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Abstract
The Berezin range of a bounded operator A acting on a reproducing kernel Hilbert spaceH
is the set Ber(A) := {〈Ak̂τ , k̂τ 〉 : τ ∈ �}, where k̂τ is the normalized reproducing kernel
for H at τ ∈ �. The Berezin radius (number) and the Berezin norm of an operator A are
defined by ber (A) := sup

τ∈�

∣
∣〈Ak̂τ , k̂τ 〉

∣
∣ and ‖A‖ber := sup

τ,μ∈�

∣
∣〈Ak̂τ , k̂μ〉∣∣, respectively. In this

paper, we obtain some estimations for the Berezin radius and the Berezin norm. It is shown,
among other inequalities, that if A, B ∈ L (H ) and 1 ≤ r ≤ 2, then

berr (A∗B) ≤ 1

2rμ p
berr(1−μ)(A∗B)

∥
∥|A|2 + |B|2∥∥rμber

+ 1

2r(1−ν)q
berrν(A∗B)

∥
∥|A|2 + |B|2∥∥r(1−ν)

ber

≤ 1

2

∥
∥|A|2r + |B|2r∥∥ber

for all μ, ν ∈ [0, 1] and p, q > 0 with 1
p + 1

q = 1.
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1 Introduction

Let (H , 〈·, ·〉) be a complex Hilbert space, and letL (H ) be the C∗-algebra of all bounded
linear operators defined on H . A functional Hilbert space is the Hilbert space of complex-
valued functions on some set � ⊆ C such that the evaluation functionals ϕτ ( f ) = f (τ ),
τ ∈ �, are continuous on H . Then, by the Riesz representation theorem, there is a unique
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element kτ ∈ H such that f (τ ) = 〈 f , kτ 〉 for all f ∈ H and every τ ∈ �. The function k
on � × � defined by k (z, τ ) = kτ (z) is called the reproducing kernel ofH , see [1]. It was
shown that kτ (z) can be represented by

kτ (z) =
∞
∑

n=1

en (τ )en (z)

for any orthonormal basis {en}n≥1 of H . For example, for the Hardy-Hilbert space H 2 =
H 2 (D) over the unit discD = {z ∈ C : |z| < 1}, {zn}n≥1 is an orthonormal basis. Therefore,

the reproducing kernel of H 2 is the function kτ (z) =
∞∑
n=1

τnzn = (1 − τ z)−1, τ ∈ D.

Let k̂τ = kτ‖kτ ‖ be the normalized reproducing kernel of the space H (RKHS). For a given
bounded linear operator A on H , the Berezin symbol (or Berezin transform) of A is the
bounded function Ã on � defined by

Ã (τ ) = 〈Ak̂τ (z) , k̂τ (z)
〉

, τ ∈ �.

An important property of the Berezin symbol is that for all A, B ∈ L (H ) , if Ã (τ ) = B̃ (τ )

for all τ ∈ �, then A = B (at least whenH consists of analytic functions, see Zhu [34]). For
more details, see [6, 14, 18, 21, 26, 27]. So, the map A → Ã is injective [20]. The Berezin
set (range), the Berezin number (radius), and the Berezin norm of an operator A are defined,
respectively, by

Ber(A) := {〈Ak̂τ , k̂τ 〉 : τ ∈ �}, ber (A) := sup
τ∈�

∣
∣〈Ak̂τ , k̂τ 〉

∣
∣,

and

‖A‖ber := sup
τ,μ∈�

∣
∣〈Ak̂τ , k̂μ〉∣∣.

Clearly, by the above definition, we have

ber(A) ≤ ‖A‖ber for A ∈ L (H ). (1.1)

Moreover, for A, B ∈ L (H ), it is clear from the above definitions of the Berezin radius and
the Berezin norm that the following properties hold:

(1) ber(αA) = |α|ber(A) for all α ∈ C;
(2) ber(A + B) ≤ ber(A) + ber(B);
(3) ‖λT ‖ber = |λ| ‖T ‖ber for all λ ∈ C;
(4) ‖A + B‖ber ≤ ‖A‖ber + ‖B‖ber;
(5) ber(A) = ber(A∗) and ‖A‖ber = ‖A∗‖ber.
For all positive operators A ∈ L (H ), we have ber(A) = ‖A‖ber, see [1].

For a bounded linear operator A on a Hilbert space H , the numerical range W (A) is
defined by W (A) = {〈Ax, x〉 : x ∈ H & ‖x‖ = 1} . Moreover, the numerical radius is
defined by

w (A) = sup {|λ| : λ ∈ W (A)} = sup
‖x‖=1

|〈Ax, x〉|.

It is clear that the Berezin transform Ã is the bounded function on � whose values lie
in the numerical range of the operator A, and hence Ber(A) ⊆ W (A) and ber(A) � w(A)

for all A ∈ B(H ). Karaev [28] showed that for A = S ⊗ S ∈ B(H 2), where S is the shift
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operator defined by S f (z) = z f (z) on the Hardy-Hilbert spaceH 2 = H 2(D) over the unit
disc D = {z ∈ C : |z| < 1}, we have Ã(λ) = |λ|2(1 − |λ|2), and thus Ber(A) = [

0, 1
4

]

�

[0, 1] = W (A) and ber(A) = 1
4 < 1 = w(A). For more information about the Berezin

number and the Berezin norm, see [3, 4, 7, 10–12, 14, 19, 23, 27, 32] and references therein.
Let us consider the finite dimensional setting. Let z = (z1, . . . , zn) ∈ C

n and � =
{1, . . . , n}. We can consider C

n as the set of all functions mapping � → C by z(i) = zi .
Letting ei be the i th standard basis vector for C

n under the standard inner product, we can
view C

n as an RKHS with kernel

k(i, j) = 〈e j , ei 〉.
Note that ki = k̂i for every i = 1, . . . , n. For any n × n complex matrix A = (ai j )1≤i, j≤n ,
we have 〈Aei , ei 〉 = aii . Thus, the Berezin range, the Berezin radius, and the Berezin norm
of A are simply by

Ber(A) = {aii : i = 1, . . . , n}, ber(A) = max
1≤i≤n

|aii |, and ‖A‖ber = max
1≤i, j≤n

|ai j |,

respectively, see [15] and references therein.
A binary function σ on [0,∞) is called a mean if the following conditions are satisfied:

(1) If a ≤ b, then a ≤ a σ b ≤ b;
(2) a ≤ c and b ≤ d imply a σ b ≤ c σ d;
(3) σ is continuous in both variables;
(4) t(a σb) = (ta)σ (tb) (t > 0).

It is easy to see that a σ a = a, (a ≥ 0). For instance, if μ ∈ (0, 1), then the weighted
geometricmean isa 	μ b = a1−μbμ, theweighted arithmeticmean isa∇μ b = (1−μ)a+μb,

and the weighted harmonic mean is a !μ b = ((1 − μ)a−1 + μb−1
)−1

, with

a !μ b ≤ a 	μ b ≤ a∇μ b for all a, b > 0.

A mean σ is symmetric if a σ b = b σ a for all positive numbers a, b. For more information
about means, see [17] and references therein.

For a symmetric mean σ , a parametrized mean σt , 0 ≤ t ≤ 1, is called an interpolational
path for σ if it satisfies

(1) a σ0 b = a, a σ1/2 b = a σ b, and a σ1 b = b;
(2) (a σp a)σ (aσq a) = aσ p+q

2
b for all p, q ∈ [0, 1];

(3) The map t ∈ [0, 1] �→ a σt b is continuous for each a and b;
(4) σt is increasing in each of its components for t ∈ [0, 1].
It is easy to see that the set of all r ∈ [0, 1] satisfying

(aσpb)σr (aσqb) = aσrp+(1−r)qb

for all p, q is a convex subset of [0, 1] including 0 and 1. For instance, the power means

a mrb =
(
ar + br

2

) 1
r

(r ∈ [−1, 1])

are some typical interpolational means. Their interpolational paths are

a mr ,t b = ((1 − t)ar + tbr
) 1
r (t ∈ [0, 1] and r ∈ [−1, 1]).
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In particular, a m1,t b = a∇t b, a m0,t b = lim
r→0

(

a mr ,t b
) = a	t b, and a m−1,t b = a!t b.

Let f be a continuous real valued function defined on an interval J . It said to be operator
convex on J if f (λA + (1 − λ)B) ≤ λ f (A) + (1 − λ) f (B) for all self-adjoint operators
A, B ∈ L (H ) with spectra in J and all λ ∈ [0, 1]

One of the most basic, yet useful inequalities, is the Cauchy–Schwarz inequality for the
inner product as follows

∣
∣〈x, y〉∣∣ ≤ ‖x‖‖y‖ for all x, y ∈ H . (1.2)

Buzano [13] showed an extension of the following Cauchy–Schwarz inequality

∣
∣〈x, e〉〈e, y〉∣∣ ≤ 1

2

(|〈x, y〉| + ‖x‖‖y‖) ≤ ‖x‖‖y‖ for all x, y, e ∈ H , (1.3)

where ‖e‖ = 1. Several generalizations, refinements, and applications of the Cauchy–
Schwarz inequality in various settings have been given, and some results related to
integral inequalities are presented. For other results and refinements of the Cauchy–Schwarz
inequality, the reader can consult [13] and references therein.

Recently, Bakherad et al. [5] presented a generalization of the refined Cauchy–Schwarz
inequality as follows

∣
∣〈x, y〉∣∣r ≤ (∣∣〈x, y〉∣∣r σ ‖x‖r‖y‖r ) ρ (∣∣〈x, y〉∣∣r τ ‖x‖r‖y‖r ) ≤ ‖x‖‖y‖r (1.4)

for all x, y ∈ H , three arbitrary means σ, τ, ρ on [0,∞), and r ≥ 0. Moreover, in the same
work, they obtained a refinement of the Buzano inequality (1.3), which asserts that

∣
∣〈x, e〉〈e, y〉∣∣r ≤ 1

2r
(|〈x, y〉| + ‖x‖‖y‖)r

≤ 1

2

( (∣
∣〈x, y〉∣∣r σ ‖x‖r‖y‖r ) ρ (∣∣〈x, y〉∣∣r τ ‖x‖r‖y‖r )+ ‖x‖r‖y‖r

)

≤ ‖x‖r‖y‖r , (1.5)

for all x, y, e ∈ H with ‖e‖ = 1, three arbitrary means σ, τ, ρ on [0,∞), and r ≥ 1.
Furthermore, they showed

∣
∣〈x, y〉∣∣ ≤

√
(∣
∣〈x, y〉∣∣2 σ

∣
∣〈x, y〉∣∣‖x‖‖y‖

)

ρ

√
(∣
∣〈x, y〉∣∣‖x‖‖y‖ τ ‖x‖2‖y‖2) ≤ ‖x‖‖y‖.

(1.6)

and

∣
∣〈x, y〉∣∣ ≤

√
[(∣
∣〈x, y〉∣∣2 σ

∣
∣〈x, y〉∣∣‖x‖‖y‖

)]

ρ
[(∣
∣〈x, y〉∣∣‖x‖‖y‖ τ ‖x‖2‖y‖2)] ≤ ‖x‖‖y‖

(1.7)

for all x, y ∈ H , three arbitrary means σ, τ, ρ on [0,∞), and r ≥ 0. These inequalities are
also refinements of the Cauchy–Schwarz inequality.

Let us recall the arithmetic geometricmean inequality for singular values proved byBhatia
and Kittaneh [8]

si
(

A∗B
) ≤ 1

2
si
(|A|2 + |B|2) for i = 1, 2, · · · , n,
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where A and B are n × n matrices and s1(A) ≥ s2(A) ≥ · · · ≥ sn(A) are the singular values
of A. Applying the definition of the unitarily invariant norm, we get

∣
∣
∣
∣
∣
∣A∗B

∣
∣
∣
∣
∣
∣ ≤ 1

2

∣
∣
∣
∣
∣
∣ |A|2 + |B|2∣∣∣∣∣∣

for all n × n matrices A and B. The above inequality can be extended as follows

wr (A∗B) ≤ 1

2

∥
∥A|2r + |B|2r∥∥ for r ≥ 1.

for A, B ∈ L (H ), which is associated with the numerical radius and the operator norm.
There are several improvements and refinements of the above inequality, see [16] and
references therein.

An analogous of the above inequality, the authors [23, Theorem 2.5] presented the
following inequality

berr
(

A∗B
) ≤ 1

2

∥
∥ |A|2r + |B|2r∥∥ber (1.8)

for all A, B ∈ L (H ) and all r ≥ 1, which is associated with the Berezin radius and the
Berezin norm and involves the product of operators. There are several generalizations and
refinements of the inequality (1.8), that have been proven recently, see [22, 25, 33]. In [22],
for r = 2, the authors showed that

ber2(A∗B) ≤ t

2t + 2
‖ |A|4 + |B|4‖ber + 1

2t + 2
w(A∗B)‖ |A|2 + |B|2‖ber

≤ 1

2

∥
∥ |A|4 + |B|4∥∥ber (1.9)

for all A, B ∈ L (H ) and t ≥ 0.
In the present paper, we establish newBerezin radius upper bounds for Hilbert space oper-

ators by using a recent generalization of the refined celebrated Cauchy–Schwarz inequality.
For instance, we refine the inequality (1.8) and generalize the inequality (1.9). Moreover, the
obtained upper bounds have been comparedwith the previously knownbounds to demonstrate
their reliability.

2 Main results

In this section, we establish and generalize Berezin radius upper bounds for Hilbert space
operators.

To prove our Berezin radius inequalities, we need several known lemmas. The first lemma
is McCarthy’s inequality for positive operators.

Lemma 2.1 [17] (McCarthy’s inequality) Let A ∈ L (H ) be positive. Then for all unit
vectors x ∈ H , we have

〈Ax, x〉r ≤ 〈Ar x, x〉,
where r ≥ 1. This inequality is reversed for 0 < r ≤ 1.

In the following lemma, we give the mixed Schwarz inequality, which can be found in
[29].

123



  119 Page 6 of 16 M. Bakherad, F. Kittaneh

Lemma 2.2 Let A ∈ L (H ) and let x, y ∈ H . Then

|〈Ax, y〉|2 ≤ 〈 |A|2s x, x 〉〈 ∣∣A∗∣∣2(1−s)
y, y
〉

for all 0 ≤ s ≤ 1.

The Berezin radius and the Berezin norm have several properties that are similar to the
numerical radius and the operator norm, respectively. To learn about the numerical radii of
operator matrices and their applications, we refer to [9, 30, 31]. The operator norm is unitarily
invariant, i.e., ‖U∗AV ‖ = ‖A‖ for all A ∈ L (H ) and all unitary operatorsU , V ∈ L (H ).
In contrast to the operator norm, the Berezin norm does not have this property. To see this,

consider A =
[

2 5
7 0

]

, U =
[ √

2
2

√
2
2

−
√
2
2

√
2
2

]

, and V = I =
[

1 0
0 1

]

. Then we have

9.89 ≈ ‖U∗AV ‖ber �= ‖A‖ber = 7.

In the following result, we investigate some results of the Berezin norm inequality, which
are analogous of the operator norm.

Proposition 2.3 Let A, B ∈ L (H ). Then

(1) berr (A) ≤ 1
2

∥
∥ |A|2rs + |A∗|2r(1−s)

∥
∥
ber for 0 ≤ s ≤ 1 and r ≥ 1;

(2) If A and B are positive and 1 ≤ r ≤ 2, then ‖(A + B)r‖ber ≤ 2r−1‖Ar + Br‖ber;
(3) If A and B are positive and 0 ≤ r ≤ 1, then ‖Ar + Br‖ber ≤ 21−r‖(A + B)r‖ber;
(4) If A is positive and r ≥ 1, then ‖A‖rber ≤ ‖Ar‖ber;
(5) If A is positive and 0 ≤ r ≤ 1, then ‖Ar‖ber ≤ ‖A‖rber.
Proof (1) Assume that τ ∈ � is arbitrary. Using Lemmas 2.2 and 2.1, and the arithmetic–
geometric inequality, respectively, we have

∣
∣
∣

〈

Ak̂τ , k̂τ

〉∣
∣
∣

r ≤
〈

|A|2s k̂τ , k̂τ

〉 r
2
〈

|A∗|2(1−s)k̂τ , k̂τ

〉 r
2

≤
〈

|A|2rs k̂τ , k̂τ

〉 1
2
〈

|B|2r(1−s)k̂τ , k̂τ

〉 1
2

≤ 1

2

〈 (

|A|2rs + |B|2r(1−s)
)

k̂τ , k̂τ

〉

≤ 1

2

∥
∥
∥ |A|2rs + |A∗|2r(1−s)

∥
∥
∥
ber

.

By taking the supremum over τ ∈ � in the above inequality, we get the desired result.
(2) If 1 ≤ r ≤ 2, then the function f (t) = tr is operator convex on [0,∞), see [17,

Corollary 1.16]. Then, we have
(
A + B

2

)r

≤ Ar + Br

2

for positive operators A and B. Hence, for every τ ∈ �, we have
〈(

A + B

2

)r

k̂τ , k̂τ

〉

≤
〈(

Ar + Br

2

)

k̂τ , k̂τ

〉

.

Taking the supremum over τ ∈ � in the above inequality, we get

ber
((

A + B

2

)r)

≤ ber
(
Ar + Br

2

)

.
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Now, in view of the fact that for a positive operator the Berezin radius and the Berezin norm
are equal, we have

‖(A + B)r‖ber ≤ 2r−1‖Ar + Br‖ber.
(3) It follows from the operator concavity of f (t) = tr (0 ≤ r ≤ 1) on [0,∞) [17, Corollary
1.16] and an argument similar to that used in the proof of part (2).

(4) Applying Lemma 2.1 to the positive operator A and r ≥ 1, we have
〈

Ak̂τ , k̂τ

〉r ≤
〈

Ar k̂τ , k̂τ

〉

for all τ ∈ �. Hence, berr (A) ≤ ber(Ar ), and so ‖A‖rber ≤ ‖Ar‖ber.
(5) Applying Lemma 2.1 to the positive operator A and 0 ≤ r ≤ 1, with a similar approach

as in part (5), we have the desired result. ��
Remark 2.4 We remark that Propositions 2.3(2) is an analog of the following inequality [2]

|||(A + B)r ||| ≤ 2r−1|||Ar + Br |||
for all unitarily invariant norms ||| · |||, all positive operators A and B, and r ≥ 1. Also, it
follows from the operator convexity of the function f (t) = tr for −1 ≤ r ≤ 0 on (0,∞),
that the inequality in Propositions 2.3(2) holds for all positive invertible operators A and B,
and −1 ≤ r ≤ 0.

Now, we obtain the next result of this section, which is a refinement of the inequality (1.8)
for 1 ≤ r ≤ 2.

Theorem 2.5 Let A, B ∈ L (H ) and σ, τ, ρ be three arbitrary means on [0,∞). Then

berr (A∗B) ≤
⎛

⎜
⎝berr (A∗B) σ

∥
∥
∥|A|2 + |B|2

∥
∥
∥

r

ber
2r

⎞

⎟
⎠ ρ

⎛

⎜
⎝berr (A∗B) τ

∥
∥
∥|A|2 + |B|2

∥
∥
∥

r

ber
2r

⎞

⎟
⎠

≤ 1

2

∥
∥
∥|A|2r + |B|2r

∥
∥
∥
ber

for all 1 ≤ r ≤ 2.

Proof Assume that k̂τ ∈ H and 1 ≤ r ≤ 2. Replacing x by Ak̂τ and y by Bk̂τ in the first
inequality in (1.4), respectively, we have

∣
∣〈A∗Bk̂τ , k̂τ 〉

∣
∣
r

= ∣∣〈Bk̂τ , Ak̂τ 〉
∣
∣
r

≤
(∣
∣〈Bk̂τ , Ak̂τ 〉

∣
∣
r
σ

∥
∥
∥Ak̂τ

∥
∥
∥

r ∥∥
∥Bk̂τ

∥
∥
∥

r)

ρ
(∣
∣〈Bk̂τ , Ak̂τ 〉

∣
∣
r
τ

∥
∥
∥Ak̂τ

∥
∥
∥

r ∥∥
∥Bk̂τ

∥
∥
∥

r)

=
(∣
∣〈A∗Bk̂τ , k̂τ 〉

∣
∣
r
σ

∥
∥
∥Ak̂τ

∥
∥
∥

r ∥∥
∥Bk̂τ

∥
∥
∥

r)

ρ
(∣
∣〈A∗Bk̂τ , k̂τ 〉

∣
∣
r
τ

∥
∥
∥Ak̂τ

∥
∥
∥

r ∥∥
∥Bk̂τ

∥
∥
∥

r)

.

Moreover, we have

‖Ak̂τ‖‖Bk̂τ‖ = 〈|A|2k̂τ , k̂τ 〉 1
2 〈|B|2k̂τ , k̂τ 〉 1

2

≤ 1

2
〈(|A|2 + |B|2)k̂τ , k̂τ 〉 (by the arithmetic geometric inequality)

≤ 1

2
ber

(|A|2 + |B|2)

= 1

2

∥
∥|A|2 + |B|2∥∥ber (since |A|2 + |B|2 is positive). (2.1)
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Hence,
∥
∥
∥Ak̂τ

∥
∥
∥

r ∥
∥
∥Bk̂τ

∥
∥
∥

r ≤ 1

2r
∥
∥|A|2 + |B|2∥∥rber ≤ 1

2

∥
∥|A|2r + |B|2r∥∥ber for 1 ≤ r ≤ 2. (2.2)

The above last above inequality follows from Proposition 2.3(4) and (2), respectively.
Therefore, the above inequalities and the monotonicity of the means yield that
∣
∣〈A∗Bk̂τ , k̂τ 〉

∣
∣r

≤
(∣
∣〈A∗Bk̂τ , k̂τ 〉

∣
∣
r
σ

∥
∥
∥Ak̂τ

∥
∥
∥

r ∥∥
∥Bk̂τ

∥
∥
∥

r)

ρ
(∣
∣〈A∗Bk̂τ , k̂τ 〉

∣
∣
r
τ

∥
∥
∥Ak̂τ

∥
∥
∥

r ∥∥
∥Bk̂τ

∥
∥
∥

r)

≤
(

∣
∣〈A∗Bk̂τ , k̂τ 〉

∣
∣r σ

∥
∥|A|2 + |B|2∥∥rber

2r

)

ρ

(

∣
∣〈A∗Bk̂τ , k̂τ 〉

∣
∣r τ

∥
∥|A|2 + |B|2∥∥rber

2r

)

(by the first inequality in(2.2))

≤
(

berr (A∗B) σ

∥
∥|A|2 + |B|2∥∥rber

2r

)

ρ

(

berr (A∗B) τ

∥
∥|A|2 + |B|2∥∥rber

2r

)

Then, by taking the supremum over all vectors k̂τ ∈ H , we get the first inequality. For the
second inequality, we have
⎛

⎜
⎝berr (A∗B) σ

∥
∥
∥|A|2 + |B|2

∥
∥
∥

r

ber
2r

⎞

⎟
⎠ ρ

⎛

⎜
⎝berr (A∗B) τ

∥
∥
∥|A|2 + |B|2

∥
∥
∥

r

ber
2r

⎞

⎟
⎠

≤
⎛

⎜
⎝berr (A∗B) σ

∥
∥
∥|A|2r + |B|2r

∥
∥
∥
ber

2

⎞

⎟
⎠ ρ

⎛

⎜
⎝berr (A∗B) τ

∥
∥
∥|A|2r + |B|2r

∥
∥
∥
ber

2

⎞

⎟
⎠

(by the second inequality in(2.2))

≤
⎛

⎜
⎝

∥
∥
∥|A|2r + |B|2r

∥
∥
∥
ber

2
σ

∥
∥
∥|A|2r + |B|2r

∥
∥
∥
ber

2

⎞

⎟
⎠ ρ

⎛

⎜
⎝

∥
∥
∥|A|2r + |B|2r

∥
∥
∥
ber

2
τ

∥
∥
∥|A|2r + |B|2r

∥
∥
∥
ber

2

⎞

⎟
⎠

(by the inquality 1.8)

= 1

2

∥
∥
∥|A|2r + |B|2r

∥
∥
∥
ber

(by the properties of the means),

as required. ��
As a special case of Theorem 2.5, we have the next result, which is a refinement of the

inequality (1.8) for 1 ≤ r ≤ 2.

Corollary 2.6 Let A, B ∈ L (H ). Then

berr (A∗B) ≤ 1

2rμ p
berr(1−μ)(A∗B)

∥
∥
∥|A|2 + |B|2

∥
∥
∥

rμ

ber
+ 1

2r(1−ν)q
berrν(A∗B)

∥
∥
∥|A|2 + |B|2

∥
∥
∥

r(1−ν)

ber

≤ 1

2

∥
∥
∥|A|2r + |B|2r

∥
∥
∥
ber

(2.3)

for all real numbers 1 ≤ r ≤ 2, μ, ν ∈ [0, 1], and p, q > 0 with 1
p + 1

q = 1.

Proof Assume that μ, ν ∈ [0, 1] and p, q > 0 with 1
p + 1

q = 1. Putting σ = 	μ, ρ = ∇ 1
q
,

and τ = 	ν in Theorem 2.5, we get the desired results. ��
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By taking μ = ν = 1
2 in Corollary 2.6, we get the next result.

Corollary 2.7 Let A, B ∈ L (H ) and 1 ≤ r ≤ 2. Then

berr (A∗B) ≤ 1

2
r
2
ber

r
2 (A∗B)

∥
∥|A|2 + |B|2∥∥

r
2
ber ≤ 1

2

∥
∥|A|2r + |B|2r∥∥ber .

In particular, we have

berr (A2) ≤ 1

2
r
2
ber

r
2 (A2)

∥
∥|A|2 + |A∗|2∥∥

r
2
ber ≤ 1

2

∥
∥|A|2r + |A∗|2r∥∥ber .

Proof Putting μ = ν = 1
2 in Corollary 2.6, we get the first result. Taking B = A and using

the fact that ber((A∗)2) = ber(A2) in the first result, we get the second result. ��
Remark 2.8 Assume that A, B ∈ L (H ) and t ≥ 0. If we take r = 2, μ = 1, ν = 1

2 , and
1
p = t

1+t in the first inequality of (2.3), then

ber2(A∗B) ≤ t

22(1 + t)

∥
∥|A|2 + |B|2∥∥2ber + 1

2 + 2t
ber(A∗B)

∥
∥|A|2 + |B|2∥∥ber .

Using Proposition 2.3(4) and (3), we get

ber2(A∗B) ≤ t

22(1 + t)

∥
∥
∥|A|2 + |B|2

∥
∥
∥

2

ber
+ 1

2(1 + t)
ber(A∗B)

∥
∥
∥|A|2 + |B|2

∥
∥
∥
ber

≤ t

2 + 2t

∥
∥
∥|A|4 + |B|4

∥
∥
∥
ber

+ 1

2 + 2t
ber(A∗B)

∥
∥
∥|A|2 + |B|2

∥
∥
∥
ber

(by the second inequality in(2.2))

≤ 1

2

∥
∥
∥|A|4 + |B|4

∥
∥
∥
ber

(by the inequality(1.9)).

Hence, the inequalities in (2.3) are generalizations and refinements of the inequality (1.9).

Taking the double integral over the inequalities (2.3), we get the next result, which is a
refinement of the inequality (1.8).

Corollary 2.9 Let A, B ∈ L (H ). Then

berr (A∗B) ≤
∫ 1

0

1

2rμ
berr(1−μ)(A∗B)

∥
∥
∥|A|2 + |B|2

∥
∥
∥

rμ

ber
dμ

≤ 1

2

∥
∥
∥|A|2r + |B|2r

∥
∥
∥
ber

for all 1 ≤ r ≤ 2.

Proof Taking the double integral over the inequalities (2.3) on [0, 1] × [0, 1], we get
berr (A∗B)

=
∫ 1

0

∫ 1

0
berr (A∗B) dμ dν

≤
∫ 1

0

∫ 1

0

(
1

2rμ p
berr(1−μ)(A∗B)

∥
∥
∥|A|2 + |B|2

∥
∥
∥

rμ

ber
+ 1

2r(1−ν)q
berrν (A∗B)

∥
∥
∥|A|2 + |B|2

∥
∥
∥

r(1−ν)

ber

)

dμ dν

≤ 1

2

∫ 1

0

∫ 1

0

∥
∥
∥|A|2r + |B|2r

∥
∥
∥
ber

dμ dν

= 1

2

∥
∥
∥|A|2r + |B|2r

∥
∥
∥
ber

.
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Hence,

berr (A∗B)

≤
∫ 1

0

1

2rμ p
berr(1−μ)(A∗B)

∥
∥
∥|A|2 + |B|2

∥
∥
∥

rμ

ber
dμ +

∫ 1

0

1

2r(1−ν)q
berrν (A∗B)

∥
∥
∥|A|2 + |B|2

∥
∥
∥

r(1−ν)

ber
dν

=
∫ 1

0

1

2rμ
berr(1−μ)(A∗B)

∥
∥
∥|A|2 + |B|2

∥
∥
∥

rμ

ber
dμ

≤ 1

2

∥
∥
∥|A|2r + |B|2r

∥
∥
∥
ber

,

as required. ��
Remark 2.10 As a spacial case of Corollary 2.9 for A, B ∈ L (H ) with 0 �= ber(A∗B) and
2ber(A∗B) �= ∥∥|A|2 + |B|2∥∥ber, we have

berr (A∗B) ≤ 1

ln

(∥
∥|A|2+|B|2∥∥rber
2rberr (A∗B)

)

⎛

⎜
⎝

∥
∥
∥|A|2 + |B|2

∥
∥
∥

r

ber
2r

− berr (A∗B)

⎞

⎟
⎠ ≤ 1

2

∥
∥
∥|A|2r + |B|2r

∥
∥
∥
ber

,

where 1 ≤ r ≤ 2.

In the next theorem, we have another refinement of the inequality (1.8) as follows.

Corollary 2.11 Let A, B ∈ L (H ) and 1 ≤ r ≤ 2. Then

berr (A∗B)

≤
((

1 − α)berrs (A∗B) + α

2r t

∥
∥
∥|A|2 + |B|2

∥
∥
∥

r t

ber

) 1
t

≤
((

1 − α)berr t (A∗B) + α

2r t

∥
∥
∥|A|2 + |B|2

∥
∥
∥

r t

ber

) 1
t
	ν

((

1 − α)berrs (A∗B) + α

2rs

∥
∥
∥|A|2 + |B|2

∥
∥
∥

rs

ber

) 1
s

≤
((

1 − α)berrs (A∗B) + α

2rs

∥
∥
∥|A|2 + |B|2

∥
∥
∥

rs

ber

) 1
s

≤ 1

2

∥
∥
∥|A|2r + |B|2r

∥
∥
∥
ber

for all α, ν ∈ [0, 1] and 0 ≤ t ≤ s ≤ 1.

Proof First, note that if 0 ≤ t ≤ s ≤ 1, then mα,t ≤ mα,s for all α ∈ [0, 1], see [24, p. 26].
In Theorem 2.5, substituting σ = mα,t ρ = 	ν , and τ = mα,s , we get

berr (A∗B)

≤
((

1 − α)berr (A∗B) + α

2r t

∥
∥
∥|A|2 + |B|2

∥
∥
∥

r t

ber

) 1
t

(by the inequality (1.8) for r = 1)

=
((

1 − α)berr t (A∗B) + α

2r t

∥
∥
∥|A|2 + |B|2

∥
∥
∥

r t

ber

) 1
t
	ν

((

1 − α)berr t (A∗B) + α

2r t

∥
∥
∥|A|2 + |B|2

∥
∥
∥

r t

ber

) 1
t

≤
((

1 − α)berr t (A∗B) + α

2r t

∥
∥
∥|A|2 + |B|2

∥
∥
∥

r t

ber

) 1
t
	ν

((

1 − α)berrs (A∗B) + α

2rs

∥
∥
∥|A|2 + |B|2

∥
∥
∥

rs

ber

) 1
s

≤
((

1 − α)berrs (A∗B) + α

2rs

∥
∥
∥|A|2 + |B|2

∥
∥
∥

rs

ber

) 1
s
	ν

((

1 − α)berrs (A∗B) + α

2rs

∥
∥
∥|A|2 + |B|2

∥
∥
∥

rs

ber

) 1
s

=
((

1 − α)berrs (A∗B) + α

2rs

∥
∥
∥|A|2 + |B|2

∥
∥
∥

rs

ber

) 1
s

(by the definition of means)

≤
((

1 − α)berrs (A∗B) + α

2s

∥
∥
∥|A|2r + |B|2r

∥
∥
∥

s

ber

) 1
s

(by the second inequality in(2.2))

≤ 1

2

∥
∥
∥|A|2r + |B|2r

∥
∥
∥
ber

(by the definition of means and the inequality(1.8)),

as required. ��
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Remark 2.12 Utilizing the inequalities (1.6) and (1.7), and using the same strategy as in the
proof of Theorem 2.5, we get other refinements of the inequality (1.8) as follows

berr (A∗B)

≤
√
√
√
√ber2r (A∗B) σ

(

berr (A∗B)
∥
∥|A|2 + |B|2∥∥rber
2r

)

ρ

√
√
√
√

(

berr (A∗B)

∥
∥|A|2 + |B|2∥∥rber

2r

)

τ

∥
∥|A|2 + |B|2∥∥2rber

4r

≤ 1

2

∥
∥
∥|A|2r + |B|2r

∥
∥
∥
ber

and

ber2r (A∗B)

≤
⎡

⎢
⎣ber2r (A∗B) σ

⎛

⎜
⎝

berr (A∗B)

∥
∥
∥|A|2 + |B|2

∥
∥
∥

r

ber
2r

⎞

⎟
⎠

⎤

⎥
⎦ ρ

⎡

⎢
⎣

⎛

⎜
⎝berr (A∗B)

∥
∥
∥|A|2 + |B|2

∥
∥
∥

r

ber
2r

⎞

⎟
⎠ τ

∥
∥
∥|A|2 + |B|2

∥
∥
∥

2r

ber
4r

⎤

⎥
⎦

≤ 1

4

∥
∥
∥|A|2r + |B|2r

∥
∥
∥

2

ber

for all A, B ∈ L (H ), three arbitrary means σ, τ, ρ on [0,∞), and 1 ≤ r ≤ 2.

In the next theorem,we obtain an upper bound for the Berezin radius, which is a refinement
of Proposition 2.3(1).

Theorem 2.13 Let A ∈ L (H ) and 1 ≤ r ≤ 2. Then

ber2r (A) ≤
⎛

⎜
⎝ber2r (A) σ

∥
∥
∥|A|4s + ∣∣A∗∣∣4(1−s)

∥
∥
∥

r

ber
2r

⎞

⎟
⎠ ρ

⎛

⎜
⎝ber2r (A) τ

∥
∥
∥|A|4s + ∣∣A∗∣∣4(1−s)

∥
∥
∥

r

ber
2r

⎞

⎟
⎠

≤ 1

2

∥
∥
∥|A|4rs + ∣∣A∗∣∣4r(1−s)

∥
∥
∥
ber

.

Proof Assume that k̂τ ∈ H , 0 ≤ s ≤ 1, and 1 ≤ r ≤ 2. Then, utilizing Lemma 2.2, we have
∣
∣
∣〈Ak̂τ , k̂τ 〉

∣
∣
∣

2r ≤ 〈 |A|2s k̂τ , k̂τ

〉r 〈 ∣∣A∗∣∣2(1−s)
k̂τ , k̂τ

〉r
.

Now,by replacing
∣
∣〈x, y〉∣∣r by

∣
∣
∣〈Ak̂τ , k̂τ 〉

∣
∣
∣

2r
and‖x‖r‖y‖r by 〈 |A|2 s k̂τ , k̂τ

〉r 〈 |A∗|2(1−s) k̂τ , k̂τ

〉r

in the inequalities (1.4), we get
∣
∣
∣〈Ak̂τ , k̂τ 〉

∣
∣
∣

2r ≤
(∣
∣
∣〈Ak̂τ , k̂τ 〉

∣
∣
∣

2r
σ
〈 |A|2s k̂τ , k̂τ

〉r 〈 ∣
∣A∗∣∣2(1−s)

k̂τ , k̂τ

〉r
)

ρ

(∣
∣
∣〈Ak̂τ , k̂τ 〉

∣
∣
∣

2r
τ
〈 |A|2s k̂τ , k̂τ

〉r 〈 ∣
∣A∗∣∣2(1−s)

k̂τ , k̂τ

〉r
)

≤ 〈 |A|2s k̂τ , k̂τ

〉r 〈 ∣
∣A∗∣∣2(1−s)

k̂τ , k̂τ

〉r
. (2.4)

Moreover, we have

〈 |A|2s k̂τ , k̂τ

〉〈 ∣
∣A∗∣∣2(1−s)

k̂τ , k̂τ

〉 ≤ 1

2

(〈 |A|2s k̂τ , k̂τ

〉2 + 〈 ∣∣A∗∣∣2(1−s)
k̂τ , k̂τ

〉2
)

(by the arithmetic geometric inequality)

≤ 1

2

〈 |A|4s + ∣∣A∗∣∣4(1−s)
k̂τ , k̂τ

〉

(by Lemma2.1)
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≤ 1

2

∥
∥
∥|A|4s + ∣∣A∗∣∣4(1−s)

∥
∥
∥
ber

for all 0 ≤ s ≤ 1. Applying the first inequality in (2.4) and the above inequalities, we get
∣
∣
∣〈Ak̂τ , k̂τ 〉

∣
∣
∣

2r

≤
(∣
∣
∣〈Ak̂τ , k̂τ 〉

∣
∣
∣

2r
σ
〈 |A|2s k̂τ , k̂τ

〉r 〈 ∣
∣A∗∣∣2(1−s)

k̂τ , k̂τ

〉r
)

ρ

(∣
∣
∣〈Ak̂τ , k̂τ 〉

∣
∣
∣

2r
τ
〈 |A|2s k̂τ , k̂τ

〉r 〈 ∣
∣A∗∣∣2(1−s)

k̂τ , k̂τ

〉r
)

≤
⎛

⎜
⎝ber2r (A) σ

∥
∥
∥|A|4s + |A∗|4(1−s)

∥
∥
∥

r

ber

2r

⎞

⎟
⎠ ρ

⎛

⎜
⎝ber2r (A) τ

∥
∥
∥|A|4s + |A∗|4(1−s)

∥
∥
∥

r

ber

2r

⎞

⎟
⎠ .

Then, by taking the supremum over all k̂τ ∈ H , we get the first inequality. Moreover,
⎛

⎜
⎝ber2r (A) σ

∥
∥
∥|A|4s + ∣∣A∗∣∣4(1−s)

∥
∥
∥

r

ber
2r

⎞

⎟
⎠ ρ

⎛

⎜
⎝ber2r (A) τ

∥
∥
∥|A|4s + ∣∣A∗∣∣4(1−s)

∥
∥
∥

r

ber
2r

⎞

⎟
⎠

≤
⎛

⎜
⎝ber2r (A) σ

∥
∥
∥|A|4rs + ∣∣A∗∣∣4r(1−s)

∥
∥
∥
ber

2

⎞

⎟
⎠ ρ

⎛

⎜
⎝ber2r (A) τ

∥
∥
∥|A|4rs + ∣∣A∗∣∣4r(1−s)

∥
∥
∥
ber

2

⎞

⎟
⎠

(by the second inequality in(2.2))

≤
⎛

⎜
⎝

∥
∥
∥|A|4rs + ∣∣A∗∣∣4r(1−s)

∥
∥
∥
ber

2
σ

∥
∥
∥|A|4rs + ∣∣A∗∣∣4r(1−s)

∥
∥
∥
ber

2

⎞

⎟
⎠

ρ

⎛

⎜
⎝

∥
∥
∥|A|4rs + ∣∣A∗∣∣4r(1−s)

∥
∥
∥
ber

2
τ

∥
∥
∥|A|4rs + ∣∣A∗∣∣4r(1−s)

∥
∥
∥
ber

2

⎞

⎟
⎠ (by Proposition(2.3)(1))

= 1

2

∥
∥
∥|A|4rs + ∣∣A∗∣∣4r(1−s)

∥
∥
∥
ber

.

This completes the proof. ��
In the following theorem, by using Theorem 2.13, we obtain another refinement of

Proposition 2.3(1).

Corollary 2.14 Let A ∈ L (H ) and 1 ≤ r ≤ 2. Then

ber2r (A) ≤ 1

2rμ p
ber2r(1−μ)(A)

∥
∥
∥|A|4s + ∣∣A∗∣∣4(1−s)

∥
∥
∥

rμ

ber
+ 1

2rνq
ber2r(1−ν)(A)

∥
∥
∥|A|4s + ∣∣A∗∣∣4(1−s)

∥
∥
∥

rν

ber

≤ 1

2

∥
∥
∥|A|4rs + ∣∣A∗∣∣4r(1−s)

∥
∥
∥
ber

for all μ, ν, s ∈ [0, 1] and p, q > 0 with 1
p + 1

q = 1.

Proof Assume that μ, ν, s ∈ [0, 1] and p, q > 0 with 1
p + 1

q = 1. Then the inequalities
follow from Theorem 2.13 for σ = 	ν , ρ = ∇ 1

q
, and τ = 	μ. ��

In the next theorem, we present an extension of Proposition 2.3(1).
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Theorem 2.15 Let A ∈ L (H ) and σ, τ, ρ be three arbitrary means on [0,∞). Then

ber2r (A) ≤ 1

2

⎡

⎢
⎣

⎛

⎜
⎝berr (A2) σ

∥
∥
∥|A|2 + |A∗|2

∥
∥
∥

r

ber
2r

⎞

⎟
⎠ ρ

⎛

⎜
⎝berr (A2) τ

∥
∥
∥|A|2 + |A∗|2

∥
∥
∥

r

ber
2r

⎞

⎟
⎠+

∥
∥
∥|A|2 + |A∗|2

∥
∥
∥

r

ber
2r

⎤

⎥
⎦

≤ 1

2

∥
∥
∥|A|2r + |A∗|2r

∥
∥
∥
ber

for all 1 ≤ r ≤ 2.

Proof Assume that μ, ν ∈ [0, 1] and k̂τ ∈ H . Applying the second inequality in (1.5) and
replacing x by Ak̂τ , e by k̂τ , and y by A∗k̂τ , we get
∣
∣〈Ak̂τ , k̂τ 〉∣∣2r

= ∣∣〈Ak̂τ , k̂τ 〉〈k̂τ , A∗k̂τ 〉∣∣r

≤ 1

2

[ (∣
∣〈Ak̂τ , A∗k̂τ 〉∣∣r σ ‖Ak̂τ ‖r‖A∗k̂τ ‖r

)

ρ
(∣
∣〈Ak̂τ , A∗k̂τ 〉∣∣r τ ‖Ak̂τ ‖r‖A∗k̂τ ‖r

)

+ ‖Ak̂τ ‖r‖A∗k̂τ ‖r
]

= 1

2

[ (∣
∣〈A2 k̂τ , k̂τ 〉∣∣r σ ‖Ak̂τ ‖r‖A∗k̂τ ‖r

)

ρ
(∣
∣〈A2 k̂τ , k̂τ 〉∣∣r τ ‖Ak̂τ ‖r‖A∗k̂τ ‖r

)

+ ‖Ak̂τ ‖r‖A∗k̂τ ‖r
]

≤ 1

2

[ (

berr (A2) σ ‖Ak̂τ ‖r‖A∗k̂τ ‖r
)

ρ
(

berr (A2) τ ‖Ak̂τ ‖r‖A∗k̂τ ‖r
)

+ ‖Ak̂τ ‖r‖A∗k̂τ ‖r
]

≤ 1

2

⎡

⎢
⎣

⎛

⎜
⎝berr (A2) σ

∥
∥
∥|A|2 + |A∗|2

∥
∥
∥

r

ber
2r

⎞

⎟
⎠ ρ

⎛

⎜
⎝berr (A2) τ

∥
∥
∥|A|2 + |A∗|2

∥
∥
∥

r

ber
2r

⎞

⎟
⎠+

∥
∥
∥|A|2 + |A∗|2

∥
∥
∥

r

ber
2r

⎤

⎥
⎦

(by the first inequality in(2.2))

Taking the supremum over all k̂τ ∈ H , we get the first inequality. For the second inequality,
we have

≤ 1

2

⎡

⎢
⎣

⎛

⎜
⎝berr (A2) σ

∥
∥
∥|A|2 + |A∗|2

∥
∥
∥

r

ber
2r

⎞

⎟
⎠ ρ

⎛

⎜
⎝berr (A2) τ

∥
∥
∥|A|2 + |A∗|2

∥
∥
∥

r

ber
2r

⎞

⎟
⎠+

∥
∥
∥|A|2 + |A∗|2

∥
∥
∥

r

ber
2r

⎤

⎥
⎦

≤ 1

2

⎡

⎢
⎣

⎛

⎜
⎝berr (A2) σ

∥
∥
∥|A|2r + |A∗|2r

∥
∥
∥
ber

2

⎞

⎟
⎠ ρ

⎛

⎜
⎝berr (A2) τ

∥
∥
∥|A|2r + |A∗|2r

∥
∥
∥
ber

2

⎞

⎟
⎠+

∥
∥
∥|A|2r + |A∗|2r

∥
∥
∥
ber

2

⎤

⎥
⎦

(by the second inequality in(2.2))

≤ 1

2

[

⎛

⎜
⎝

∥
∥
∥|A|2r + |A∗|2r

∥
∥
∥
ber

2
σ

∥
∥
∥|A|2r + |A∗|2r

∥
∥
∥
ber

2

⎞

⎟
⎠ ρ

⎛

⎜
⎝

∥
∥
∥|A|2r + |A∗|2r

∥
∥
∥
ber

2
τ

∥
∥
∥|A|2r + |A∗|2r

∥
∥
∥
ber

2

⎞

⎟
⎠

+
∥
∥
∥|A|2r + |A∗|2r

∥
∥
∥
ber

2

]

(by the inequality(1.8))

= 1

2

∥
∥
∥|A|2r + |A∗|2r

∥
∥
∥
ber

(by the properties of means),

as required. ��
Theorem 2.15, for r = 1, yields a refinement of of Proposition 2.3(1) as follows.

Corollary 2.16 Let A ∈ L (H ). Then

ber2(A) ≤ 1

2μ+1 p
ber(1−μ)(A2)

∥
∥
∥|A|2 + |A∗|2

∥
∥
∥

μ

ber
+ 1

22−ν p
berν (A2)

∥
∥
∥|A|2 + |A∗|2

∥
∥
∥

1−ν

ber
+ 1

4

∥
∥
∥|A|2 + |A∗|2

∥
∥
∥
ber

≤ 1

2

∥
∥
∥|A|2 + |A∗|2

∥
∥
∥
ber

for μ, ν ∈ [0, 1] and p, q > 0 with 1
p + 1

q = 1.
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Proof Assume that μ, ν, s ∈ [0, 1] and p, q > 0 with 1
p + 1

q = 1. The inequalities follows
from Theorem 2.15 for σ = 	ν , ρ = ∇ 1

q
, and τ = 	μ. ��

Remark 2.17 If f is an increasing function on [0,∞), then by using the inequality (1.8) for
r = 1, we have

f
(

ber(A∗B)
) ≤ f

(∥
∥ |A|2 + |B|2∥∥ber

2

)

for all A, B ∈ L (H ). (2.5)

Now, if we replace
∣
∣〈x, y〉∣∣r by f

(

ber(A∗B)
)

and ‖x‖‖y‖r by f

(∥
∥ |A|2+|B|2∥∥ber

2

)

in the

inequalities (1.4), then we get

f
(

ber(A∗B)
)

≤
⎡

⎢
⎣ f
(

ber(A∗B)
)

σ f

⎛

⎜
⎝

∥
∥
∥ |A|2 + |B|2

∥
∥
∥
ber

2

⎞

⎟
⎠

⎤

⎥
⎦ ρ

⎡

⎢
⎣ f
(

ber(A∗B)
)

τ f

⎛

⎜
⎝

∥
∥
∥ |A|2 + |B|2

∥
∥
∥
ber

2

⎞

⎟
⎠

⎤

⎥
⎦

≤ f

⎛

⎜
⎝

∥
∥
∥ |A|2 + |B|2

∥
∥
∥
ber

2

⎞

⎟
⎠

for all three arbitrary means σ, τ, ρ and operators A, B ∈ L (H ). These inequalities contain
other refinements and generalizations of the inequality (1.8) for r = 1.

Remark 2.18 Let f be a continuous real valued function defined on [0,∞). If f is increasing
and convex, then Proportion 2.3(4) can be extended to

f (‖A‖ber) ≤ ‖ f (A)‖ber
for all positive operators A ∈ L (H ). Moreover if f is operator convex on [0,∞),
Proposition 2.3(2) can be extended to

∥
∥
∥
∥
f

(
A + B

2

)∥
∥
∥
∥
ber

≤
∥
∥
∥
∥

f (A) + (B)

2

∥
∥
∥
∥
ber

for all positive operators A, B ∈ L (H ). Now, if f is operator convex and increasing on
[0,∞), then we have

f

(∥
∥
∥
∥

A + B

2

∥
∥
∥
∥
ber

)

≤
∥
∥
∥
∥

f (A) + (B)

2

∥
∥
∥
∥
ber

for all positive operators A, B ∈ L (H ).
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