ��d�4; �#
�6 �� γ /(<(� ,a− b = s(b) = �ba(γ) 2��P > � �# ,s(t) = t = a �I ��� /(+�
,#�I �4����V % %d� J���/� γ(t) = γ(t− a) ��=6�Y �6 [�; b− a] �6 @�/(<(� 2��P

K ��# γ % %
 /(<(� > � #��� �#

% %
 s(t) = �t
�
(γ) = �t+aa (γ) = K %B s(t+ a)− K %B s(a) = t

U�I U������G ��2 (�S P��� γ K�7�L/� �%(I �%P s(t) = t |�? �# γ �u;�(�
,_#�I F#�'4�� s .� t @�
 �6 J���/� �\� �a ,���

F%? rH=P� #�	; > � � %(-#/� J�:; ds �6 �� M �6 ‖, ‖ ��D �M��HI S4I �#
s : [a;�] → R � γ /(<(� �- Ǳ�.� �6 �I #��#/� J�is� >�(� _�,� a �� �#�+� ,���

,|ds| = γ∗(‖, ‖) K ��# [a; b] �6 ���];
#��� �M��HI 2�d4?�; �# ��l4d�4;

ds� =
∑
i,j=�

gij dx
i dxj

2��P �6 �� ��#�+� > � �F.���� ,#��# #�
�

〈, 〉 =
∑
i,j=�

gij dx
i ⊗ dxj
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/(+� �6 �� JZ Hl 	i /�� �%((I/� ��"+�

‖, ‖� =
∑
i,j=�

gij dx
i dxj

��%9� � �N�; M��HI �
? �6 dxi⊗dxi > 8T �
 ��d( � �# dxidxj #�	; ,%;��L/�
/+6�� �#�I ��"+� J���/	; /=*�# /+6�4���P �6 �� _(dxidxj)(p) �/(+ a p �# dxidxj

��# �
�# ���

v �→ dxi(p).dxj(p)(v) v ∈ TpM

���?# ���N6 dxi ⊗ dxj ��6 ��I M��HI q�� ,#�?/� F#�'4�� #�	; >�	- .� F.���� �
�?�; #�?/� ����

n∑
i,j=�

gij dx
i δxj

�6 /+6�� J�	 � �4� �M��HI �]; .�a ,%(4N- �94N� M��I � �0(�6 �# δx � dx �I
δx � dx M��I � �0(�6 J�
� ���h� �# /&*�# ^�Y �
&6 ��N�; ��	� @�-��#�6

_,���
�� =9; �# q � p �L� ,% ��T6 �]; �# M %("	- %&'�(� �6 〈, 〉 J�	 � �4� M Q�O
#�
� q �6 p .� γ : [a; b] → M ���	- @��
� /(<(� M �B�%O F�T;Z �%(?�6 F��p�#
K�(I/� � �+� ,_#��# #�
� q �6 p .� ���	- @�/(<(� �I #�I �6�y #�?/� /4Oa #��#

d(p, q) := inf
{

��� q �6 p .� ���	- @��
� /(<(� M γ JZ �# �I �(γ)
}

�%?�6 /��� ��=9; r ∈ M �L� �F�Hi �6 ,d(p, p) = � � d(p, q) ≥ � �I ��� >?��
���	- @��
� @�-/(<(� �ε > � �- Ǳ�.� �6

�(γ�)− d(p, q) < ε �6 q �6 p .� γ� : [a; b] →M

�(γ�)− d(q, r) < ε �6 r �6 q .� γ� : [b; c] →M

�6 [b; c] �6 � γ� 2��P �6 [a; b] �6 �� γ : [a; c] → M �u;�(� ,K�(I/� ^�p4;� ��
� ��� r �6 p .� ���	- @��
� /(<(� γ 2��P > � �# �K�(I � �+� γ� 2��P

�(γ) = �(γ�) + �(γ�) < d(p, q) + d(q, r) + �ε

�I K ��L/� �d�4; ���� ���# @� ε �- Ǳ�.� �6 S&=� > � J��

d(p, r) ≤ d(p, q) + d(q, r)
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/�H
:� γ� � γ� J%�;�"N� �# �K�4N;�#/	; .�d� �� ���	- @��
� @�-/(<(� �u;�(��
d : M×M → R 56�� �,_�E �� ���N�a �?�#/� �� /Lm � > � d J�(u	- ��� �#�#/� }�
d(p, q) > �l	4O F�T;Z p �= q �L� �I �N�; >?�� �
( � 8
 �6 �#��# �� �4� )��* �� �&I

,#�?/� �O � . �
? �6 > � ,�

p : M×M → R �L� � ���� M �6 @�4� d : M×M → R 56�� ����� ����*
�6 (M,d) F�T;Z �_%(I/� � %"� M f���V�� %&'�(� �6 �� M �Ia %?�6 M �6 ����� �4�

,��� Q#�+� (M,p)

� ,%;� . K� � �4; ���AB [p6 �# �- r�Y� �6 23�*4�

B = {p ∈ Rn : |p| ≤ �} @�L .� @.�6 /T �N	- U K ��L ��	 ����*
,〈, 〉e =

n∑
i,j=�

dxi ⊗ dxj ���� U �6 /�%�&B� �6 /��	+� J�	 � �4� 〈, 〉e K ��L ,���

‖, ‖ � |, | = ‖, ‖e K ��L ,��� U �6 /-��p�# J�	 � �4� 〈, 〉 K�(I R�D �>�(u	-
�I %;��# #�
� J�(� m,M > � #�%i� 2��P > � �# ,%(4N- ��]; @�-��D

m.|, | ≤ ‖, ‖ ≤M.|, |

K ��# �@� γ : [a; b] → B �- Ǳ�.� �6 ��l4d�4; �

m.�e(γ) ≤ �(γ) ≤M.�e(γ)

> � �# ,K�(I/� � �+; G(p, a) := ‖ap‖p 2��P �6 �� G : B×Sn−� → R 23�*4�

@� m,M > � #�%i� ���� F#�:D B × Sn−� J�� ,��� �"�� � �4���V G 2��P
�I %;�?/� �D� J�(�

B × S
n−� �6 m < G < M

> � �# ,%?�6 a = b/|b| �6��6 a ∈ Sn−� K ��L �� �= bp ∈ TpR
n � p ∈ B �L� Q�O

2��P

m|b| < |b|G(p, a) < M |b|

�I ���

|b|G(p, a) = |b|.|ap|p = ‖(|b|a)p‖p = ‖b|p
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���# K- b = � ���O @��6 r�Y� �6 �I �%-#/� �d�4; �� �]; #��� @��N��; > �
� ,���

/(<(� ~�- �(γ) Q�g �6 ��� >
	� F%? � �+� d(p, q) �� &P�D �I %�(I �
��
�%?�6 R

n −{�} �6��6 M %&'�(� ��� >
	� �Hl �� ,%?�"; �6��6 q �6 p .� ���	- @��
�
r�Y� �6 γ F�T;Z �%?�6 ���B�6 @� γ M @�.� �6 d(p, q) = �(γ) �L� ��� ,−p �6��6 q �
> �4-���I M .� [�6 ��� >
	�a ��� q �6 p .� @��
� ���	- /(<(� > �4-���I
�	NB �6 _S� �6 −p � p |�9; >�6 F�� �# K�; �# ��T # 2��"i �6 ,%?�6 #�
�� /(<(�

,#�? �
�� !,� �
? .� ���

k
!,� �
?

'����f� Y�HI 5!c

^�NO .� / �0
�(
� �6 ��-/(<(� > �4-���I )�j* �# � �N� �4:�6 �� +��=� ��](� �6
,K�(I/� �̀%? F#�� @�����N� �6 ��-q�� �;�T( � b�Y�� @��6 ,K ��# .��; 2����h�
�# ,��� ���4*� �# F : R×R → R _� \V��N;��' # /D�I F�.�%;� �6a /+6�� %�(I R�D
�
�� !,� �
? .� ^ �	NB �6a f(b) = b′ � f(a) = a′ �6 f : [a; b] → R 56��� >�6

��	I �I K�4N- /+6�� JZ Q�";# �6 _#�?∫ b

a

F (t, f(t), f ′(t)) dt

/+6�� Q�";# �6 F�T;Z F (t, x, y) =
√
�+ y� �L� Hl �� ,#.��/� _K	�(�� � a K	 8I�� ��

> �4-���I (b, b′) � (a, a′) >�6 t �→ (t, f(t)) /(<(� �JZ @�.� �6 �I K�4N- [a; b] �6 f
#��# �� Q�g∫ b

a

√
�+ (f ′(t))� dt
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�O�N� J#�I K	�(�� Q�";# �6 � F (t, x, y) = x
√
�+ y� �u;�(� �Q��� >���# J��(i �6

�
? .� ��� �	NB �6a K�4N- ��<� −x Q�O f 56�� ��#�	; J���# .� �P�O b=�
�_#�? �
�� 3,�∫ b

a

f(t)
√
�+ (f ′(t))�dt

> � ��F#�� `��;� �# F#�'4�� #��� @�-q�� �%46� �� �N� �̀; > � �6 >4*�#�V �0
 �6
���B /���6 #��� �� f : R → R �
? �6 56��� K	�(�� � K	 8I�� )�j*�# �� �N�
f ′(x) = �I x /g�9; � K ��L/� �]; �# �� f 1C� @�:
 ��&UN� > � �O @��6 ,K�-#/�
K	�(�� � /+Y�� K	 8I�� /4O � � �K	�(�� � K	 8I�� �I #��%; /��8� /
� �=9; , �
�6 �%(4N- K	�(�� � K	 8I�� @��6 % %;�I �0(� /
� |�9; Q�O > � �6 �%?�6 /+Y��
f : 56�� �- @�.� �6 ��6�:� 2��P �6 ,%?�6 � \V��N;��' # �
 �	- �# f �
;Z |�?

�0;Z @��6 �I K ��L/� �]; �# �� (x, y) ∈ R� /g�9; �R��'� R� → R

D�f(x, y) = D�f(x, y) = � _!,� a

@�0�<(� �I ��� /(+� J�%6 > � _#�? �
�� 3,� �
? .� ^ �	NB �6a

t �→ f(x+ t, y) t �→ f(x, y + t)

@�4:�6 2�iHg� �� s |�? >4D�L �]; �# �6 ��� >
	� ,%;��# �'P W4:� t = � �#
�I � = (f ◦ c)′(�) @� c : (−ε; ε) → R� F��p�# /(<(� �- @�.� �6 �% Z ��# �6
> � �	- �W4:� @��d;. F%i�B M	I �6 �I ##�L/� 2�"y� /�� , c(�) = (x, y)

,%(4N- ��4(4�� �6�B _!,� a .� c ��?

k
3,� �
?

K	�(�� � K	 8I�� >4D� @��6 K�& ��

J(f) =
∫ b

a

F (t, f(t), f ′(t))dt

33E



D�%�� 
,� d ��� ��
��g� [�)I 5�d

f : 56��� �	- ��i�	d� �# @�-/(<(� �4��� > � �# ,K�(I �	i �6�:� W �g �6
α : /+6�� /(+ {f ���h�z >4D�L �]; �# �6 �� > � ,K ��L/� �]; �# �� [a; b] → R

,_#�? �
�� 1,� �
? �6a K�-#/� ��d;� �α(�, t) = f(t) �I (−ε; ε)× [a; b] → R

@�.� �6 �I ��� (−ε, ε) �6 56��� .� @�F#��;�* � t �→ α(u, t) 56��� 2��P > � �#
(−ε, ε) .� /+6�� α eV ,K�-#/� J�:; α(u) �6 �� 56�� > � ,#�\L/� f .� u = �

� α(u)(a) = a′ |�? �# @� α(u) �- �L� ,��� f : [a; b] → 56��� �i�	d� �6
@� u ∈ (−ε, ε) �- @�.� �6 ��T # 2��"i �6 �%(I �%P α(u)(b) = b′

α(u, a) = a′ , α(u, b) = b′

,#��#/� F�T; �6�y �� / �04;� |�9; �I ��� f .� @���h� α K� �L/� F�T;Z

k
1,� �
?

K ��# � α ���h� �- @�.� �6 Q�O

dJ(α(u))
du

∣∣∣
u=�

=
d

du

∣∣∣
u=�

∫ b

a

F
(
t, α(u, t),

∂α

∂t
(u, t)

)
dt

=
∫ b

a

{ d

du

∣∣∣
u=�

F
(
t, α(u, t),

∂α

∂t
(u, t)

)}
dt

=
∫ b

a

{∂α
∂u

(�, t)
∂F

∂x
(t, f(t), f ′(t))

+
∂�u

∂u∂t
(�, t)

∂F

∂y
(t, f(t), f ′(t))

}
dt

K�;���/� X�6 Q��&T4;� ��# �&	
 #��� �# Ǳ8
 �6 Ǳ8
 F%i�B .� � ∂�α∂u∂t = ∂�α
∂t∂u J��

K ����6 ��# �6 � �K�(I F#�'4��

dJ(α(u))
du

∣∣∣
u=�

=
∫ b

a

∂α

∂u
(�, t)

{∂α
∂x

(t, f(t), f ′(t))
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− d

dt

(∂F
∂y

(t, f(t), f ′(t)
)}

dt _3,� a

+
∂α

∂u
(�, t)

∂F

∂y
(t, f(t), f ′(t))

∣∣∣b
a

K ��# �\� � ���� �'P ��# �&	
 �%(I �'O �� / �04;� |�9; α �u;�(�

dJ(α(u))
du

∣∣∣
u=�

=
∫ b

a

∂α

∂u
(�, t)

{∂F
∂x

(t, f(t), f ′(t))

− d

dt
(
∂F

∂y
(t, f(t), f ′(t)))

}
dt _1,� a

�
? �6 �I #�?/� �4D�L �]; �# @� α 2����h� �2����h� ^�NO M��HI vO�"� �#
)�*

α(u, t) = f(t) + uη(t)

K ��# �S���� > � �6 ,��� η(a) = η(b) = � �6 /+6�� η : [a; b] → R �I ����

dJ(α(u))
du

∣∣∣
u=�

=
∫ b

a

η(t)
{∂F
∂x

(t, f(t), f ′(t)) − d

dt

(∂F
∂y

(t, f(t), f ′(t))
)}

dt

{���h� >����z �� dJ(α(u))/du(�) W4:� ,��� /
 ���O �# �- �# / �0; K
O ��4"��
2��P �6 � F%���; J

δJ =
∫ b

a

η
{∂F
∂x

− d

dt

∂F

∂y

}
dt

56�� @�-��h4� S&t� �M��HI @��\L#�	; �# ,#�?/� F#�# J�:; M��HI S4I �#
t @�-��h4� �0(� �; ���O > � �# � 84;��V �# �; � #�?/� �Is 56�� K�� S9i � � �&

F%? % %V�; Hl 	i fL G%- 56�� �I ��� > � �d�4;a %;�F%? G\O (t, f(t), f ′(t)) �

,_#��# /V �# ��06� /	I �Ia ��� F%:; �p:� 8�; α �6 δJ /T4N6 �
&6 _���
α ���h� �- @�.� �6 /4N �6 δJ(α) F�T;Z �%(I K	�(�� � K	 8I�� �� J /+6�� f �L�
� M J�6�NO ���O �# J�u	- ,%?�6 �'P �%(I /� �'O �� / �04;� |�9; �I f .�
##�L ^�d � �α �- @�.� �6 δJ(α) = � |�? @���B�6 .� �I #��%; #�
� /&��# �@%+6
� �+� M ���� > � �6 ,��� J @��6 /+Y�� K	�(�� � /+Y�� K	 8I�� f /4O �I

,K ��Z/�
�D�O �I f .� α 2����h� �	- @�.� �6 �I ��� _J Q���4NI�� a J >�
� �=9; f
�I ##�L/� S
�� J�(I� _1,� a )�* �
? , δJ(α) K�?�6 �4?�# �%(4N- �04;� �#

,K�(I r�=� K�;��46 /4O�� �6 �� � . |�?
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�=9; M /4B� �0(� � /4B� C� �HI .� f 56�� ��3	-� �	��D?� ���� ����*
�%(I �%P � . |�? �# f �I ��� J >�
�

∂F

∂x
(t, f(t), f ′(t))− d

dt

(∂F
∂y

(t, f(t), f ′(t))
)

= �

@� η(t) = ∂α/∂u �- @�.� �6 �� _1,� a �# Q��T4;� f /4N �6 �I ��� >?�� 23�*4�

,##�L/� �d�4; � . F#�� K� .� ��AB �eV ,%(I �'P �#�?/� �'P b � a �I

[a; b] �6 η ���	- 56�� �- @�.� �6 � g : [a; b] → R �4���V /+6�� �L� ��	 ����*
, g = � F�T;Z �%(I �%P ∫ b

a
η(t)g(t)dt = � |�? �# η(a) = η(b) �6

� , ϕ(a) = ϕ(b) = � � ��� �"�� (a; b) �6 ϕ �I K ��L/� ϕg �� η 23�*4�

����� ��#�+� , F (t, x, y) =
√
�+ y� �I % ��T6 �]; �# �� /4��O �Q��� J��(i �6

���� >�(� ���O > � �#

� =
d

dt

( f ′(t)√
�+ (f ′(t))�

)
=
f ′′√�+ f ′� − f ′(f ′/

√
�+ f ′�)

�+ (f ′)�

= (�+ f ′�)f ′′ − f ′f ′′ = (�− f ′ + f ′�)f ′′

,��� /=* f �\� � f ′′ = � �d�4; �#
�d�4; >�	- 8�; K�4D�L/� �]; �# �� F (t, x, y) = �+ y� ���O �L� �I %�(I �
��
,#�?/� � = d

dt(�f
′(t)) F#�� �
? �6 ���� ��#�+� ���O > � �# �� . ,%?/� �P�O

J�u	- √f >�
� |�9; �I �#��# @%+6 M J�6�NO �# ���O �6 @���N6 �-�"? > �
, (
√
f)′ = f ′/�

√
f �I ��� �%;� f >�
� |�9;

���� ��#�+� � F (t, x, y) = x
√
�+ y� �I ����# � � � ���O �#

� =
√
�+ (f ′(t))�

d

dt

( f(t)f ′(t)√
�+ (f ′(t))�

)
M��HI �
? �6 �� JZ �I �##�L/� /04(� �+f ′�−f ′f ′′ = � ��#�+� �6 > � ,���

2��P �6

�+ (
dy

dx
)� y

d�y

dx�
= �

F#�'4�� #��� �� #��%;�4�� M�(
� �� ?? .� /
 ���#�+� > � �O @��6 ,�?�; J���/�
> � �# , p = y′ = dy

dx K ��L ,_%�(I ��&<� J��#�* @��6 �� �&	
 > �a K�-#/� ���B
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2��P

d�y

dx�
=
dp

dx
=
dp

dy
.
dy

dx
= p

dp

dy

#�?/� >�(� �� ��#�+� �> ��6�(6

�+ p� − yp
dp

dy
= � ⇒ p

�+ p�
dp =

�

y
dy

⇒ �

�
log(�+ p�) = log y + �6�y

⇒ y = �6�y ×
√
�+ p�

⇒ p =
dy

dx
=

√
cy� − �

⇒ dy√
cy� − �

= dx

⇒ �

c
cosh−�(cy) = x+ k

�
�� !C �&UN� �6 [;���� � cosh {M���6 ���- ��(�NIz )��* � � �+� #��� �#a
,_%�(I

k
$,� �
?

2��P �6 �� ��#�+� > � �c �6 c � �+� �6

y = c cosh
(x+ k

c

)
_$,� a

##�L/� �]OH� � ��� �6�9� �
? �6 �coshx = �

�
(ex + e−x) �I �?�; J���/�

[-�I �6 o��� @#�+P � ≤ x [ �8D� �6 ���� J��94� ��<�−y �"N; JZ ��#�	; �I
�� c, k @�046�y J��46 F���	- �
( � ,��� � s �
? �6 �-� � � eV ,��� /��8; x ≤ �

/0 %6 � F#�� �
� ~�- �6 �#�\T6 (b, b′) � (a, a′) .� _$,� a ��#�	; �I >��+� @��g
,��� F%? �Is a′ = b′ )�* ���O !� �� ���N� �# ,�N�;
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J(f) =
∫ b
a
F (t, f(t), f ′(t))dt � f : [a; b] → Rn �I /4��O �# 2�%-�:� > � K�	+�

�6 α : (−ε; ε) × [a; b] ����O > � �# ,��� F#�� F : R × Rn × Rn → R @��6
�K"(I/� �"��<� � . �
? �6 � �4D�L �]; �# α(�) = f

dJ(α(u))
du

∣∣∣
u=�

=
∫ b

a

n∑
�=�

∂α�

∂u
(�, t)

{ ∂F
∂y�

(t, f(t), f ′(t))

− d

dt

( ∂F
∂y�

(t, f(t), f ′(t))
)}

dt_�,� a

+
n∑
�=�

∂α�

∂u
(�, t)

∂F

∂y�
(t, f(t), f ′(t))

∣∣∣b
a

�%4I �%P � . r�? �6 �� �#�+� n �# /4N �6 J .� f >�
� ��=9; �- �> ��6�(6

∂F

∂x�
(t, f(t), f ′(t))− d

dt
(
∂F

∂y�
(t, f(t), f ′(t)) = � � = �, · · · , n

F��p�# %&'�(� M �# @�-��N� > �4-���I >4D� �� ���N� #��� �# �� ��
O� > � J�(I�
� γ(a) = p �6 ���	- @��
� /(<(� M γ : [a; b] → R �L� ,K ��L/� ��
6 �M
� �+� � < ε �6 α : (−ε, ε) × [a; b] → M J�� /+6�� �� γ ���h� �%?�6 γ(b) = q

�I K�(I/�

,α(�, t) = γ(t) _�a

�- �6 α �I #��# #�
� J�(� [a; b] .� a = t� < t� < · · · < tN = b @.��D� _!a
|�9; �D�O γ .� ���h� M /���P �# �� α ,��� ���	- (−ε; ε)× [ti−�; ti] ���;

�I K�7�L / �04;�

,α(y, a) = p 8�; � α(u, b) @� u ∈ (−ε; ε) �- Ǳ�.� �6 _3a

k
$,� �
?
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�� @� γ @�-��N� K�& �� ,��� t �→ α(u, t) ��N� α(u) K�(I R�D ��"B J�u	-
�%P / �04;� |�9; �D�O α ���h� �- Ǳ�.� �6 dL(αw)

du

∣∣∣
u=�

= � |�? �# �I K�6��6
>�
� |�9; �%46� � �K ��# Q��� >���� .� @��6�d� ��4"�� ,K�4N- �%((I/�

E(γ) =
�

�

∫ b

a

∥∥∥dγ
dt

∥∥∥� dt =
�

�

∫ b

a

〈dγ
dt
,
dγ

dt

〉
dt

>�6 |�"��� �@��I �- .� [�V o#��# �� Q��T4;� 56�� > ��S��(� �I �K ��L/� �]; �# ��
,K�-#/� ���B �
�� #��� �� �-Q��T4;�

���B (x, U) 2�j4p� F�T4�# M �# @� γ
∣∣∣
[ti−�;ti]

�- �I K�(I R�D K�;���/�
2�j4p� F�T4�# (u, t) �L� ,_K�(I/� �4
��I �� �-F.�6 �2��P > � ��t �#a #��#

K�N �;/� �%?�6 (−ε, ε)× [a; b] �# #��%;�4��
∂α

∂u
(u, t) = α∗

( ∂

∂u

∣∣∣
(u,t)

) ∂α

∂t
(u, t) = α∗

( ∂
∂t

∣∣∣
(u,t)

)
@�-/N �; �PH* �L� ,��� α(u) /(<(� �6 t ��]<� �# ��	� ��#�6 ∂α/∂t(u, t) �> ��6�(6

αi(u, t) = xi(α(u, t)) γi(t) = xi(γ(t)) = αi(�, t)

2��P > � �# �K�(I r�=� ��

∂α

∂t
(u, t) =

n∑
i=�

∂αi

∂t
(u, t).

∂

∂xi

∣∣∣
α(u,t)

∂α

∂t
=

n∑
i=�

∂αi

∂t
.
∂

∂xi

∣∣∣
α(t)

> ��6�(6

E
(
γ
∣∣∣
ti−�;ti

)
=

�

�

∫ ti

ti−�

〈dγ
dt
,
dγ

dt

〉
dt

=
�

�

∫ ti

ti−�

n∑
i,j=�

gi,j(γ(t))
〈dγi
dt
,
dγi

dt

〉
dt

�6 �� �- gij � �K�(I F#�'4�� Rn �6 U @��L /
 @��6 x 2�j4p� F�T4�# .� �L�

�]; �# ��
∫ ti

ti−�

F (γ(t), γ′(t))dt 2��P > � �# �K ��T6 �]; �# Rn �6 /+6��� J��(i
�I K ��L/�

F (x, y) =
�

�

n∑
i,j=�

gij(x).yi yj
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D�%�� 
,� d ��� ��
��g� [�)I 5�d

> ��6�(6

∂F

∂x�

(
γ(t),

dγ

dt

)
=
�

�

n∑
i,j=�

∂gij
∂x�

(γ(t))
dγi

dt

dγi

dt

�

∂F

∂y�

(
γ(t),

dγ

dt

)
=

n∑
r=�

g�r(γ(t))
dγj

dt

�d�4; �#

d

dt

( ∂F
∂y�

(γ(t),
dγ

dt

)
=

n∑
r=�

g�r(γ(t))
d�γr

dt�
+

n∑
r,j=�

∂g�r
∂xj

(γ(t))
dγj

dt

dγr

dt

�I K�(I/� �
�� �#�?/� ��J��94� 2X#�+� @�-�� �
? �
( � �0
 �6

n∑
r,j=�

∂g�r
∂xj

dγi

dt

dγr

dt
=

n∑
i,j=�

∂gi�
∂xj

dγi

dt

dγi

dt

=
n∑

i,j=�

∂gj�
∂xi

dγi

dt

dγj

dt

�d�4; �#

n∑
r,j=�

∂g�r
∂xj

dγj

dt

dγr

dt
=
�

�

n∑
i,j=�

∂gi�
∂xj

dγi

dt

dγj

dt
+
�

�

n∑
i,j=�

∂gj�
∂xi

dγi

dt

dγj

dt

K ��Z/� ��%6 J�(I� �(∗ ∗ ∗) .�

d

du

(
E(α(u))

∣∣∣
[ti−�;ti]

)∣∣∣
u=�

= −
∫ ti

ti−�

n∑
�=�

∂α�

∂u
(�, t)

{∑
r=�

g�r(γ(t))
d�γr

dt�

+
∑
i,j=�

�

�

{∂gi�
∂xj

(γ(t))− ∂gi�
∂xi

(γ(t)) +
∂gi�
∂xi

(γ(t))
}dγi
dt

dγj

dt

}
dt

+
n∑
�=�

∂α�

∂u
(�, t)

n∑
r=�

g�r (γ(t))
dγr

dt

∣∣∣ti
ti−�
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��g� [�)I 5�d D�%�� 
,� d ���

k

�,� �
?

�# γ ���� ��# @��#�6 J�%�� K ��L ,��� ���	- @��
� �0(� γ �I K �?/� ��Z#� 
�̀	d� �I #�? �
�� dγdt (ti−) = ti �# γ �� �	� @��#�6 J�%�� dγ

dt (ti+) = ti

.� ��� 2��"i F#�� ��=6 �X�6 Q���D �# @�*Z
〈∂α
∂u

(�, ti),
dγ

dt
(ti−)

〉
−
〈∂α
∂u

(�, ti−�),
dγ

dt
(ti−�+)

〉
�� � . @�-#�	; �Q��T4;� J%? ��F#�� ��](� �6

[ij, �] =
�

�

(∂gi�
∂xj

+
∂gj�
∂xj

− ∂gij
∂x�

)
Q��T4;� /�� �%;��# /T4N6 /��j4p� F�T4�# �6 56��� > � ,K�(I/� r�=�

−
∫ ti

ti−�

n∑
�=�

∂αα

∂u
(�, t)

{ n∑
r=�

g�r(γ(t))
d�γr

dt�
+

n∑
i,j=�

[ij, �](γ(t))
dγi

dt

dγj

dt

}
dt

�� 2��"i >�	- ���# �l4d�4; ,�N�; >�(� r�Y� �6 �##�L/� �-�� �� K
O �# �I
J��� �# 2��'4� /��j4p� @�-F�T4�# �L� /4O K�(I/� F#�'4�� [ti−�; ti] �- @��6

,_%(���'4� �- γi � �- gij �\� �a %?�6
K ��L ,K�(I/� @%(65	
 �� ��
O� > � Q�O

Δti

dγ

dt
=

dγ

dt
(ti+)− dγ

dt
(ti−) i = �, · · · , N − �

Δt�

dγ

dt
=

dγ

dt
(t�+) ΔtN

dγ

dt
= −dγ

dt
(tN−)

,_��� F%? F#�'4�� /N �; �PH* M .� Q��T4;� �# �Ia K ��# �� � . Q���D �> ��6�(6
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D�%�� 
,� d ��� 8!+�/c � "��
��g� K��
� 6���� ;�d

8#��.b � ������f� K���
 6���� ;!c

��:B�3��EB ,#?34 F�	-�� ���� ����*

dE((α)(u))
du

∣∣∣
u=�

= −
∫ b

a

n∑
�=�

∂α�

∂u
(�, t)

{ n∑
r=�

g�r(γ(t))
d�γ�

dt�

+
n∑

i,j=�

[ij, �](γ(t))
γi

dt

γj

dt

}
dt

−
n∑
i=�

〈
∂α

∂u
(�, ti),Δti

dγ

dt

〉

_,�D�L J���/� N − � �� � .� �� �̀	d� �04;� �# �D�O ���h� ���O �#a

�I #�? �
�� /4N �6 ,#��# #�
� JZ @�" . �� ;�	; /�� ��N�; �" . J�%(� K
O > �
>���� @��6 / �#���; ���h� ~�- > � .� eV ,%(4N�; @��N;�� ~�- @�-�'���� �- [ij, �]

%;�� >�	- �/-��* �\i �6 �4"�� ��jD > � .� F%;�� [p6 �# ,K ��%; /�����h� Q���D
.� E >�
� |�9; #��� �# � . F�#�� K
O ��4"�� ,K�-#/� ���#� �� 2�j4p� �6 �4N6��

,% Z/� ��# �6 /�����h� Q���D >����

/4B� �0(� � /4B� F�T;Z �%?�6 ���	- @��N� γ : [a; b] →M �L� ������ ����*
K�?�6 �4?�# (x, U) 2�j4p� F�T4�# �- Ǳ�.� �6 �I ��� Eba >�
� ��=9; M γ

n∑
r=�

g�r(γ(t))
d�γ�

dt�
+

n∑
i,j=�

[ij, �](γ(t))
dγi

dt

dγi

dt
= � γ(t) ∈ U �6 t �- @�.� �6

[a; b] @.��D� �γ(t) ∈ U �6t �- @�.� �6 ,��� >�
� @��=9; γ %�(I R�D 23�*4�

,%?�6 5B�� U �# γ
∣∣∣
[
ti−�; ti] �I K�(I/� ^�p4;� �@� i M @�.� �6 t ∈ (ti−�; ti) �6

/�����h� Q���D >���� �# J���/� F�T;Z �%?�6 �6�y / �04;� |�9; �6 γ .� @���h� α �L�
�� &	
 ,��� F%? �4?�; (x, U) SNO �6 ti �� ti−� .� Q��T4;� �	NB �I #�I R�D
� K� 2�"y� �# �4D� ��
6 q�� Q�O ,��� ���	- γ �� . ���� �'P Q���D �# / �0;
.� ���* �# �I /
 8d6 �K ��L/� �'P �� �- ∂α�/∂u(�, t) ��	- � F#�	; F#�'4�� ��

,��� (ti−�, ti) �6 @�04I��6 �# ^�Y �"�� /+6�� ��� ���� �'P (ti−�ti)

r�=� �� � . @�-#�	; �#��%;�4�� �
? �6 �C ��d�4; �# 2X#�+� J��6 �0
 �6
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8!+�/c � "��
��g� K��
� 6���� ;�d D�%�� 
,� d ���

�K�(I/�

Γkij =
n∑
�=�

gk�[ij, �] =
n∑
�=�

gk�
�

�

{∂gi�
dxj

+
∂gj�
∂xi

− ∂gij
∂x�

}
�
? �6 �� ��I\� 2X#�+� �S���� > � �6

d�γ�

dt�
+

n∑
i,j=�

Γkij(γ(t))
dγi

dt

dγj

dt
= �

�� "��� ��N;��' # 2X#�+� @�0-�T4�# )�j* �# #��%;�4�� �� �AB .� ,�?�; J���/�
γ : (−ε; ε) → �v ∈ TpM �- � p ∈ M �- @�.� �6 �I K�;�#/� _1�$ �� ���N�a ��#

�I @��;�L �6 �#��# #�
� _� < ε M @�.� �6a #�'6 �j<(� @� M⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

γ(�) = p

dγ

dt
(�) = v

d�γk

dt�
+

n∑
i,j=�

Γkij(γ(t))
dγi

dt

dγj

dt
= �

γ� : [�; ε) → �L� �I %-#/� J�:; �*Z K
O > � ,��� ���	- (−ε, ε) �6 γ > � �F�H+6
�L� 8�; � �%(?�6 c6�� � > � �# �#�P � ���	- /+6��� γε : (−ε;�) →M � M

γ�(�) = γ�(�)
dγ�
dt

(�+) =
dγ�
dt

(�−)

�I ��� /+�"g ,%(-#/� ��
:� (−ε, ε) �6 ���	- 56�� M K- �6 F��	- γ� � γ� F�T;Z
,K�(I/� J��6 ��W�B# /	
O Q�O ,#�	; � �+� J���/� t .� @�T # ��%9� �- �6 �� ◦

M /4B� �0(� � /4B� γ : [a; b] → M ���	- @��
� ��� ������ ����*
/��j4p� F�T4�# �- @�.� �6 � %?�6 ���	- [a; b] �6 Hl 	i γ �I ��� Eba >�
� ��=9;

�%(I �%P � . 2X#�+� �# �%4I/� 5=B �� γ #�6 �I @� (x, U)

d�γk

dt�
+

n∑
i,j=�

Γkij(γ(t))
dγi

dt

dγj

dt
= � γ(t) ∈ U �I @� t�- @�.� �6

�- α� ��	-a F#�I ^�p4;� �"B ��� �� α� ,��� >�
� @��=9; �γ K ��L 23�*4�

�%(I/� �%P ��#�+� �# γ|[ti−�; ti] �I K�(I/� F%-�:� � _%;�'P (ti−�, ti) ���*
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D�%�� 
,� d ��� 8!+�/c � "��
��g� K��
� 6���� ;�d

K ��L/� @��g �� α Q�O ,��� �'P K- .�6 /�����h� Q���D >���� �# �*Z �� &	
 �� .
�I

∂α

∂u
(�; ti) = Δti

dγ

dt
i = �, · · · , N − �

> � /(+� �6 ���# > � �X�6 2���?� �6�(6 ,%;�'P �- Δi
dγ
dt ��	- �I K�;�#/� �"B .�

,��� ���	- [a; b] �I �6 Hl 	i γ �I ���

〈, 〉 =
n∑
i=�

dxj ⊗ dxi /(+ �Rn �6 /�%�&B� J�	 � �4� ����O > ��F#�� �# ���

�� 	- > ��6�(6 � %;�'P �- ∂gij/∂xk ��	- �\� � gij = δij �d( � �# ,K ��L/� �]; �# ��
2X#�+� �# /4N �6 @f�;� 5 �� @��6 γ >�
� |�9; ,%;�'P 8�; �- Γkij

d�γk

dt�
= � k = �, · · · , n

�� =9; �- �S���� >�	- �6 ,��� 5B�� ���� c* M �6 γ �> ��6�(6 ,%((I �%P
t �→ �
? �6 @�-/(<(� �0(� �� �u;�(� ,��� >�(� 8�; ��B Q�g 56�� @��6 >�
�
#��� /&I ���O �# ,#�6 %-��* 2��'4� ��+Y� ���N6 �K ��T6 �]; �# �� (t, f(t))

8�; JZ �4����V % %d� �- F�T;Z �%?�6 >�
� ��=9; M γ �u;�(� ��4D�L ���B /���6
J�:; > � ,_�� �� ���N�a ��� J#�I F�4����V .� �94N� Q�g �I ��� ���� ����N� ^��

�%(4N�; @f�;� >�
� ��=9; �ljp:� �I #��# #�
� Q�g @��6 >�
� |�9; �I %-#/�
��� �.X �%?�6 @f �;� @��6 >�
� ��=9; γ �
( � @��6 �I K #�I �]OH� �"B /	I �� .
��B Q�g .� /=* /+6�� 2��P �6 �l	4O γ /4N �6 �\� � %(?�6 /=* γ @�-�'����

,��� 5 �? ���N6 /4�+Y� >�(� ,#�? F�4����V

�6 γ F�T;Z �%?�6 E @��6 >�
� @��=9; γ : [a; b] → M �L� ����� ����*
,��� F%? F�4����V �%B Q�g .� /4"N; 2��P

�I ##�L/� �]OH� � ��+� .� �%46� 23�*4�

∂gij
∂x�

= [i�, j] + [j�, i] _E,� a

K ��# J�(I�

d

dt

∥∥∥dγ
dt

∥∥∥� =
d

dt

( n∑
i,j=�

gij(γ(t)).
dγi

dt

dγj

dt

)
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8!+�/c � "��
��g� K��
� 6���� ;�d D�%�� 
,� d ���

=
n∑

i,j=�

n∑
�=�

∂gij
∂x�

(γ(t))
dγ�

dt

dγi

dt

dγj

dt

+
n∑

r,j=�

grj(γ(t))
d�γr

dt�
dγj

dt
+

n∑
i,r=�

gir(γ(t))
dγi

dt

d�γr

dt�

�?�; J���/� _E,� a .� ∂gij/∂x� ��%9� @��8T �
 �6

d

dt

∥∥∥dγ
dt

∥∥∥� =
dγj

dt

( n∑
r=�

grj(γ(t))
d�γr

dt�
+

n∑
j,�=�

[i�, j](γ(t))
dγi

dt

gγ�

dt

)
+

n∑
i=�

dγj

dt

( n∑
r=�

grj(γ(t))
d�γr

dt�
+

n∑
j,�=�

[j�, i](γ(t))
dγj

dt

gγ�

dt

)
> ��6�(6 ,_�C ��d�4;a %;�'P 84;��V �# �� &	
 �# �- ���� E @��6 >�
� @��=9; γ J��
� ,��� �6�y F���	- ‖dγ/dt‖ Q�g

#��� �&4p� @�-�"��(� �6 �l%+6 �X�6 �� �AB 2�"y� �# F%? r�=� _E,� a Q���D
F#�'4�� J���/� ∂gij/∂xk @��6 /����D SNI @��6 >�(u	- JZ .� ,#��L/� ���B F#�'4��

> ��6�(6 �K ��L/� W4:�
n∑

m=�

g�m g
mj = δij Q���D .� �%46� �JZ ���p4�� @��6 ,#�I

n∑
m=�

g�m
∂gmj

∂yk
= −

n∑
m−�

∂g�m
∂yk

ymj

K ��# �2X#�+� F�T4�# > � �O .�

∂gij

∂yk
=

∑
�,m

gi� g�m
∂gmj

∂yk
= −

∑
�,m

gi� gmj
∂g�m
∂yk

= −
∑
�,m

gi� gmj([�k,m] + [mk, �]) (E,� �6 �(6)

= −
∑
�

gi�Γi�k −
∑
m

gmj Γimk

�d�4; �# �

∂gij

∂yk
= −

n∑
�=�

(gi�Γj�k + g�jΓi�k) _�,� a

2X#�+� K�;���/� �K #��Z ��# �6 �� @f �;� 56�� >�
� |�9; �I @�F��? J�	- �6 ���#
γ : [a; b] → / �-/(<(� �0(� �Hl +D ,K ����6 ��# �6 �� Q�g 56�� @��6 >�
� |�9; @��6
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D�%�� 
,� d ��� 8!+�/c � "��
��g� K��
� 6���� ;�d

5B�� γ .� γ
∣∣∣
[ti−�;ti]

[p6 #��� �# ,dγ/dt �= � �
 �	- �# �I K ��L/� �]; �# �� M
K ��# �R��'� (x, U) /��j4p� F�T4�# M �#

L(γ|[ti−�; ti]) =
∫ ti

ti−�

√√√√ n∑
i,j=�

gij(γ(t))
dγi

dt

dγj

dt
dt

�6 ���O > � �# Hl 	i �Rn �6 #��%;�4�� /��j4p� F�T4�# >4D�L �]; �# �6

F (x, y) =

√√√√ n∑
i,j=�

gij(x) yi yj

2��P > � �# ,��� ��B Q�g 56�� s(t) = Lta(γ) K�(I R�D ,K�4N- �
���

ds

dt
=

∥∥∥dγ
dt

∥∥∥ = F
(
γ(t),

dγ

dt

)
> ��6�(6 �

∂F

∂x�

(
γ(t),

dγ

dt

)
=

�

�

n∑
i,j=�

∂gij
∂x�

(γ(t))
dxi

dt

dxj

dt

ds
dt

∂F

∂y�

(
γ(t),

dγ

dt

)
=

n∑
r=�

g�r(γ(t))
dγr

dt

ds
dt

L >�
� |�9; @��6 � . r�? �6 2X#�+� �6 ��d;��� ��4:�6 2�"��<� /	I .� eV
�K���/�

d�γ

dt�
+

n∑
i,j=�

Γkij(γ(t))
dγi

dt

dγj

dt
− dγk

dt

d�s/dt�

ds/dt
= �

d�s/dt� = �# �� .a %(4N- 8�; L >�
� |�9; �E >�
� |�9; �I ��� #�0:� Q���D > � .�
∀t : dγ/dt �== � 56�� �L @��6 γ >�
� �=9; �- Ǳ�.� �6 �e
+��6 _,%;��# �%P �

K�;���/� �� S : [a; b] → [�;Lba(γ)] F%? �4����V % %d� /(<(� � ���� KN�D����U( #
K�;���/� �� γ.s−� : [�Lba(γ)] → M F�%? F�4����V % %d� /(<(� > � ,K ��T6 �]; �#
���� L @��6 >�
� �=9; M ��I#�* ��g �6 �F%? F�4����V /(<(� > � ,@��T6 �]; �#
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8!+�/c � "��
��g� K��
� 6���� ;�d D�%�� 
,� d ���

F�4����V % %d� /(<(� > � J�� ,%(I �%P ��N;��' # 2X#�+� >�	- �# /4N �6 �\� �
γ ◦ s−� �\� � ���� �'P �&	
 >���# ���� F%? F�4����V ��B Q�g �4����V �6 �F%?

,%?�6/� E @��6 >�
� �=9; M 
%?�6 L @��6 /(�
� �=9; ��� >
	� �I > � JZ � ��� F%;�� �4'L�; �4
; M �0(�
�� . ���� ���	- J�(u	- /�� �_�6�9� �
? �6 /(+ a ��� (sin k) F�� @��=9; �# �I
Q�g c��� �� γ J��46 �I #��%; J�
�� ���O > � �# ,��� �'P ��	� ��#�6 @���#

,�N�; >
	� ��+Y� > � �I %-#/� J�:; 3E �&UN� ,#�	; F�4����V ��B
,K�7�L/� _〈, 〉 J�	 � �4� @��6a M �6 $4��fF �E @��6 >�
� �=9; �- �6 �eV > � .�
@� ��. @��LF.�%;� �6 |�"��� �# �I ���� F%? F#��Z @.#�7f K&i .� rH=P� > �
_>��. .�a @��#�6�:9; ��; �6 @��*�? ���? � �%?�6/� �-��0(���j; � @��%� |�=*
> �4-���I �I ���� �	�]i F�� �# M .� @��+=B �>��. b=� �6 @.#�7f �- ,���
/&I @�-@.#�7f #��� �# S&=� > � K�7�T6 �
( � .� [�V � %?�6/� |�9; >�6 ��N�
�-@.#�7f /4N �6 �%(4N- Q�g @��6 >�
� |�9; K�;�#/� �"B .� �I ���* � ��� ���#

,K�(I �+��=� /+Y�� �
? �6 ��
/T4N6 ��N;��' # 2X#�+� #��� �# ��
O� �6 �0(� �-@.#�7f ��/���%9� )��*

@.#�7f 2X#�+� �I %�(I �
�� ,#��#
d�γk

dt�
+

n∑
i,j=�

Γkij
dγi

dt

dγj

dt
= �

t �→ γ(ct) F�T;Z �%?�6 @.#�7f γ �L� �%;��# � s r�? �6 /	0� ��P�* �I �%(4N-
@� �AB M	I �6 ��
O� rHP� J�
�� ��#�+� .� �"(
 > � ,��� @.#�7f r�Y� �6 8�;

,#.��/� K-��D �� /���� / �4
 � #�
�

#�
� J�(� � < ε @#%i � p .� U @�� �N	- ,p ∈ M K ��L ����� ����*
�6 �j<(� @.#�7f �‖v‖〈ε �6 v ∈ TqM ��	� ��#�6 �- � q ∈ U �- @�.� �6 �I #��#

�I #��# #�
� γv : (−�,�) →M @#�D

γv(�) = q ,
dγv
dt

(�) = v

ε�, ε� > #�%i� � p .� U @�/T �N	- �I % �L/� /���� / �4
 #�
� ��AB 23�*4�

@#�D �6 �j<(� @.#�7f �‖v‖〈ε� �6 v ∈ TqM � q ∈ U �I #��# #�
� J�(� �

,#��# #�
� �]; #��� ����� c ��? �6 γv : (−�ε�,�ε�) →M

,|ε�t|〈�ε� � ‖v/ε�‖〈ε� K ��# �|t|〈� � |v|〈ε �L� 2��P > � �# �ε〈ε�ε� K ��L
� ,K�(I � �+� γU/ε�(ε�t) �� γv(t) K�;���/� eV
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D�%�� 
,� d ��� "��%* �7�P* =�d

���(2 Q7�N2 =!c

γ(�) = �# �#�P γ : [�;�] → M @.#�7f JZ @��6 �I %?�6 @��#�6 v ∈ TqM �L�
2��P �6 �� v $��
 F�T;Z �%?�6 dγdt (�) = v � q

exp(v) = expq(v) = γ(�)

�> ��6�(6 _,##�L/� �p:� %+6 �jD �# @��\LK�� > � ���#a ,K�(I � �+� K�;���/�
2��P �6 �� @.#�7f

γ(t) = expq(tv)

/+�"g /9 �g ���� @%+6 −n @��#�6 @�AD TqM J�� ,#�	; ��P�� J���/�
/ �-��#�6 �	- �i�	d� V ⊆ TqM �L� ,#��# #�
� JZ �6 ���	- ��4*�� >��+� @��6
�?�T; 2��P > � �# �##�L/� � �+� expq(v) �0;Z @�.� �6 �I %?�6 v ∈ TqM

��-@.#�7f @��6 ��N;��' # 2X#�+� @�-^��
 �� . ���� ���	- expq : V → M

�TqM �6 v ∈ TqM �# Tv(TqM) ��	� @�AD @��L /
 �6 ,��� ���	- ��? @���#
/ �9�� �?�T; �6

(expq)v∗ : TqM → Texpq
M

,��� /;�	- (expq)�∗ : TqM → TqM �?�T; �I K�(I/� �i#� �Fm � �6 ,K���/�
�4"��a dc

dt (�) = v ∈ TqM �6 TqM %&'�(� �# c /(<(� J#��Z ��# �6 @��6 �5B�� �#
2��P > � �# ,c(t) = tv K�(I R�D K�;���/� �_T�(TqM) �6 TqM @��L /
 �6

�d�4; �# � � J��. �# v ��	� ��#�6 �6 @.#�7f �expq ◦c(t) = expq(tv)

(expq)�∗(v) =
d

dt

∣∣∣
t=�

expq(c(t)) = v

�L� ,K �?/� ��Z#� �� TM %&'�(� #��� �# K
O %(� �@%+6 K
O 2�"y� .� �"B
v ∈ ��#�6 �- K�;���/� q ∈ U @��6 F�T;Z �%?�6 M �6 2�j4p� /-�T4�# (x, U)

�6 �� ai �u;�(� ,K�-# �N6 v =
n∑
i=�

ai
∂

∂xi

∣∣∣
q

�
? �6 �4
 2��P �6 �� @� TqM

K ��# �K�-# J�:; xi(v)

v =
n∑
i=�

xi(v)
∂

∂xi

∣∣∣
π(v)
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"��%* �7�P* =�d D�%�� 
,� d ���

2��P > � �# ,��� /+�"g � �j� π : TM →M �I

(x� ◦ π, ◦, xn ◦ π, ẋ�, · · · , ẋn) = (x̄�, · · · , x̄n, ẋ�, · · · , ẋn)

��	� @�-��#�6 �q ∈ U � v ∈ TqM Ǳ�.� �6 ,��� π−�(U) �6 /��j4p� /-�T4�#

∂

∂x̄i

∣∣∣
v
,
∂

∂ẋi

∣∣∣
v
∈ Tv(TM)

�
;Z Q�O �%(4N- ��	� TqM ⊆ TM %&'�(�� . �6 ∂
∂ẋi

∣∣∣
v

@�-��#�6 �	- ,K ��# ��
��� �	NB �6a %(I/� %���� �� TM �# TqM K		4� @�AD � . �∂/∂x̄i

∣∣∣
v

@�-��#�6
,_#�? �
�� E,� �
? .�

k
E,� �
?

#�
� J�(� ε > � #%i � W /T �N	- �p ∈ M �- Ǳ�.� �6 ����� ����*
�j4� ε〉 Q�g �6 M �# #�D �6 �j<(� @.#�7f M c��� W .� �=9; �# �- �I %;��#

,#�?/�

�6 ��� ε > � Q�g �6 v ∈ TqM #�D �6 �j<(� ��#�6 �T: �	; v(q, q′) K ��L _!a
.� ���	- /+6�� (q, q′) �→ v(q, q′) 2��P > � �# ,expq(v) = q′ �I @��;�L

,��� TM �6 W ×W

G����U' # �
? �6 �� TqM �# .�6 @�L−ε �expq �?�T; �q ∈ W �- Ǳ�.� �6 _3a
,#��T;/� #��# �6 �# �� W �I Uq .�6 @��i�	d� @�� �6

#��# TM %&'�(� �# V /T �N	- M � ∈ TpM ��#�6 �I % �L/� �3 ��AB 23�*4�
�=6�Y �6 �� F : V → M ×M F��	- 56�� ,##�L/� � �+� V �6 exp �I @��;�L �6

,K�(I/� � �+� F (v) = (π(v), exp(v))
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(x̄�, · · · , x̄n, ẋ�, · · · , ẋn) 2�j4p� F�T4�# .� ,��� p Q�O /��j4p� F�T4�# (x, U) K ��L
� �j� π� : M ×M → M �L� ,K�(I/� F#�'4�� π−�(U) @��6 X�6 �# F%? ��P��

2��P > � �# �%?�6 �� i ��'���� �6

(x� ◦ π�, · · · , xn ◦ π�, x� ◦ π�, · · · , xn ◦ π�) = (xn
�
, · · · , xn

�
, x�

�
, · · · , xn

�
)

(expp)�∗ : TpM → TpM �
( � .� F#�'4�� �6 Q�O ,��� U×U �6 /��j4p� F�T4�#
,�N�; @���?# ��I ���� ���B�6 � . c6�� � � ∈ TpM �# �I > � F%-�:� ���� /;�	-

F∗
( ∂

∂x̄i

∣∣∣
�

)
=

∂

∂xi
�

∣∣∣
(p,p)

+
∂

∂xi
�

∣∣∣
(p,p)

, F∗
( ∂

∂ẋi

∣∣∣
�

)
=

∂

∂xi
�

∣∣∣
(p,p)

2��P �6 �� � .� V ′ @� /T �N	- F �\� � ���� M�"
 � ∈ TpM �# F∗ �ld�4;
(p, p) ∈M ×M .� /T �N	- @��6 G����U' #
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