Sociedad
Bol. Soc. Mat. Mex. (2024) 30:57 Matemitica
https://doi.org/10.1007/s40590-024-00631-6 Mexicana
ORIGINAL ARTICLE ")

Check for
updates

A generalization of the Davis-Wielandt radius for operators

Mohammad W. Alomari' @ - Mojtaba Bakherad? - Monire Hajmohamadi?

Received: 8 February 2024 / Accepted: 14 May 2024
© The Author(s) 2024

Abstract

In this work, we define a generalization of the Davis—Wielandt radius of Hilbert space
operators for an arbitrary norm and obtain some applications for Hilbert—Schmidt
numerical radius inequalities. For an operator T € £ (J¢), the Davis—Wielandt radius
is defined as

dwy (T) = sup \/NZ (R (e9T)) + N* (R (e|T])).
PeR

Using the generalization of the Davis—Wielandt radius, we present some properties of
dwy (-) and show several lower and upper bounds for dwy (-). Moreover, we obtain
some results for the Hilbert—Schmidt Davis—Wielandt radius inequalities.

Keywords Davis—Wielandt radius - Hilbert—Schmidt operator - Numerical radius -
Weakly unitarily invariant - Schatten p-class
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1 Introduction

Let % (7¢) denote the C*-algebra of all bounded linear operators on a complex
separable Hilbert space ¢ with an inner product (-, -) and the corresponding norm
I - |I. In the case when dimsZ = n, we identify % (s¢) with the matrix algebra
M, (C) of all n x n matrices with entries in the complex field. For T € £ (),
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let T = R(T) + i3I(T) be the Cartesian decomposition of 7', where the Hermitian
matrices R(T') = T+TT* and J(T) = TgiT* are called the real and imaginary parts of
T, respectively. For any compact operator T € & (J7), let s1(T), s2(T), ... be the
singular values of 7. We say that T belongs to the set of Schatten p-class C,,(J) (p >

Dif T, = (Zf’ilsi(T)”)% = (tr|T|1’)% < 0o, where in |T| = (T*T)%. In
particular, as p = 2, T belongs to the set of the Hilbert—Schmidt operators C, (),
ie., |T], = (tr T*T)l/ 2 < 0. These norms are the unitarily invariant, that is, for
everyT € C,(J) (p = 1)andunitariesU, V € B (), wehave [UT V|, = IT|l,.
Also,if T € Cp(57), then T* € C,(J) and ||T ||, = IIT*|lp.

For a bounded linear operator T on a Hilbert space .77, the numerical range W (T)
is the image of the unit sphere of .72 under the quadratic form x — (7T x, x) associated
with the operator. More precisely

WA(T) ={{Tx,x):x € A, |x|| =1}.
Also, the numerical radius is defined by

w(T) =sup{|A|: L € W(T)} = sup (Tx,x)|.
[lxlI=1

We recall that the usual operator norm of an operator 7 is defined by
ITI =sup{lITx|l:x € H,|xll=1}.
In [30], the author showed that

w (T) = sup |RE"T)],
R

which is equivalent to the above definition. Several properties and generalizations of
the numerical radius have been given; see [4, 5, 9, 18, 19, 21, 31, 32].

One of the most interesting generalizations of a numerical range is the Davis—
Wielandt shell, which is defined as

DW (S) = {({(Sx, x), (Sx, Sx)),x € A2, ||x|| =1}

for any S € % (). Clearly, the projection of the set DW (S) on the first coordinate
is W (S).

The Davis—Wielandt shell and its radius were introduced and described first by
Davis in [14] and [15] and Wielandt [29]. In fact, the Davis—Wielandt shell DW (S)
gives more information about the operator S and W (S). For instance, in the finite-
dimensional case, Li and Poon proved [23] (see also [24]) that the geometrical shape of
their Davis—Wielandt shells can completely determine the normal property of Hilbert
space operators, namely, S € 9, ., (C) is normal if and only if DW (S§) is a polyhe-
dronin C x R identified with R3. Moreover, in the finite-dimensional case, the spectrum
of an operator S; sp (S) is finite and DW (S§) is always closed; cf [23, Theorem 2.3].
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These conditions are no longer equivalent for an infinite-dimensional operator S; cf
[23, Example 2.5].
In [28], Lins et al. proved that if § € 9%, (C) is normal, then DW (S) is the

convex hull of the points (Re (Aj) ,Im (Aj), Aj‘z) (j=1,---,n),forx; €sp(S).

Moreover, each point (Re (A j) ,Im (A j) s |Aj |2> is an extreme point of DW (S§). In

particular case, if n = 2 ie., § = |:CCZ Z:| has eigenvalues A1, Ap, then DW (S)

degenerates to the line segment joining the points (M, [A1 |2) and (kz, %) |2). So that
dim DW (S) < 1. In fact, the condition dim (DW (S)) < 1 holds if and only if
S is normal, with at most two distinct eigenvalues. Otherwise, DW (S) is an ellip-

soid (without its interior) centered at (Mz;“, %tr (IS Iz)). Also, it was proved that

if dim (DW (S)) > 2, then DW (S) is always convex. A complete description of
DW (S) for a quadratic operator S was given in [24]. For more details, see also [25],
[26] and [28].

In [29], Wielandt showed that the Davis—Wielandt shell is a useful tool for charac-
terizing the eigenvalues of matrices in the set

(U*TU + V*SV : U,V € M, are unitary}

for given T', S € My xn-
The Davis—Wielandt radius of § € % () is defined as

dw (S) = sup {\/|(Sx,x)|2 + ||Sx||4}.

xeH
llxll=1

One can easily check that dw (S) is unitarily invariant, but it does not define a norm
on % (7). However, it can be represented as a special case of the Euclidean operator
radius as proved in [6].

As a direct consequence, one can easily observe that

max {w (S, IISIIZ} <dw (S) < /w2 (S) +IIS]* (1.1)

for all S € & (). The inequalities are sharp.

In their recent elegant work [34], Zamani and Shebrawi proved several inequalities
involving the Davis—Wielandt radius and the numerical radii of Hilbert space operators.
Among others, they showed that

dw ($) = Jw (IS1* +1SP) + 22 (1512 5).

Other interesting results were given in the same work [34], and have been discussed
and (in some cases) improved by Bhunia et al. [11], and among others, they showed
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that

dw? () < ISP + Is1*

)

and
dw? (S) < %w (s2 n ||S||2) n Hs‘*” .

An important property regarding the Davis—Wielandt radius of summand of two oper-
ators was also presented in [11], as follows:

dw (S1 + $2) < dw (S)) +dw ($2) +dw (572 + S351) (1.2)

for all Sy, Sy € % (7). Based on that, an upper bound for the Davis—Wielandt radius
of 2 x 2 off-diagonal operator matrix was given as follows:

0A /1 5 \/172
dw ([B 0]) < 1Al 7 +1AIT+ 1Bl 5 +1B1% (1.3)

In [6], the first author of this paper proved that dw (S) = +/2w (S) if and only if S is
a self-adjoint idempotent operator. Moreover, it has been shown that

1 1
7 sP+ st + 2158 < aw s < 3 |15+ [s7F +2151%)

For more details and new results concerning the Davis—Wielandt shell and the
Davis—Wielandt radius of an operator, we refer the reader to [6], [12], [13], [16],
[23]-[28], and [33].

2 A generalization of the Davis-Wielandt radius

A function N : % () — R7T is called a norm if, for all S, T € £ (4#) and all
a € C, it satisfies the following axioms:

(1) N(T) >0,and N (T) =0ifand only if T = 0.

(2) N (@T) = |a|N (T).

B NT+S)=NT)+N(.

Moreover, we say a norm N (-) is an algebra norm if N (T'S) < N (T) N (S). The
norm N (-) is aself-adjointnormif N (T) = N (T*) forall T € A (). Anorm N (-)
is weakly unitarily invariant, if we have N (U*TU) = N (T) forevery T € B ()
and every unitary U € & (J¢).

Lemma1 [1] Let N (-) be a norm on B (3#). The function wy : B (H#) — R
defined by

wy (T) = sup N(R(E’T)) 2.1
0eR
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is a norm on B (). Moreover, the following properties hold:

(1) The norm wy (-) is self-adjoint.
(2) If the norm N (-) is weakly unitarily invariant, then so is wy (-).

Another definition of wy (-) is wy (T) = sup N (@RT + B3IT) which is equiv-

aZ+p2=1
alent to (2.1). Utilizing the definition of wy (-) for anorm N (-) on A (J¢), we have

1 1
5 max {N(T),N(T*)} <wny (T) < 5 (N(T)+ N (T"))
forall T € A (). In particular, if N (-) is self-adjoint, then
1
EN(T) <wy(T)<N(T) forT € B(H).

Moreover, if T is self-adjoint, then wy (T) = N (T'). In fact

wy (T) = sup N(R(€?T)) = sup N(T R(e'?)) = N(T).
6eR feR

For further information about wy (-), we refer the reader to [2, 9, 31] and references
therein.
For anormon T € % (57), the Davis—Wielandt shell is defined as

DWy (T) = {(N(i)%(eieT)), Nz(m(e""|T|))) S he R}.

Applying the above term, we have the following definition: a generalization of the
Davis—Wielandt radius.

Definition 1 Let N (-) be anorm on & (). The function dwy () : & () — RT
is defined as

dwy (T)= sup [A]=sup \/Nz(?’t(eieT)) + N4(R(?|T)))
AeDWn(T) 0eR

forevery T € B (H).

Moreover, we define the set

AGB () = {N () : N () isanalgebranorm and N (T) = N (|T|) forallT €
B .

The operator norm and the p-Schatten norms belong to the set AGB (7). More-
over, if N(-) is a self-adjoint algebra norm, such that N(U) < 1 for every partial
isometry U € B (J), thenforall T € A (), wehave N(T) = N(|T|). Therefore,
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N(-) belongs to AGB (7). In fact, for a self-adjoint algebra norm N (-) that has the
property N(U) < 1 for all partial isometry U € % (%), we have

N(T)=NUIT|) = NU)N(T|) = N(IT])
= N(ITU*) < N(T)N(U™) = N(T)N(U) = N(T),

where T = U|T| is the polar decomposition of 7. Hence, N(T) = N(|T|).
Moreover, for T € M;(C), we define the maximum norm || 7' || max = 2 max; ; |a;;|.
Then, for T = |:2 ) ] , we have |T| = %7 %5 , T lmax = 4 and || [T |lmax =

34/2. Hence, the algebra norm || - ||max does not belong to AG M, (C).

In this paper, using the generalization of the Davis—Wielandt radius, we present
some properties of dwy (-) and show several lower and upper bounds for dwy (-).
Moreover, we obtain some results for the Hilbert—Schmidt Davis—Wielandt radius
inequalities.

3 Some properties of a generalization of the Davis-Wielandt radius

In this section, we prove some properties of the generalization of the Davis—Wielandt
radius for operators. The Davis—Wielandt radius for operators is not a norm in general,
but it has the following property.

Proposition 1 If N (-) is weakly unitarily invariant norm, then dwy (-) is weakly uni-
tarily invariant, that is

dwy (U*TU) = dwy (T)

forall T,U € B (), where U is unitary.

Proof Assume that N (-) is weakly unitarily invariant and U € % () is unitary.
Then

dwy (U*TU) = sup \/NZ (R (PU*TU)) + N* (R (P U*|T|U))

= sup \/N2 (UR (eT)U) + N* (U*R (e T|) U)
feR

= sup \/Nz (R (e?T)) + N* (R (e??|T]))  (by the assumption)

as required. O

Theorem 1 Assume that N (-) € AGB (). Then, dwy (-) is convex, that is
dwy@S+ (1 —a)T) < adwy(S) + (1 —a)dwy(T)

W Birkhauser
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forall S, T € B () and a € [0, 1].

Proof Let S, T € % () and o € [0, 1]. Then, by the properties of N(-) and the
convexity of the function f(x) = x2, we have

N(RE" @S + (1 —a)T)) = N(R(E"aS) + RE (1 —a)T))
<aN(RE“9))+ 1 -a)NREIT)), @)

and

N2(REaS + (1 —a)T]) = |cos 0> N*(laS + (1 — a)T|)
= |cosO* N (@S + (1 —a)T))
< 1cosO)2(@N(S) + (1 —a)N(T))?
= | cos B> N2(S) + (1 — )| cos > N?(T)
< aN*RE"|SD) + (1 —a)N*RE?|T]). (3.2)

Moreover, the Minkowski inequality says that

\/(X +5)2+(+2?2< \/x2 +y2 4524272 forallx,y,s,zeR. (3.3)

Hence, for X = aS + (1 — )T, we have

dwy () = sup {| (VR X)), N2 X1 ) |

< sup || (aN (RE?$)) + (1 — )N (RT))
0eR
N2 RES)) + (1 - N2 @R E T ) ||
(by inequalities(3.1) and (3.2))

< sup {a‘ (N(%(eiGS)), Nz(m(ef9|5|))) ]}
0eR
+sup (1= o (VR T). N 71 ) ]
(by inequality(3.3))

~ % ek (‘ (N®RE$), N3 E5))) D

(1 —a)sup (| (v, N2 @i |)

=adwy(S) + (1 —a)dwy(T),
as required. o

) Birkhauser
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Corollary 1 Let N (-) € AGB (). Then

dwy(T) + dwy (S) S+T
(PR —au (557))

<1 —=2dwn(T)+ rdwn(S) —dwyAS + (1 —1)T)

o7 (dwN(T) erdwN(S) —dw;&%)) ,

for S, T € B (), » € [0,1], v =min{Ar, 1 — A} and T = max{r, 1 —A}.

Proof Using [20, Theorem 1], we have

0 1 !
- [(M) _g <_>} < (1—1)g(0) +rg(1) — g(b)

2 2
<27 [(g(0)+g(l)> g<1>]
- 2 2

in which A € [0, 1], v = min{A, 1 — A} and Y = max{X, 1 — A}. Since the function
g(®) =dwy (S + (1 —t)T) is convex on the interval [0, 1], we obtain

dwyn(T) +dwy(S) S+T
2v< > —dwN< > ))

< (1 —=MNdwy(T)+ rxdwyn(S) —dwyAS+ (1 —-MT)
oy (dwN(T) +dwy(S) dwN(S ; T)) ,

2
where A € [0, 1], v = min{A, 1 — A} and ¥ = max{A, 1 — A}. O

In the following theorem, we show an estimation for dwy (-).

Theorem 2 Let N () be a norm of % (). Then

max {w (1), w} (7D < dwy (1) < \Jw} (1) +w (7))

forevery T € B ().

Proof From Definition 1, we have

dwy (T) = sup \/NZ (R (eT)) + N* (R (e?|T1))

feR
< \/sup N2 (R (eT)) + sup N* (R (e/|T]))
feR feR

< \/sup N2 (R (e1T)) + sup | cos O]*N* (|T|)
feR feR

W Birkhauser
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< \Jwd (1) + N+ (7))

= \/ wX (T) +w$, (IT])  (since |T| is self-adjoint).

Moreover, we have

dwy (T) = sup \[N? (R (T)) + N* (R (e|71))
feR

= sup /N2 (3 (7))

6eR
=wy (T), (By Def. of wy (-))

and

dwy (T) = sup \/NZ (R (efT)) + N* (R (e T]))
0eR

> sup \/ N* (R (¢!?|T]))

0eR
=wy (T .

Thus, the above two inequalities implies that dwy (T) > max {wy (T), w3, (IT D}
and this completes the proof of the theorem. O

Theorem3 Let T € % () and N () be a norm. Then

1 1
dwy (T)Z\/A—LN2 (T)+§N4(IT|)- 34

Proof 1Tt is easy to see that, since

dwy (T) = sup \/N2 (R (eT)) + N* (R (7))
feR

> /N2 (R (7)) + N* (R (e71)

forevery 6 € R, and by setting # = 0 and 6 = 7 in the above inequality, respectively,
we get

dwy (T) = VN2 (R (T)) + N*(R(T]) and dwy (T)
> VN2 (3 (T)) + N* (3 (IT))).

Now, using the elementary inequalities N* (T) < 2 (N2 (R (T)) + N2 (3 (T))), for
any norm N (-), we have

) Birkhauser
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2dw} (T) = N> (R(T)) + N* R (IT]) + N? (3 (1)) + N* (3 (IT])
= N? (R (1)) + N* (3 (1) + N* R (IT]) + N* (3 (IT]))
> %NZ OR(T) i3 (T) + %N“ Re (T + i3 (T])
— 2N (R (T N* (3 (IT]))
1 2 1 4 2 2 i~
= SN2 (T) + N (T = 2N R AT N* (3 (T)

2

1, 1, .
=§N (T)+ZN (T1) (since N (I(IT])) = 0),

which implies that

1 1
dwy (T) = \/ZNZ (T) + §N4 (T,

and this proves the desired inequality. O

Utilizing Theorem 3, the next result holds true for the usual operator norm.

Corollary2 Let T € A (7). Then

[ B
dw (T) = ZIITII +§|IT||- (3.5

Theorem4 Let T € () and N (-) be a norm on B (). Then

dwn(T) < inf \/Nz(i)%(ei‘/’T)) + N2(3(VT)) + N* (R |T))).
YeR

Proof Note that for ¢ € R, we have

dwy(9T) = sup \/N? (REEHOT)) + N* (R(e!©+9)|T)))
0eR

= sup \/Nz (R (e'VT))+ N* (R (eVIT])), (since ¥ =60 + ¢)

=dwy(T).
However, since

VT 4 e VT

N@RE?T) =N ( 5

) = N (cos ¥ R(T) + sin ¢ J(T)),

and using the fact that wy (T) = sup N (@RT + B3IT). Hence,
0{2+,32=l

W Birkhauser
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dw3, (T) = dw (e"*T)

— sup |N? (ai)%(ei'/’ T)+ﬁ?s(ei‘”T))+N4 (ozi)%(ei'/’|T|)+ﬂj;“s(ei"'|T|)>]
o?4+p2=1 "

—  sup (N(am(e“”T)) +NBIEY T))>2 + N (a%(ei‘”|T|))i|
a?+p2=1L

i . . 2 .
= swp | (leINERET) + BINGET)) +N4(a9%<e’*’f|r|))]
Olz+/32:1 L

IA

sup [ (@487 (NAREV T+ N QET))) + N @RE |T)) ]
th+ﬂ2=1
(by the Cauchy—Schwarz inequality)

= N2REVT)) + N> (3 T)) + N*REV|T))),

whence

dwn(T) < inf [N2REVT)) + N2QEVT) + N4 (Reei? 7).

O
Using the definition of dwy (+), we have
max {\/w%@%m) +wh (). Jwd (3(1) + w (|T|>} < dwy(T)
for T € % (7).
An upper bound for dwy (-) has been derived in the subsequent result.
Corollary3 Let T € B () and N (-) be a norm on B (F). Then
dwy(T) < \/wmmm) +wi (3(T) +wy (IT)D.
Proof 1t follows from SR(T') and J(T') are self-adjoint that:
dwy(T) = inf \[N2REVT)) + NQEVT) + N (REVIT)
€
< VN2(R(T)) + N2(3(T)) + N* (R(IT)))
— Jwd AT + wd (3(T) + w (7)),
and this completes the proof. O

) Birkhauser
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4 Hilbert-Schmidt Davis-Wielandt radius inequalities

In this section, we obtain some inequalities involving the Hilbert—Schmidt Davis—
Wielandt radius inequalities. When N () is the Hilbert—-Schmidt norm ||-]|,, the
Hilbert—Schmidt Davis—Wielandt radius dwy (-) is denoted by dw> (-), which is

(1) = sup 38 (€7) -+ |8 (17
€

In the following theorem, we have an upper bound for dw> ().

Theorem5 Let T € Cyp(F). Then

T3 + |t (T2) |
dwy (T) < /Zf() + T3

Proof 1Tt follows from [1, Theorem 7]:

wy (T) := sup ”ER (e’PT)H2 = %,/ ITI3 + | tr (1)1,

6eR

and since |T'| is self-adjoint, it follows that wy (|T|) = ||IT||l2 = |T||2. Thus

s (1) = sup |37 [+ |8 (e 7

< \/sup |9 (e7)|5 + sup | % (171)] 5
6eR 6eR

= Jwd (1) +wh (7))

:\/||T||§+|tr(T2)|

2

4
+ 713,

and this proves the desired result. O

In the next result, we obtain a lower bound for dw> (-) by applying Theorem 3.

Corollary 4 If T € Cy(37), then

1 1
3 1T 154/ +3 ITI3 < dw, (T). “.1)

Proof Inequality (4.1) directly follows from Theorem 3. O

From this standpoint, it is of interest to formally define the upper extremity of the
radius, termed as the proximal extremity, within the context of the Hilbert—Schmidt

W Birkhauser
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Davis—Wielandt radius dw, (-). This definition is considered as follows:

o T3+ |t (T2
dwy(T) = \/ M + T3 (4.2)

forevery T € % (), then we have the following result:
Theorem 6 If T € Cy(F7), then

1 _
||T||2,/5 + T35 < dwa (T) < [ Tllay/1+ T3 (4.3)

Proof The first inequality is obvious, since

S T3+ |tr (T2) IT 113
dw; (T) = \/Zf() HITI3 = /= 2 4T3

The second inequality follows from (4.2), and this fact that | tr (T2) | < |IT ||%. O

In the following result, we state necessary and sufficient conditions for the equality
cases in (4.3).

Corollary 5 Assume T € Co(F7) is nonzero. Then

(1) dwy (T) = Tlla/5 + IIT113 if and only if tr (T?)=0.
(2) dwy (T) = ||Tl2+/1+ ||T||% if and only if T is normal and the squares of its

nonzero eigenvalues have the same argument.

Proof (1) It follows directly from (4.2).
(2) The proof is similar to the statements expressed from [1, Corollary 2].
O

Remark 1 With a glance at Corollary 4 and Theorem 6, for any T € Cp(J7), the
following sequence of inequalities holds:

1 1
3 ITl2/1+ 3 T3 < dw, (T)

<dw; (T)
<|ITlay/ 1+ T3

In the following, we want to give inequalities for dw, of 2 x 2 operators matrices
defined on .77 @ 7.

Theorem7 Let T, S € Co(F). Then

) Birkhauser
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— ([T 0] ) -
(a) dwz( oS )5\/dw§ (T) +dw3 () +2ITIZ1S15.

In particular, if T, S is self-adjoint, then

—  (TTO0T —

dwz( 0s >=\/dw%(T>+dw§ ($) +21ITI3 115
— ([T 5] —

() dw2< 00 )f\/dw% (T) + L ISIB + 1S4 + 21T 13 1513

Proof To prove part (a), by (4.2), we have

— TTo Lfrol|* 1 707 ol
aws([520) = 3105 w2l (2D < el
Since
2
TO _ 2 2
and
2
TO . 2 2 2 2
tr([os]) _|tr(T>+tr(S)|§|tr<T)|+|tr(S)|,
we have

(s 5))

= \/% (ITIB+ 1S13) + 5 (1 (72) 1+ 11 (82) ) + (IT13 + 13)°
1

1
= \/5 (1713 + 1S13) + 5 (| (72) [+ 1t (S2)]) + UT N5+ 1SI3 + 20T U3 1813

— Jawd (1) + dwk () + 2 ITI3 ISIE.

Thus, (a) is established. In particular, since T, S are self-adjoint, it follows that T2, §2
are positive. Therefore

() () = o () o5

Hence, the desired particular case is obtained. For part (b), we note that

2 2
TSP n e ST\ /s
H[O 0} =ITIE+ISIE and tr([o 0} ) _tr(T )

W Birkhauser
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Thus

([53))

IA

1 1
\/5 (17113 + 11S113) + 5 i (T2) |+ (IT12 + 1S13)°

1 1
= \/E (17113 + 11S113) + 5 tr (T2) [+ IT15+ ISI5 + 21713 11513

— 1
= \/dwg () + 3 IS5+ ISI5 + 21T 15 11513,

and the proof is completely established as required. O

Theorem 8 Let A, B, C, D € Cy(F). Then

dw%([c DD < dwj (A) +dwj (D) + B3 +ICI3+2AIZ D3 (44)

2
+ (1813 + 1c13)” + 2 (141 + 1013) (1813 + 1€13)

A B

Proof Let T = [C D

j|. Then, by [3, Theorem 2], we have

dw3 (T) = w} (T) +IT|3
< w3 (A) + w3 (D) + I1BI3 + ICI3 + (NAI3 + 1BIE + ICI3 + ||D||%)2
w3 (A) + Al + w3 (D) + D3 + | BII3 + ICII5 + 2 [ AlI3 |1 D13
+ (1B +1C12) +2 (1413 + 1012) (1813 + 1€13)
dw3 (A) +dw3 (D) + IBI3 + ICII3 + 2 1413 1 D113

2
+ (1813 +1C13) +2 (1413 +1013) (1813 + 1€13)

which completes the proof of the theorem 8. O

Remark 2 By putting B = C = 0 in Theorem 8, we get

dw3 ([0 DD < \/dwg (A) +dw3 (D) +2]|Al3 |1 DII3.

In particular

M([g‘ 2]) < V2 \du3 () + 1AL
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Similarly, by putting A = D = 0 in Theorem 8, we get

M([COD < VIBIZ+1CI3 + (IBI + ICI3)’.

Also, for C = B and D = A in Theorem 8, we have

#([54))

< \/dwﬁ (A) +dw3 (A) + 2[|BII5 (1 + 2 1I1BI3) + 2 | AlI5 (IAll5 + 4 1 B13).

In particular

m([g OD < V2 1Bl 1 +21BIE

A particular and interesting case of dwy is when N(-) = || - [ ,(1 < p < 00). In this
case for T e C, (), we have

dw, (T) = sup \/||9% (€T)I3 + IR (e T1)[14. (4.5)
6eR

Using Theorem 2, we have the following inequality:

max {w, (T), IT12} < dw, (T) = \Jw (1) + 1T, (4.6)

It is worth mentioning that the Davis—Wielandt radius dw, was extensively studied

and defined in [6]. However, it is important to recognize that this was done using a
different context and approach. Other closely related results concerning w, (-) have
been considered in [10] and [17]

Remark 3 Note that using the classical McCarthy—Clarkson inequality for C,(J¢),
forany 6 € Rand any 1 < p < 2, we have [22]

PTG < 22(IREOTIL + 13 THIIH < 27T wh(T).

Therefore, for p = 2, we have an upper bound for dw, (T) = /w%, (T) + ||T||}‘7 as
follows:
dwy(T) < wa(T)y/1 + 4w3(T).

For more recent inequalities involving Clarkson’s inequality, see [7] and [8].
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Remark 4 Finally, it is imperative to draw the reader’s focus toward the potential
expansion of the ideas presented in this work within a broader framework of complex
linear spaces, characterized by the presence of a Hermitian sesquilinear form denoted
as [+, -]. By exploring these concepts in such a setting, we can delve deeper into
their applicability and uncover new insights that transcend the confines of our current
discussion.
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