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Abstract
In this article, we explore further properties of the generalized numerical radius.
More precisely, we show several inequalities for the generalized numerical radius
wN ð�Þ, with some emphasize on p�Schatten numerical radius wpð�Þ ðp� 1Þ of
Hilbert space operators.
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p-norm
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1 Introduction

Let BðHÞ denote the C�-algebra of all bounded linear operators on a complex
Hilbert space ðH; h �; � iÞ, with identity I. When H is finite dimensional of
dimension n, we identify BðHÞ with the matrix algebraMnðCÞ of all n� n complex
matrices. For an operator T 2 BðHÞ, we write T � 0 if T is positive in the sense that
\Tx; x[ � 0 for all x 2 Cn, and T [ 0 if T is positive and invertible. The notation
Mþ

n ðCÞ is used to denote the cone of all positive semidefinite matrices in MnðCÞ.
Given T 2 BðHÞ, the usual operator norm and the numerical radius of T are

defined respectively as follows:

kTk ¼ supfkTxk : kxk ¼ 1g and wðTÞ ¼ supfjhTx; xij : kxk ¼ 1g:
When talking about the numerical radius, it is necessary to recall the definition of the
numerical range W(T) defined for T 2 BðHÞ by
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W ðTÞ ¼ fhTx; xi : x 2 H; kxk ¼ 1g:
It is well known that wð�Þ defines a norm on BðHÞ, which is equivalent to the usual
operator norm k � k, where one has the equivalence maxfrðTÞ; 12 kTkg�wðTÞ� kTk,
which r(T) is the spectral radius of T 2 BðHÞ, [14].

Computations of the numerical radius have found some applications in
understanding the geometry of the numerical range and in finding bounds on the
zeros of complex polynomials, for example. However, it is not easy in general to
compute the exact value of w(T)for an arbitrary T 2 BðHÞ. This is why finding
upper and lower bounds of w(T) has received a considerable attention in the
literature. We refer the reader to [4, 8–13, 15, 17,19 ] for further properties and
bounds of the numerical radius.

In 2007, Yamazaki [18] proved that for any T 2 BðHÞ, one has the identity

wðTÞ ¼ sup
h

k<ðeihTÞk; ð1Þ

where <ð�Þ stands for the real part, defined for an operator T by <ðTÞ ¼ TþT�
2 ; in

which T� is the adjoint operator of T.
Very recently, (1) has been utilized in [2] to present a generalization of the

numerical radius. Let Nð�Þ be an algebra norm on BðHÞ. We say that Nð�Þ is self
adjoint if NðTÞ ¼ NðT�Þ and weakly unitarily invariant if NðU�TUÞ ¼ NðTÞ, for
every T 2 BðHÞ and every unitary U 2 BðHÞ.

Then the generalized numerical radius of T 2 BðHÞ is defined as follows:

wN ðTÞ ¼ sup
h2R

Nð<ðeihTÞÞ;

in which Nð�Þ is an algebra norm on BðHÞ. It is clear how (1) motivates the
definition of wN ð�Þ. By the properties of Nð�Þ, and the supremum, we see that wN ð�Þ
is a norm.

It was shown in [2] that

1

2
NðTÞ�wN ðTÞ�NðTÞ ð2Þ

for any T 2 BðHÞ, provided that Nð�Þ is self adjoint. In the same reference, it was
shown that if T is self adjoint, then wN ðTÞ ¼ NðTÞ.

Among the most interesting norms on BðHÞ is the so called Hilbert-Schmidt
norm k � k2. For T 2 BðHÞ, we say that T belongs to the class HSðHÞ of Hilbert-
Schmidt operators in BðHÞ if kTk2 :¼ ðtrT �TÞ1=2\1. Recall that k � k2 is unitarily
invariant in the sense that kUTVk2 ¼ kTk2 for any unitaries U ;V 2 BðHÞ and
T 2 BðHÞ.

When Nð � Þ is the Hilbert-Schmidt norm k � k2, w2ð�Þ is defined by

w2ðTÞ ¼ sup
h2R

k<ðeihTÞk2:

It has been shown in [2] that w2ðTÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
2 kTk22 þ 1

2 jtrðT2Þj
q

and
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rðTÞ; 1ffiffiffi
2

p kTk2
� �

�w2ðTÞ� kTk2: ð3Þ

If trðT2Þ ¼ 0, then w2ðTÞ ¼ 1ffiffi
2

p kTk2 and if T is normal, then w2ðTÞ ¼ kTk2. Hence,
the inequalities in (3) are sharp.

A unitary operator U is said to be cramped if its spectrum rðUÞ is contained in
some open semi-circle (of the unit circle). That is

rðUÞ � feih : a\h\aþ pg:
We will use the notation hU to denote the central angle of the smallest sector centered
at 0 and containing rðUÞ.

Noting (2) and the fact that Nð�Þ is an algebra norm, we deduce

wN ðTX Þ�NðTX Þ�NðTÞNðX Þ� 4wN ðTÞwN ðX Þ ð4Þ
for any self adjoint algebra norm Nð�Þ and T ;X 2 BðHÞ.

Given T 2 BðHÞ, the vector function T � kI is known as the pencil generated by
T 2 BðHÞ. For the self adjoint norm Nð�Þ, DN ;T is defined as follows:

DN ;T ¼ inf
k2C

NðT � kIÞ;

where there is at least k0 2 C such that inf k2C NðT � kIÞ ¼ NðT � k0IÞ; see [6].
The authors in [6], showed a refinement of inequality (4) for any T ;X 2 HSðHÞ

and for any self adjoint norm Nð�Þ on BðHÞ as follow:
wN ðTX Þ� ðNðTÞ þ DN ;T ÞwN ðX Þ� 2NðTÞwN ðX Þ� 4wN ðTÞwN ðX Þ: ð5Þ

As a special case of (5), we have

w2ðTX Þ� ðkTk2 þ Dk�k2;T Þw2ðX Þ� 2kTk2w2ðX Þ� 4w2ðTÞw2ðX Þ: ð6Þ
Using the inequalities in (2) for any T ;U 2 MnðCÞ, where U is unitary, we have

w2ðUTÞ�w2ðUTÞ ¼ kUTk2 ¼ kTk2 � 2w2ðTÞ: ð7Þ
Let Rk�k;T be the radius of the smallest disc in the complex plane containing rðTÞ. It
is known that for any normal operator T, we have Dk�k;T ¼ Rk�k;T ;(see [16]). Further,
if T is a self adjoint operator, we have Dk�k;T ¼ 1

2 ðk2 � k1Þ, where k1 ¼ mink2rðTÞ k
and k2 ¼ maxk2rðTÞ k.

In this paper, we obtain several inequalities about the Hilbert-Schmidt numerical
radius for the product of operators. For instance, we present refinements of (6), and
find inequality for (7), when U is cramped. Moreover, we explore some inequalities
for the p-Schatten numerical radius.

2 Main results

We begin with the following lemmas, which we need in our discussion.
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Lemma 1 [6] For any T ;X 2 BðHÞ the following statements hold:
ðiÞ wN ðTÞ ¼ suph2R Nð=ðeihTÞÞ;where = denotes the imaginary part;
ðiiÞ wN ðTÞ� 1

2 ðNðTÞ þ NðT �ÞÞ;
ðiiiÞ wN ðTX 	 XT �Þ� ðNðTÞ þ NðT�ÞÞwN ðX Þ.

Lemma 2 [7] Let A 2 HSðHÞ and B 2 BðHÞ. Then
maxfkABk2; kBAk2g�kAk2kBk:

This lemma is utilized in the following results for MnðCÞ. In the following, we
show several generalizations of known inequalities for which we used some
techniques from [1].

Proposition 1 If T ;X 2 HSðHÞ such that T is positive, then

w2ðTX Þ� 1

2
kTk2 kXk2 þ w2ðX Þð Þ: ð8Þ

Proof We have

w2ðTX Þ ¼ w2 T � 1

2
kTk2I

� �
X þ 1

2
kTk2X

� �

�w2 T � 1

2
kTk2I

� �
X

� �
þ 1

2
kTk2w2ðX Þ

� T � 1

2
kTk2I

� �����
����
2

kXk2 þ
1

2
kTk2w2ðX Þ

¼ 1

2
kTk2kXk2 þ

1

2
kTk2w2ðX Þ;

where the last identity follows from the fact that
���T � 1

2 kTk2I
���
2
¼ 1

2 kTk2, since T is

positive. h

Theorem 2 Suppose T ;U 2 MnðCÞ such that U is cramped. Then

1

cðhU Þw2ðTÞ�w2ðUTÞ� cðhU Þw2ðTÞ; ð9Þ

where cðhU Þ ¼
ffiffiffi
n

p þ ffiffi
n
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� cos hU

p
.

Proof We consider the smallest open semi-circle feih : h1 � h� h2; h1; h2 2 Rg
containing rðUÞ. Then hU ¼ h2 � h1. From Lemma 2 for any n� n unitary operator
matrix U and the identity matrix I, we see that
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Dk�k2;U ¼ inf
k2C

kU � kIk2
¼ inf

k2C
kIðU � kIÞk2

� inf
k2C

kU � kIkkIk2

¼ 1

2
jeih1 � eih2 j ffiffiffi

n
p ðsinceDk�k;U ¼ Rk�k;U Þ

¼ 1ffiffiffi
2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� cos hU

p ffiffiffi
n

p
:

Hence by inequality (5), we have

w2ðUTÞ� ðkUk2 þ Dk�k2;U Þw2ðTÞ ¼ cðhU Þw2ðTÞ: ð10Þ
Moreover, the first inequality follows from the fact w2ðTÞ ¼ w2ðU �UTÞ
� cðhU� Þw2ðUTÞ and inequality (10). This completes the proof. h

Remark 1 If 0� h� p, then
ffiffiffi
n

p
\cðhÞ\2

ffiffiffi
n

p
. Therefore

w2ðUTÞ� cðhU Þw2ðTÞ� 2
ffiffiffi
n

p
w2ðTÞ:

Theorem 3 Suppose T 2 MnðCÞ and 0 62 W ðTÞ. Then for any matrix A,

w2ðTAÞ� 1

2
kTk2w2ðAÞ

ffiffiffi
2

p
þ cðhT Þ

� 	
; ð11Þ

where cðhT Þ ¼
ffiffiffi
n

p þ ffiffi
n
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� cos hT

p
.

Proof Since W(T) is convex and 0 62 W ðTÞ, there is a sector freih :
r[ 0; h1 � h� h2; h2 � h1\pg, which contains W(T). Since T is invertible, T has
the polar decomposition, T ¼ U jT j, where U is unitary. Moreover, U is cramped [14,
p.35]. According to the definition of hU , we see that hU � hT . Since
w2ðTAÞ ¼ w2ðU jT jAÞ ¼ w2ðjT jAUÞ, we have

w2ðTAÞ ¼ w2ðjT jAUÞ� 1

2
kTk2ðkAUk2 þ w2ðAUÞÞ ðby (8)Þ

� 1

2
kTk2ðkAk2 þ w2ðUAÞÞ
ðsince k � k is a unitarily invariant normÞ

� 1

2
kTk2ðkAk2 þ cðhU Þw2ðAÞÞ ðby Theorem 2Þ

� 1

2
kTk2ðkAk2 þ cðhT Þw2ðAÞÞ

� 1

2
kTk2w2ðAÞ

ffiffiffi
2

p
þ cðhT Þ

� 	
ðby (3)Þ:

h

The next lemma is a scalar inequality that we will need to show an inequality for
w2
2ð�Þ. The proof of this lemma is straightforward, so we omit it.
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Lemma 3 If a; b� 0, then

a2 þ b2

2
¼ abþ 1

2
ða� bÞ2: ð12Þ

Now, we obtain an upper bound for w2
2ð�Þ.

Theorem 4 Let T 2 HSðHÞ. Then
w2
2ðTÞ� kTk22 þ jtrT 2j � kTk2:jtrT 2j1=2: ð13Þ

Proof By putting a ¼ kTk2 and b ¼ jtrT 2j1=2 in (12), we have

w2
2ðTÞ ¼

kTk22 þ jtrT 2j
2

¼ kTk2:jtrT 2j1=2 þ 1

2
kTk2 � jtrT 2j12

� 	2

� kTk22 þ jtrT 2j
2

þ 1

2
kTk22 þ

1

2
jtrT 2j � kTk2jtrT 2j12

¼ kTk22 þ jtrT 2j � kTk2:jtrT 2j1=2;

which completes the proof. h

Remark 2 If T 2 HSðHÞ such that trðT2Þ ¼ 0, then w2
2ðTÞ� kTk22.

In the following, we obtain a lower bound for wN ð�Þ.
Theorem 5 Let T 2 BðHÞ and Nð�Þ be a self-adjoint algebra norm. Then

wN ðTÞ� 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jNðjT j2 þ jT�j2Þ � 2wN ðT2Þj

q
: ð14Þ

Proof We have
wN ðTÞ ¼ sup

h2R
Nð<ðeihTÞÞ

¼ sup
h2R

N
eihT þ e�ihT�

2

� �

� 1

2
sup
h2R

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
NðeihT þ e�ihT�Þ2

q

ðsince Nð�Þ is an algebra norm Þ
¼ 1

2
sup
h2R

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
NðjT j2 þ jT�j2 þ 2<ðe2ihT2ÞÞ

q

� 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jNðjT j2 þ jT�j2Þ � 2 sup

h2R
Nð<ðe2ihT2ÞÞj

r

¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jNðjT j2 þ jT�j2Þ � 2wN ðT 2Þj

q
:

This proves the inequality. h
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3 Further inequalities for wp

In this section, we give some lower and upper bounds for the p�Schatten numerical
radius wpð�Þ. The notation cpðs; tÞ :¼ ð2p=2 � 2Þminðjsjp; jtjpÞ for 0\p\1 and
s; t 2 C will be used in the sequel. Also, we remind the reader of the notation sjðTÞ
which means the j�th singular value of the matrix T, when these singular values are
arranged decreasingly, counting multiplicities. So, s1ðTÞ� s2ðTÞ� � � � � snðTÞ:
Theorem 6 Let T 2 MnðCÞ.

ðiÞ If 1� p� 2, then

2
p
2�2kTkpp � n inf

h2R
cpðsnð<ðeihTÞ; snð=ðeihTÞÞ

� 2wp
pðTÞ

� 23�3p=2kTkpp þ nð22�p � 23�3p=2ÞjsnðeihTÞjp:
ð15Þ

ðiiÞ If 2\p\1, then

23�
3p
2 kTkpp þ nð2� 22�

p
2Þ sup

h2R
jsnðeihTÞjp

� 2wp
pðTÞ

� 2
p
2�1kTkpp � n inf

h2R
cpðsnð<ðeihTÞ; snð=ðeihTÞÞÞ:

ð16Þ

Proof We prove (15). By [3, Theorem 4.1], we have

2
3p
2�2ðkAkpp þ kBkppÞ � ncpðsnðAþ BÞ; snðA� BÞÞ

� kAþ Bkpp þ kA� Bkpp
� 22�

p
2ðkAkpp þ kBkppÞ þ n22�

p
2cpðsnðAÞ; snðBÞÞ;

for 1� p� 2 and A;B 2 MnðCÞ.
Let A ¼ eihT=2 and B ¼ e�ihT�=2. Then Aþ B ¼ <ðeihTÞ and A� B ¼

i=ðeihðTÞÞ for any h 2 R. Applying the above inequalities implies

2
3p
2�2 keihT=2kpp þ ke�ihT �=2kpp

� 	
� ncpðsnð<ðeihTÞ; snði=ðeihTÞÞ

� k<ðeihTÞkpp þ k=ðeihTÞkpp
� 22�

p
2 keihT=2kpp þ ke�ihT �=2kpp
� 	

þ n22�
p
2cpðsnðeihT=2Þ; snðe�ihT�=2ÞÞ;

which is equivalent to saying
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2
p
2�2kTkpp � ncpðsnð<ðeihTÞ; snð=ðeihTÞÞ
� k<ðeihTÞkpp þ k=ðeihTÞkpp
� 23�3p=2kTkpp þ nð22�p � 23�3p=2ÞjsnðeihTÞjp:

Now, by taking the supremum over h 2 R, we get the desired result. h

Remark 3 In Theorem 6 if we take p ¼ 2, we get a refinement of inequality (3).

In the next result, we obtain a refinement of the square for inequality (2) for the p-
Schatten norms. For this, we need the following lemma [5].

Lemma 4 Let A;B 2 MnðCÞ. Then
ðiÞ kAk2p þ ðp� 1ÞkBk2p � 1

2 ðkAþ Bk2p þ kA� Bk2pÞ for 1� p� 2.

ðiiÞ kAk2p þ ðp� 1ÞkBk2p � 1
2 ðkAþ Bk2p þ kA� Bk2pÞ for 2� p\1.

Proposition 7 Suppose T 2 MnðCÞ. Then
ðiÞ p

4 kTk2p �w2
pðTÞ for 1� p� 2:

ðiiÞ w2
pðTÞ� p

4 kTk2p for 2� p\1:

Proof The results follow immediately from Lemma 4 by the same method in the
proof of Theorem 6. h

Remark 4 We note that the inequalities ðiÞ and ðiiÞ (for 2� p� 4) in Proposition 7
are refinements of the first and the second inequalities in (2), respectively.

We conclude this article by presenting some upper and lower bounds for pth power
of wpð�Þ.
Proposition 8 Let T 2 MnðCÞ.

ðiÞ If 1� p� 2, then

1

4
1þ ðp� 1Þp=2

� 	
kTkpp �

n

2
cpðsnð<ðeihTÞÞ; snð=ðeihTÞÞÞ�wp

pðTÞ:

ðiiÞ If 2� p\1, then

1

4
1þ ðp� 1Þp=2

� 	
kTkpp �

n

2
cpðsnð<ðeihTÞÞ; snð=ðeihTÞÞÞ�wp

pðTÞ:

Proof The proof follows easily from the inequalities which obtained in [3,
Theorem 4.3]. h
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