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Abstract

The Berezin range of a bounded operator A acting on a reproducing kernel Hilbert space ¢

is the set Ber(A) := {(Ak;, k;) : T € ®}, where k; is the normalized reproducing kernel

for .7 at t € ©. The Berezin radius (number) and the Berezin norm of an operator A are

defined by ber (A) := sup|(Akr, k;)| and | Allper := sup |(Ak, k,.)|, respectively. In this
T€O T,LeB

paper, we obtain some estimations for the Berezin radius and the Berezin norm. It is shown,

among other inequalities, thatif A, B € £ () and 1 <r < 2, then
1
(1-p) 2 27K
ber’ (4°B) = o ber’ 704" B) AP + B,

r(1—v)
ber

1
+ mber’”(A*B) lAP?+ 1B

1
= 5 |||A|2r + |B|2r ||ber

forall u,v € [0,1] and p, g > Owith%—}—é =1.
Keywords Cauchy—Schwarz inequality - Numerical radius - Mean
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1 Introduction

Let (47, (-, -)) be a complex Hilbert space, and let .Z(J#) be the C*-algebra of all bounded
linear operators defined on 5. A functional Hilbert space is the Hilbert space of complex-
valued functions on some set ® C C such that the evaluation functionals ¢, (f) = f (1),
T € O, are continuous on #. Then, by the Riesz representation theorem, there is a unique
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element k; € 5 such that f (t) = (f, k) for all f € 7 and every t € ®. The function k
on ® x O defined by k (z, T) = k; (2) is called the reproducing kernel of .77, see [1]. It was
shown that k. (z) can be represented by

ke (2) =) en (T)en (2)
n=1

for any orthonormal basis {e, },>1 of .. For example, for the Hardy-Hilbert space .#> =
% (D) overthe unitdiscD = {z € C: |z] < 1}, {z"}n>1 is an orthonormal basis. Therefore,

o8
the reproducing kernel of 2 is the function k; (z) = STt = (1 -7t eD.
n=1
Let I%T = ”]lz—z” be the normalized reproducing kernel of the space s#(RKHS). For a given
bounded linear operator A on 7, the Berezin symbol (or Berezin transform) of A is the
bounded function A on ® defined by

A1) = (Ak: ) k: (2)), T € ©.

An important property of the Berezin symbol is that forall A, B € % () ,if A (t) = B (1)
forall T € ®, then A = B (atleast when ¢ consists of analytic functions, see Zhu [34]). For
more details, see [6, 14, 18, 21, 26, 27]. So, the map A — A is injective [20]. The Berezin
set (range), the Berezin number (radius), and the Berezin norm of an operator A are defined,
respectively, by

Ber(A) := {(Ak, k;) : T € ®),  ber(A) := sup|(Ak., kr)

)

1€0
and
I Allper := sup [{Ake, k)|
7,ue®
Clearly, by the above definition, we have
ber(A) < ||Allper for A € L(57). (1.1

Moreover, for A, B € £ (), itis clear from the above definitions of the Berezin radius and
the Berezin norm that the following properties hold:

(1) ber(¢A) = |a|ber(A) forall @ € C;

(2) ber(A + B) < ber(A) + ber(B);

(3) AT liper = AT lIper for all A € C;

@) 1A + Bliper < llAllper + 1B llpers

(5) ber(A) = ber(A*) and [|Allper = 1A [Iper-

For all positive operators A € £ (), we have ber(A) = || Allper, se€ [1].

For a bounded linear operator A on a Hilbert space .7, the numerical range W (A) is
defined by W (A) = {{(Ax,x):x € # & ||x|| = 1}. Moreover, the numerical radius is
defined by

w (A) =sup{|r| : 2 € W (A)} = sup [(Ax, x)]|.
lxl=1

It is clear that the Berezin transform A is the bounded function on ® whose values lie
in the numerical range of the operator A, and hence Ber(A) € W(A) and ber(A) < w(A)
for all A € B(#). Karaev [28] showed that for A = S ® S € B(#2), where S is the shift

@ Springer



Some estimations of the Berezin radius and the Berezin norm Page3of16 119

operator defined by Sf (z) = zf (z) on the Hardy-Hilbert space 2 = (D) over the unit
disc D = {z € C: |z| < 1}, we have A(A) = ||>(1 — |A|?), and thus Ber(4) = [0, 1] ¢
[0,1] = W(A) and ber(A) = }—1 < 1 = w(A). For more information about the Berezin
number and the Berezin norm, see [3, 4, 7, 10-12, 14, 19, 23, 27, 32] and references therein.

Let us consider the finite dimensional setting. Let z = (z1,...,2,) € C" and ® =
{1, ..., n}. We can consider C" as the set of all functions mapping ® — C by z(i) = z;.
Letting e; be the ith standard basis vector for C" under the standard inner product, we can
view C" as an RKHS with kernel

ki, j) = (ej, ei).

Note that k; = l%i foreveryi = 1,...,n. For any n x n complex matrix A = (a;j)1<i, j<n-
we have (Ae;, e;) = a;;. Thus, the Berezin range, the Berezin radius, and the Berezin norm
of A are simply by

<i

Ber(A) ={a;; :i=1,...,n}, ber(A) = max |a;|, and ||Alper = max la;jl,
1<i<n 1<i,j<n

respectively, see [15] and references therein.
A binary function o on [0, 00) is called a mean if the following conditions are satisfied:

(1) Ifa < b,thena <ao b < b;

2) a<candb <dimplyaoc b <cod,
(3) o is continuous in both variables;

4) t(aob) = (ta)o(th) (t > 0).

It is easy to see that ac a = a, (a > 0). For instance, if © € (0, 1), then the weighted
geometricmeanisa i, b = al=Hp* the weighted arithmeticmeanisaV, b = (1—u)a+pub,

and the weighted harmonic meanisa!, b = ((1 —wa '+ ,ub_‘)il, with
alyb=<at,b=<aV,b foralla, b > 0.

A mean o is symmetric if a ¢ b = b o a for all positive numbers a, b. For more information
about means, see [17] and references therein.

For a symmetric mean o, a parametrized mean oy, 0 <t < 1, is called an interpolational
path for o if it satisfies

(1) acob=a,ao1p,b=aob,andaoy b =b;

(2) (aopa)o(aoya) = aapTJrq bforall p,q € [0, 1];

(3) Themap ¢ € [0, 1] — a oy b is continuous for each a and b;
(4) o, is increasing in each of its components for 7 € [0, 1].

It is easy to see that the set of all € [0, 1] satisfying
(aopb)o,(aoyb) = aorpi(1—r)gb

for all p, g is a convex subset of [0, 1] including 0 and 1. For instance, the power means

am,b:<“ +b ); (rel-1,1])

are some typical interpolational means. Their interpolational paths are

amy b = ((l —ta" + tb’)% (t €[0,1] and r € [—1, 1]).
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In particular, a m ;b = aV;b, amo b = liirz)(a myb) = at;b,andam_y b = alib.

Let f be a continuous real valued functrion defined on an interval J. It said to be operator
convex on J if f(AA 4+ (1 —A)B) < Af(A) 4+ (1 — A) f(B) for all self-adjoint operators
A, B € £ () with spectrain J and all A € [0, 1]

One of the most basic, yet useful inequalities, is the Cauchy—Schwarz inequality for the
inner product as follows

[(x, y)| < llxllllyll forall x,y e 2. (1.2)

Buzano [13] showed an extension of the following Cauchy—Schwarz inequality

1
[(x, e)e, »)] < E(I(x,y)l + Ixllliyl) < Ixlliyll forall x,y,e e,  (1.3)

where |le|| = 1. Several generalizations, refinements, and applications of the Cauchy—
Schwarz inequality in various settings have been given, and some results related to
integral inequalities are presented. For other results and refinements of the Cauchy—Schwarz
inequality, the reader can consult [13] and references therein.

Recently, Bakherad et al. [5] presented a generalization of the refined Cauchy—Schwarz
inequality as follows

[ " < (e ] o el v l™) o ([ [ 2 el Iy l) < xllliyl” (1.4

for all x, y € JZ, three arbitrary means o, 7, p on [0, 00), and r > 0. Moreover, in the same
work, they obtained a refinement of the Buzano inequality (1.3), which asserts that

r 1 r
[(x, ede. )| < = (1¢x, w1+ IIx vl

2
1
= 5 ((ee "o 111 o (e[ 7 Bl Iy1) + el 1)
< llxl"yll" (1.5)
for all x,y,e € s with |e|| = 1, three arbitrary means o, 7, p on [0, c0), and r > 1.

Furthermore, they showed

e 3] < \/(!<x, 0o e e oy (6 ) Bl e I 12112) < Il
(1.6)

and

[eR1E \/[(Mx,ywza [ [1xyn) ] o [ 6w [y I e 1x121512)] < ey
(1.7)

for all x, y € 7, three arbitrary means o, 7, p on [0, 00), and r > 0. These inequalities are
also refinements of the Cauchy—Schwarz inequality.

Let us recall the arithmetic geometric mean inequality for singular values proved by Bhatia
and Kittaneh [8]

Si (A*B) =58 (|A|2 + |B|2) fori =1,2,--- ,n,

N =
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where A and B are n x n matrices and s1(A) > sp(A) > --- > 5, (A) are the singular values
of A. Applying the definition of the unitarily invariant norm, we get

1
[114*B[[] = 5 [[[147 + 18]
for all n x n matrices A and B. The above inequality can be extended as follows
w' (A*B) < % |AI* +BI*|  forr=>1.

for A, B € £ (5), which is associated with the numerical radius and the operator norm.
There are several improvements and refinements of the above inequality, see [16] and
references therein.

An analogous of the above inequality, the authors [23, Theorem 2.5] presented the
following inequality

(1.8)

1
ber” (A*B) = 2 H |A|2r + |B|2r Hber

forall A, B € Z(s) and all r > 1, which is associated with the Berezin radius and the
Berezin norm and involves the product of operators. There are several generalizations and
refinements of the inequality (1.8), that have been proven recently, see [22, 25, 33]. In [22],
for r = 2, the authors showed that

w(A*B)||1AI* + |BI*lber

t 1
ber’(A*B) < — || |A|* + |BI*
( )_2t+2||| [*+ | |||her+2t+2

(1.9)

1
= 5 ” |A|4+ |B|4Hber

forall A, B € () andt > 0.

In the present paper, we establish new Berezin radius upper bounds for Hilbert space oper-
ators by using a recent generalization of the refined celebrated Cauchy—Schwarz inequality.
For instance, we refine the inequality (1.8) and generalize the inequality (1.9). Moreover, the
obtained upper bounds have been compared with the previously known bounds to demonstrate
their reliability.

2 Main results

In this section, we establish and generalize Berezin radius upper bounds for Hilbert space
operators.

To prove our Berezin radius inequalities, we need several known lemmas. The first lemma
is McCarthy’s inequality for positive operators.

Lemma 2.1 [17] (McCarthy’s inequality) Let A € £ () be positive. Then for all unit
vectors x € ¢, we have
(Ax, x)" < (Ax, x),

where r > 1. This inequality is reversed for 0 <r < 1.

In the following lemma, we give the mixed Schwarz inequality, which can be found in
[29].
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119 Page60f16 M. Bakherad, F. Kittaneh

Lemma22 Let A € L () andlet x,y € H. Then

2(1-s)

I(Ax,y)|2§<|A|25x,x)(]A*| y,y) forall 0 <s <1.

The Berezin radius and the Berezin norm have several properties that are similar to the
numerical radius and the operator norm, respectively. To learn about the numerical radii of
operator matrices and their applications, we refer to [9, 30, 31]. The operator norm is unitarily
invariant, i.e., |[U*AV| = ||A| forall A € Z(2#) and all unitary operators U, V € £ (7).
In contrast to the operator norm, the Berezin norm does not have this property. To see this,

25 V2 2 10
consider A = |:7 0i|,U: _24 ? ,andV =1 = |:0 1:|.Thenwehave

9.89 ~ |U"AV [lper # Il Allper = 7.

In the following result, we investigate some results of the Berezin norm inequality, which
are analogous of the operator norm.

Proposition 2.3 Let A, B € £ (). Then

(1) ber’ (A) < 5 || 1A]>S +|A*20=9||,  forO <s < landr > 1;

(2) If A and B are positive and 1 <r <2, then ||(A + B)" ||lper < 27N A" 4+ B |lpers
(3) If A and B are positive and 0 < r < 1, then ||A” + B |lper < 2" 11(A + B)" |lpers
(4) If Ais positive and r > 1, then ||A|ly,, < A" |lpers

(5) If Ais positive and 0 < r < 1, then [|A" |lper < || All},,-

Proof (1) Assume that T € © is arbitrary. Using Lemmas 2.2 and 2.1, and the arithmetic—
geometric inequality, respectively, we have

(ke k)| = (14Pk, k) (14 POk, k)

1 1
= (1P e ko) (1B ke k)
1 N\ A A
5 < <|A|2rs + |B|2r(l—s)) kr’ kr)

l H |A|2rs + |A*|2}’(17‘Y)
2

IA

IA

ber
By taking the supremum over T € ® in the above inequality, we get the desired result.

2) If 1 < r < 2, then the function f(¢) = t" is operator convex on [0, co), see [17,
Corollary 1.16]. Then, we have

A+ B\’ _AT+ B
2 - 2
for positive operators A and B. Hence, for every T € ©, we have
A+B\ . . A"+ B"\ » .
(57) i) =((57 ) ek

Taking the supremum over T € ® in the above inequality, we get
A+ B\’ A" + B”
ber ((7—; ) ) < ber (7—; ) .
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Now, in view of the fact that for a positive operator the Berezin radius and the Berezin norm
are equal, we have

(A + B) llber < 2" |A” + B” [Iper-

(3) It follows from the operator concavity of f (1) =t" (0 <r < 1) on [0, co) [17, Corollary
1.16] and an argument similar to that used in the proof of part (2).
A A r
(4) Applying Lemma 2.1 to the positive operator A and r > 1, we have <Ak,, kf> <
(Af/%,, /2,} forall 7 € ©. Hence, ber’ (A) < ber(A”), and so | A[.. < | A lper.
(5) Applying Lemma 2.1 to the positive operator A and 0 < r < 1, with a similar approach
as in part (5), we have the desired result. ]

Remark 2.4 We remark that Propositions 2.3(2) is an analog of the following inequality [2]
ICA+ BY 1l <277 YIIA" + B']l|

for all unitarily invariant norms ||| - |||, all positive operators A and B, and r > 1. Also, it
follows from the operator convexity of the function f(¢) = ¢" for —1 < r < 0 on (0, c0),
that the inequality in Propositions 2.3(2) holds for all positive invertible operators A and B,
and —1 <r <O0.

Now, we obtain the next result of this section, which is a refinement of the inequality (1.8)
forl <r <2.

Theorem 2.5 Let A, B € £ () and o, T, p be three arbitrary means on [0, 00). Then

,
e e o ]
er | o | ber’ (A*B) 71 ———————2¢r

ber" (A*B) < | ber’ (A*B) o % 5

Ly 42 2
< - 141 + B>
= 5 1P 1,

foralll <r <2.

Proof Assume that k; € # and 1 < r < 2. Replacing x by Ak, and y by Bk, in the first
inequality in (1.4), respectively, we have

|<A* Bke. ko)

= [(Bk:, Ak: |

5( (Bh,, Ak,) H r)p(|<B/€,,A/2T>|’z } )
(|<A*Bk,,k ‘ r) <|(A Bk, ko) ‘ ;. r).

Moreover, we have

1

| Ak || B | = (|A1kr, ke)2 (| BPke, ke ) 2
1

5 ((|A|2 + |B|2)I€T, 12,) (by the arithmetic geometric inequality)

1
Eber(|A|2+ |BI?)

1

IA

IA

1 2 2 . 2 2 . o
5|||A| + B[,  (since |A]* + |B|* is positive). 2.1
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Hence,
,
=
The above last above inequality follows from Proposition 2.3(4) and (2), respectively.
Therefore, the above inequalities and the monotonicity of the means yield that

1 1
| =< o AP +1BP [ < 5 [1AP" + 1B [, for1<r<2. 22

[(A*Bke, ke)|"
(|(A Bk, k,) ‘

) (|<A*ka,k ‘ )

R A+ |B . A2 + B2
< <|<A*ka,k-[>| W) 0 <}<A*ka,kf>| ”||+2|r|||ber)

(by the first inequality in(2.2))

A 2 B 2| A 2 B 2"
< (ber’(A*B)o ”||+2|r|”ber> o (ber’(A*B) T ”||+2|r|“ber)

Then, by taking the supremum over all vectors IQT € s, we get the first inequality. For the
second inequality, we have

* ”lA‘2 lB‘ ber * H|A|2+|B|2H;er
r r
ber’ (A*B) o o p | ber (A*B)t —
H|A|2r+|B‘2r H‘A|2r+|3|2r
< | ber’ (4*B) o f"er o | ber’ (A*B) T f"“
(by the second inequality in(2.2))
H‘A|2r+|B‘2r H|A‘2r+|B|2r H|A|2r+|B|2r H|A‘2r+|B|2r
< b ber b b
- 2 2 2 2
(by the inquality 1.8)
L2 2r ;
=3 H A" + |B| b (by the properties of the means),
er
as required. O

As a special case of Theorem 2.5, we have the next result, which is a refinement of the
inequality (1.8) for 1 <r < 2.

Corollary 2.6 Let A, B € £ (). Then

1

r(l—v)
+ ———ber'V(A*B HA2+ BZH
ber 2,(1_\,) er " ( ) |[1Al |B| ber

ber’ (A*B) < 5 ber’(l W (A*B) HIAI + B2

2r 2r
55\\|A| +1817, 23)

for all real numbers 1 <r <2, u,v € [0, 1], and p, g > 0 with % + é =1.

Proof Assume that u, v € [0, 1] and p, g > 0 with % + % = 1. Puttingo =f{, p = Vi,
q

and t = f,, in Theorem 2.5, we get the desired results. O
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By takingu =v = % in Corollary 2.6, we get the next result.

Corollary 2.7 Let A, B € () and 1 <r < 2. Then

ber’ (A*B) < —berZ(A*B) lA”? + 1B ||,m < |||A|2’+|B|2’||ber.

In particular, we have

1 r r
ber’ (A%) < 2—%bm(Az) [1A72 41425, < 5 |||A|2’ F A | pr -

Proof Putting u = v = % in Corollary 2.6, we get the first result. Taking B = A and using
the fact that ber((A*)2) = ber(A?2) in the first result, we get the second result. ]

Remark28 Assume that A, B € Z () andt > 0. If wetaker =2, u =1, v = % and
1

= T + - in the first inequality of (2.3), then

ber?(A*B) < W [1AP + 1B [ + 5—-ber(4*B) [|AP + B, -

1
2+ 2t
Using Proposition 2.3(4) and (3), we get

1
ber?(A*B 7HA2 ber(A* B HAZ 32H
er’( >_22(1+) AP + 1B ber+2(1+t) er(A*B) 1A +1BP|,
4 4 * 2 2
- 2+2t HIA‘ +1Bl ber+2+2tber(A B) H‘Al +18l Hber
(by the second inequality in(2.2))
<

1
<- H|A|4 n |B\4H (by the inequality(1.9)).
2 ber
Hence, the inequalities in (2.3) are generalizations and refinements of the inequality (1.9).

Taking the double integral over the inequalities (2.3), we get the next result, which is a
refinement of the inequality (1.8).

Corollary 2.9 Let A, B € £(5¢). Then
ber 4% < [ e =0 4By [1ar+182]" a
“Jo 27 ber "

L2 2
< = |[1AI7 + 1B
= 5 1P 1,

foralll <r <2.

Proof Taking the double integral over the inequalities (2.3) on [0, 1] x [0, 1], we get

ber’ (A*B)

1 p1
:/ / ber” (A*B)djdv
r(l—p) o p% 2
f f (2mlber A*B) |1a1 + 18] )

2r 2r
< - A +|B
_2/(; _/(; Hl ! Bl b

Ly aper 2
= — [IA]7 BI*"
> Jiar + 18

- Wber“’(A*B) H\AI +\B\2H )d dv

dudv
er
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Hence,

ber” (A*B)

</1 ! ber’("“)(A*B)H|A\2+|B|2Hm d +f] ! ber’”(A*B)H|A\2+|B|2H'“_”)d
—_— v
“Jo 2'Hp ber ® 0 zr(l—v)q ber
1
_ r(1—p) 4% ’ 2 2’”‘
| gber 0t e [1ar + 121" an

1 2i 2
< - |IA]”" +|B|*"
—z”" |B| b

as required. O

Remark 2.10 As a spacial case of Corollary 2.9 for A, B € .Z () with 0 # ber(A*B) and
2ber(A*B) # |||A* + |BI?|,,, We have

ber” (A*B) < ! HWZ +18¢ ber _ per”(A*B) | < 1 H|A|2’ +1B1*
- [1A12+1B12]y, 2r -2 ’
ln( 2’ber’(A*B)er>

where 1 <r <2.

In the next theorem, we have another refinement of the inequality (1.8) as follows.
Corollary 2.11 Let A, B € L () and 1 <r < 2. Then

ber” (A*B)
((1—a)ber”(A*B)+—HIA\2+|BI H )%
= (1= cper (4*B) + 27 1412 + 181 H )% 3((1 = wber™ (47B) + 5 |14 + 18] 2" )%

1
s

I\

((1 —a)ber” (A*B) + sz

AR +182| )

IA

1 2 2
—1A]“" B|“"
> 1P+ 18|

foralla,v € [0,1]and0 <t <s < 1.
Proof First, note that if 0 < t < s < 1, then my; < mq for all @ € [0, 1], see [24, p. 26].

In Theorem 2.5, substituting 0 = mqy; p =y, and T = my 5, wWe get
ber” (A*B)

1

t

((1 — a)ber” (A* B)+— H|A| +1B] H ) (by the inequality (1.8) for r = 1)

i I
1 — a)ber™ (A* B)+WH\A|2+|B| H ’uv( 1 — a)ber™ (A* B)+27[ H\A|2+|B| H )’

1
s

& e vim, < |t winr?,)

G f—

1
L
N Sn\,( (1 — a)ber’* (A*B) + 27

*
1-— Ot)beI‘rS(A B) + 27

|A]> + 1B

rs
AR+ 18P )
ber

1
1 — a)ber’s (A*B) + — g

s (by the definition of means)

=(( )
((1 — a)ber” (A*B) + H\A|2 +1B| H " )Tuv( (1 — a)ber’s (A*B) + ——
= (( ber)
=(( )

AR+ 182

< ((1 — a)ber’ (A*B) + % | )E (by the second inequality in(2.2))
< 3 H \A|2’ + |B|2’ b (by the definition of means and the inequality(1.8)),
er
as required. O
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Remark 2.12 Utilizing the inequalities (1.6) and (1.7), and using the same strategy as in the
proof of Theorem 2.5, we get other refinements of the inequality (1.8) as follows

ber” (A*B)
ber’ (A*B) [|1A12 + |BI2||" AR + B2 AR + B2
SJberzr(A*B)g( ( )”l ‘ I | ”ber P ber"(A*B) "‘ ‘ ‘ | "ber - Hl ‘ |. | Hber
o 2 4
1 2 2
< = 1A +|B”"
_2H| 1=+ 18I ber
and
ber?” (A*B)
r r 2r
ber’ (4*B) 1412 + |52 142 + 182 142 + 182
< berzr(A*B)a ber 0 ber'(A*B) ber - ber
2r 2 4
1 2 2|2
< — A7 +|B|”"
_4H| 1=+ 181 ber

forall A, B € £ (), three arbitrary means o, 7, p on [0, 00),and 1 < r < 2.

In the next theorem, we obtain an upper bound for the Berezin radius, which is a refinement
of Proposition 2.3(1).

Theorem 2.13 Let A € L () and 1 <r < 2. Then

4(1—s)||" 4(1=5)|I"
X X ”lA‘45+|A*| (1-s) s X ”|A|4s+‘A*| (1—s) .
ber”" (A) < | ber”" (A) o er | p | ber” (At er
2r 2r
1 _
< - H|A|4rs + !A*|4r(l S) )
2 ber

Proof Assume that IE, € #,0<s <1,and 1 <r < 2.Then, utilizing Lemma 2.2, we have

2r

(A, k)| = (142 e R (AP ke )

2r nA A A A
and [[x[|" |y [I" by (|A1* ke ke ) (1A% 120 ke, o)

Now, by replacing |(x, y)|" by ’ (Aky, &y
in the inequalities (1.4), we get

2r ~

< (\(Aléf,ka

2r o ( |A|25 ]21-, ]2T>r< ’A*|2(lfs) ]27_-, ]’ér)r)

2r

p ([1ake ko o142 ke (17 ko] )
< (1A deg, k) (| A PN ke ) 2.4)
Moreover, we have
choa —s)r a 1 PR ) a a
e ([ T N S e (e S )
(by the arithmetic geometric inequality)
1 A
< (1Al + a7 ke ke
(by Lemma2.1)
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ber
for all 0 < s < 1. Applying the first inequality in (2.4) and the above inequalities, we get

A~ oA |2
(ke ko)

~ A |2r
< (\(Akf,ka

o (1A ke ko) (|4 YV ke, /Gf)’>

N N 2r
p (\(Akf,k»

(AP Fe R (|40 ks, k))

r r

H|A|4x + |A*|4(l—s)

ber

14 4 arp0=>
ber 0 berZ’(A) T

< | ber” (A) o > T

Then, by taking the supremum over all k, € #, we get the first inequality. Moreover,

H‘Alzts 4 |A*|4(1_S) " H\A|4S i |A*|4(1_S) "
berzr (Ao > ber P berzr(A) - 5 ber
H|A|4rs + |A*|4r(l—s) H |A‘4rx + ‘A*|4r(l—:)
< berzr (Ao 5 ber 0 berzr (At 5 ber
(by the second inequality in(2.2))
H|A|4r5 4 |A*|4r(1—‘\‘) ”|A|4r5 + |A*‘4r(1—s)
ber o ber
- 2 2
H |A|4rs + |A*|4r(l_“‘) H|A|4rs + |A*|4r(1_3)
5 ber . 5 ber (by Proposition(2.3)(1))
1 4 4r(1—s)
= — [||A|™"* A* .
2 Hl ™+ | | ber
This completes the proof. O

In the following theorem, by using Theorem 2.13, we obtain another refinement of
Proposition 2.3(1).

Corollary 2.14 Let A € L () and 1 <r < 2. Then

g 1 )
i n ber?(1-V) (4) H|A|4A +]A* rv

1 . ; _
berZr(A) < —berz'(l_“)(A) H|A|4A + |A*‘4(1 )
2 ber 2'V¢q

‘4(173')
p

ber

1 _
< 5 HIA‘4r5 + ‘A*|4f(1 )

ber

Sforall p,v,s € [0, 1] and p, q > 0 with % +$: 1.

Proof Assume that u,v,s € [0, 1] and p,q > 0 with % + % = 1. Then the inequalities
follow from Theorem 2.13 foro =, p = Vi,and T = {i,. O
q

In the next theorem, we present an extension of Proposition 2.3(1).
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Theorem 2.15 Let A € £ (5#) and o, T, p be three arbitrary means on [0, 00). Then

r r r
|14 +14%2 12 +14%2 12 +14%2]

er I er er
o ber | | ber” (A%« b + b

1
ber? (A) < 3 (berr(Az) o > >

1
< E H|A|2r +|A*‘2r

ber
foralll <r <2.

Proof Assume that , v € [0, 1] and ke € . Applying the second inequality in (1.5) and
replacing x by Ak;, e by k., and y by A*k;, we get

(ke ko) |

(Akr, ko) ke, A¥ke)|"

—_

= 5[ (IAke. 4%} Nk 17 1A% 1) o ([(Ake, Ake) | Ak 1A k1) + Ak 147k )]

= [ (lA%ke k" o ke 17 1A%k 1) o (| (A% k)| I Ake 17 I A k1) + 1 Ake 7147k "]

—_

= o[ (ver” A2y kel 14k ) p (ber” (%) T [ Ake 17 1A ke 1) + AR I 4%z "]

r r

r
F A2 H|A|2+‘A*|2 ber roa2 H|A|2+|A*|2 ber H|A|2+|A*|2Hber
3 ber’ (A%) o — p | ber' (A%) 1 o + o

(by the first inequality in(2.2))

Taking the supremum over all ke € A, we get the first inequality. For the second inequality,
we have

r r

’
N L S T O T
< ber” (A%) o > °r | p | ber” (A%) T > <+ o er
H|A\2r+\A*|2r H‘A|2r+|A*‘2r H‘A|2r+|A*‘2r
< ber” (A2) o ber P ber” (A2) T ber + ber
2 2 2
(by the second inequality in(2.2))
1 H‘A|2r+|A*|2r H‘A|2r+|A*|2r H|A\2r+\A*\2r H|A\2r+\A*|2r
< ber o ber 0 ber T ber
-2 2 2 2 2
”‘A‘2r + ‘A*|2r
f"“] (by the inequality(1.8))
1
== H JAP" A% (by the properties of means),
2 ber
as required. O

Theorem 2.15, for r = 1, yields a refinement of of Proposition 2.3(1) as follows.

Corollary 2.16 Let A € £(7). Then

1
2T

12 1
+

ber’ (A) <
er(d) = ber  22-Vp

v 1
+ 5 1P + 142

1
ber1710 (42) 1A + 4%
ber

ber" (4%) [1A1 + A"

ber

1 2 *2H
< —|lA A
<5 |l +1a%2],

for u,v € [0, 1]andp,q>0with%+$=l.
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Proof Assume that , v, s € [0, 1] and p, g > 0 with % + é = 1. The inequalities follows
from Theorem 2.15 foro = 4,, p = Vi,and t = ff,. O
q

Remark 2.17 1f f is an increasing function on [0, 00), then by using the inequality (1.8) for
r = 1, we have

” |A|2 + |B|2”ber

f(ber(A*B)) < f ( .

) forall A, B € L(). (2.5)
3 r * r ” |A‘2+‘B‘2”her 1
Now, if we replace |(x, y)|" by f(ber(A*B)) and |lx|||ly||" by f ( -—5—"t ) in the
inequalities (1.4), then we get
£ (ber(A*B))

|12+ 182
e | | (ber(A*B)) 7 f

|12 +182]
ber

< | f(bera*B)) o f :

e+ 07]
ber

<f 5

for all three arbitrary means o, 7, p and operators A, B € .Z (). These inequalities contain
other refinements and generalizations of the inequality (1.8) for r = 1.

Remark 2.18 Let f be a continuous real valued function defined on [0, 00). If f is increasing
and convex, then Proportion 2.3(4) can be extended to

f(”A”ber) =< ”f(A)”ber

for all positive operators A € Z(s). Moreover if f is operator convex on [0, c0),
Proposition 2.3(2) can be extended to

[ (%5)

for all positive operators A, B € £(). Now, if f is operator convex and increasing on
[0, o0), then we have

A+ B

(=

2
for all positive operators A, B € £ (7).

< f(A)2+(B)

ber ber

>< f(A) +(B)
ber a 2

ber
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