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for prediction of fracture energy of concrete 

Iman Afshoon, Mahmoud Miri *, Seyed Roohollah Mousavi 
Civil Engineering Department, University of Sistan and Baluchestan, Zahedan, Iran   

A R T I C L E  I N F O   

Keywords: 
Fracture energy 
Prediction model 
Concrete 
Kriging method 
U-learning function 
K-means clustering 

A B S T R A C T   

In this study, a combination of Kriging surrogate method with U-learning function and K-means clustering were 
used to predict the concrete fracture energy (as an output parameter) based on previous experimental data sets 
including compressive strength, maximum aggregate size and the water to cement ratio (as the input parame
ters). Therefore a collection of 246 data series obtained from previous studies was collected. The strength, ac
curacy, and efficiency of the proposed models were examined by selecting 10%, 30%, and 50% of the data for 
learning, and the results were compared with the previous equations. The results show that combining the 
Kriging method with the U-learning function in the work of fracture method (WFM) will increase the predictive 
power of fracture energy compared to basic Kriging and K-means clustering methods, and the previous re
lationships. However, the size effect method (SEM), the models created using K-means and 50% of the data has 
led to better forecasting results than other models. The value of the correlation coefficient (R2) of the proposed 
Kriging combination models and previous existing relationships are in the range of 0.59–0.95 and 0.14–0.69, 
respectively. The results show that the combination of the Kriging method, the U-learning function, and K-means 
clustering will reduce the time and cost of the experiments, as well as increasing the accuracy of concrete fracture 
energy prediction results using a small number of previous experimental data.   

1. Introduction 

The growth and expansion of micro-cracks and their transformation 
into large and continuous cracks will lead to the fracture of concrete [1]. 
Investigating the solutions to prevent and control the growth of 
micro-cracks in concrete elements increases safety and reduces the 
economic losses and casualties caused by the fracture and collapse [2]. 
As micro-cracks cover a large area and prevent the rapid expansion of 
cracks, structural engineers consider the size effect parameter (fracture 
energy (Gf) (initial fracture energy)) to examine the impact of the 
member’s dimensions on its ultimate strength [3]. Therefore, when the 
purpose is to examine the performance of the real elements using 
small-scale samples in a laboratory, the significance of the size effect 
concept becomes more apparent. In addition, the classification of ma
terials (brittle, quasi-brittle, and elastic-plastic) and the determination 
of their linear or nonlinear performance in structures are based on the 
size and recognition of the fracture process zone (FPZ) at the end of the 
crack [4,5]. To study the fracture parameters of different materials, use 
can be made of the size effect method [4,6], work fracture method [4,7], 

crack band method [8], effective crack method [9], two parameter 
model [10], cohesive crack method or fictitious crack method [11,12], 
double-G fracture method [13], KR-curve method [14,15], double-K 
fracture method [16–19], boundary effect method and simplified 
boundary effect method [20,21]. 

In calculating the size effect fracture energy (Gf), the test specimens 
have the same geometry (shape), but vary in size. For this reason, the 
fracture energy calculated in size effect method (SEM) does not depend 
on the size, shape and geometry of the samples. As the maximum applied 
load and the area under the load-displacement graph before the 
maximum load is used to calculate the Gf, it is called the initial fracture 
energy (Fig. 1) [5]. Another method used to study the fracture energy is 
called work fracture method (WFM). In this method, the specific fracture 
energy (GF) is the same energy used to create the unit area of crack. 
Conventional-sized samples are used in WFM to calculate the GF, and the 
amount of the fracture energy depends entirely on the size and shape of 
the samples. In this method the fracture energy will be calculated by 
calculating the total area under the load-displacement diagram (Fig. 1), 
[5]. 
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The fracture energy in WFM is always greater than the fracture en
ergy obtained from SEM [22,23]. There are different points of view to 
the existence or non-existence of a clear relationship between these two 
parameters [24,25]. This difference is caused by various reasons such as 
the size and shape of the samples, how the experiments were performed, 
the distribution and the uncertainty of the fracture energy values ob
tained from the WFM after the maximum load and in the final part of the 
load-displacement diagram compared to the SEM fracture energy [4, 
23]. Bazant and Becq-giradun [24] reported a value of about 2.5 for the 
GF/Gf in typical concrete. While Beygi et al. [10] claimed that for 
self-compacting concrete (SCC), this ratio is 3.11. Ghasemi et al. [27] 
reported GF/Gf ratio for SCC with steel fibers to be 9.66. Researches by 
Kazemi et al. [28] showed that in high-strength concrete with steel fi
bers, the GF/Gf value is approximately equal to 10.5. The WFM method 
yields better fracture energy results than SEM because it considers the 
total area under the load-displacement diagram and the post cracking 
behavior of concrete [4]. Furthermore, the physical sample size is not 
adequate to describe the size effect on the fracture properties observed 
on laboratory-size samples because depending on the relationship be
tween the sample width and the ligament transition length, a boundary 
effect and the size effect can exist [21]. 

Water-to-cement ratio (W/C), aggregate properties, amount and 
characteristics of admixtures, etc. are among the parameters affecting 
crack propagation and accelerating the fracture phenomenon in con
crete [29]. According to research by Wittmann et al. [30], increasing the 
W/C in conventional concrete reduces the fracture energy. Carpinteri 
and Brighenti [31] reported that using the optimal amount of W/C 
generates the maximum fracture energy due to increased quality and 
strength of cement paste, especially in the area of contact with aggre
gates. They believed that this happens because the high strength of the 
cement paste almost prevents the spread of micro-cracks in this area. 
According to the studies by Nallathambi et al. [32], when the amount of 
W/C is high, the expansion and growth of cracks occurs more rapidly. 
Previous studies reported a decrease in fracture energy when W/C is too 
low or too high [26]. However, some researchers have presented 
different results on the relationship between W/C ratio and fracture 
parameters. For example, Mindess et al. [33] and Phillips and Binsheng 
[34] reported that the fracture energy does not change with increasing 
or decreasing the W/C ratio. According to Zhao et al. [35], there is no 
clear and tangible relationship between these two parameters. However, 
Ince and Alyamac [36] used Abrams’ law to confirm the existence of a 
specific relationship between W/C ratio and fracture characteristics. 

Aggregates make up more than 70% of the concrete volume. For this 
reason, the performance and behavior of concrete at different ages are 

strongly influenced by the properties of these materials [37]. Although 
there is no specific relationship between the size of the aggregate and 
fracture toughness [38], increasing the amount and maximum size of 
aggregates (dmax) will have a positive effect on the failure properties 
[39,40]. Many researchers have reported that increasing the maximum 
size of the aggregates increases the fracture energy of concrete [41–43]. 
The studies by Petersson [44] showed that improving the quality and 
strength of the aggregates will have a positive effect on the fracture 
characteristics. Ince and Alyamac [36] reported that when the 
compressive strength of typical concrete (normal vibrating concrete) 
increases, the characteristics of the failure phenomenon such as energy 
and toughness increase. Compressive strength plays an important role in 
increasing fracture energy and toughness of high strength concretes. 
Although increasing the maximum size of the aggregates in this type of 
concrete will increase the compressive strength, unlike ordinary con
cretes, the failure energy of high-strength concretes is more affected by 
the type of aggregates [32–34]. 

Providing prediction models that have the desired strength, accu
racy, and low cost to estimate the various parameters of materials, based 
on existing experimental input and output data sets, has always been 
interesting for researchers. In addition to multiple linear regressions, 
artificial intelligence methods such as artificial neural networks (ANN), 
adaptive neuro-fuzzy inference systems (ANFIS), and fuzzy and neuro- 
fuzzy systems have been used to estimate the complex performance of 
the structural materials [23,45,46]. Some Meta models such as Kriging 
surrogate, response surface methodology, dimension reduction predic
tion, etc. have also been used for this purpose [47–49]. Because concrete 
falls into the category of quasi-brittle materials and has a complex 
nonlinear behavior in fracture, assessment and obtaining an accurate 
fracture behavior model for this material play a key role in for an ideal, 
optimal, and safe design. Due to the cost and time reduction, it is very 
useful to provide an accurate model of failure behavior using existing 
experimental data sets and based on prediction methods and formulas 
[23]. 

2. Significance of the study 

Investigating the concrete characteristics requires time, money, de
signs of experiments (DoE), preparation of materials and testing with 
special equipment at the desired ages. Therefore, the use of solutions 
that prevents or reduces the loss of cost, time and other disadvantages is 
needed in the concrete industry. In addition, human error due to the lack 
of skills and adequate knowledge of basic theories, the poor performance 
of the researcher during the experiment and equipment errors such as 

Fig. 1. Gf and GF in the load-displacement curve [50].  
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lack of proper calibration or burnout will lead to a waste of time and 
money and also unreliable results. On the other hand, it may not be 
possible to perform the test due to the lack of special equipment and 
devices [23]. Therefore, it is very useful to use prediction models to 
determine the parameters of concrete fracture based on available 
experimental data. The use of regression-based methods, presented in 
codes and researches as experimental formulas, cannot accurately 
describe the complex and nonlinear nature of the mechanical properties 
of concrete, especially the fracture energy, based on previous experi
mental data sets [23]. For this reason, the use of regression-based re
lationships cannot fully ensure the user’s satisfaction in predicting the 
fracture parameters [51]. The use of statistical analysis and prediction 
models to estimate the concrete fracture parameters based on 

experimental data sets has been investigated by many researchers 
[36–55]. 

An estimation method with a high accuracy and less required initial 
data set is needed to extract the target function. Among surrogate 
methods, the Kriging method is efficient in problems with a high 
nonlinearity [48]. This is due to the possibility of creating a predictive 
model that has sufficient power to detect the input and output re
lationships between data sets by introducing several points of DoE. In 
general, the selection, finding the appropriate number and the definition 
process of these points by using existing data sets is not easy. In this 
study, a database of 246 data sets was prepared including three input 
parameters (compressive strength, maximum aggregate diameter, and 
water to cement ratio) and one output parameter (fracture energy). 
Then, by combining the Kriging method with the U-learning function 
and K-means clustering and selecting 10%, 30%, and 50% of the avail
able data as design points (learning data), different models of fracture 
energy assessment of concrete are examined. Finally, the results and 
errors of the proposed models are compared with previous relationships. 

3. Existing relationships to predict concrete fracture energy 

Various equations and relationships have been proposed in recent 
decades to estimate the fracture energy of typical concrete using 
regression and the experimental samples. Some of these equations that 
have been used by researchers and codes are shown in Table 1. These 
relationships, which are often based on statistics and regression, are not 
accurate enough. Therefore surrogate methods are needed for more 
accurate assessments. 

4. Kriging method 

The original idea for the Kriging surrogate was developed by Daniel 
Krige and very fast became a common method as a low-cost simulation 
approach [60]. Kriging method is widely used in reliability assessment 
and collapse probability problems. Compared to the other surrogate 
methods, this method is known as an accurate interpolation method and 
the design points predicted by this method are exactly the same as the 
actual output values. The user can also increase the prediction accuracy 
of the Kriging model to the desired level by adding new design points to 
the basic design point sets [61–64]. 

By considering the G(x) response function the basic Kriging model is 
created (Eq. (1)). G(x) consists of two parts and in this equation, the first 
part, F(x.β) and the second part, Z(x) , are the regression model and the 
stochastic process, respectively [61,65,66]: 

G(x)=F(x.β)+ Z(x)= f(x)T β + Z(x) (1)  

where f(x)T
= [f1(x).f2(x).….fm(x)]T and βT = [β1.β2.….βm]

T are basic 
function and corresponding regression coefficient, 
respectively.F(x.β) = F(x.β) + Z(x) is the Gaussian function with an 
average value of zero. Covariance will be presented as Eq. (2). 

Cov(p.r)= σ2R(θ.p.r) (2)  

where σ2 and R(θ.p.r) are process variance and Gaussian correlation 
function between p and r points selected with the θ parameter, respec
tively. In this study, the Gaussian correlation function is used according 
to Eq. (3). 

R(θ.p.r)=
∏c

j=1
exp

[
− θj

(
pj − rj

)2] (3)  

where pj and rj are the j-th member of the p and r points vectors, 
respectively and θj is a scalar that expresses the multiplicative inverse of 
the correlation length in the j-th direction. x = [x(1).x(2).….x(n)]is the 
design points set in which x(i)is the ith design point (leaning data) and 
y = [y1.y2.….yn] is the corresponding response provided using test 

Table 1 
Existing relationships for fracture energy prediction of concrete.  

Ref. Equation detail 

Bazant and 
Becq- 
Giraudon 
[56] 

Gf =

a0

(

fc /0.051

)0.46(

1 + dmax

/11.27

)0.22(
w
/

c
)− 0.3 

GF = 2.5Gf  

Gf = fracture 
energy of SEM 
(

N/m

)

GF = fracture 
energy of WFM 
(

N/m

)

fc = cylinder 
compressive 
strength(MPa)
dmax = maximum 
aggregate 
size(mm)
w
c
= water to 

cement ratio 
a0 = 1 for 
rounded 
aggregate 
a0 = 1.44 for 
crushed 
aggregate  

CEB-90 
[57] GF = (0.0469d2

max − 0.5dmax + 26)
(

fc /10

)0.7  GF = fracture 
energy of WFM 
(

N/m

)

fc = cylinder 
compressive 
strength(MPa)
dmax = maximum 
aggregate 
size(mm)

CEB-2010 
[58] 

GF = 73(fcm)0.18 

fcm = fck + 8  
GF = fracture 
energy of WFM 
(

N/m

)

fcm = mean value 
of cylinder 
compressive 
strength(MPa)
fck = specific 
characteristic 
compressive 
strength(MPa)

JSCE [59] GF = 10(dmax)
0.33

(fc)0.33  GF = fracture 
energy of WFM 
(

N/m

)

fc = cylinder 
compressive 
strength(MPa)
dmax = maximum 
aggregate 
size(mm)
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design. Note that in this method the regression and variance coefficients 
are obtained from Eqs (4) and (5): 

β=
(
1TRT1

)− 11TRTy (4)  

σ2 =
(y − 1β)TR− 1(y − 1β)

k
(5) 

The correlation between design point pairs is shown by Rij =

R(x(i).x(j)). θ can be calculated using maximum likelihood assessment 
according to Eq. (6): 

θ= arg minθ(|R|)
1
kσ2 (6) 

The required predicted response is calculated using Eq. (7). 

G(x)pre = β + r(x)R− 1(y − 1β) (7) 

In which r(x) presents the correlation between design points and x 
(Eq. (8)). 

r(x)=
{

R
(
θ.x.x(1)).R

(
θ.x.x(2)).….R(θ.x.x(n))

}
(8) 

The value of the kriging model variance for the predicted values, 
σ2

pre, can be driven by calculating the minimum mean square errors 
between the existing response, G(x) and the corresponding prediction 
response, G(x)pre, according to Eq. (9). 

σ2
pre = σ2

[
1+ u(x)T ( 1TRT1

)− 1u(x) − r(x)T R− 1r(x)
]

(9)  

where u(x) = 1TR− 1r(x) − 1. 
An optimal number of design points must be used to achieve accurate 

prediction (the actual performance function) using the Kriging method. 
Because, if a small number of design points is used, the accuracy of 
Kriging method will not be acceptable and if a lot of learning points are 
used, the efficiency of this method will be reduced [67,68]. In the basic 
Kriging method, if the number of design points set is large, the learning 

Table 2 
Description of experimental datasets.  

Ref. Specimens 
Number 

fc (MPa) dmax (mm) w/c GF (N/m) Gf (N/m) 

Bazant ZP, Pfeiffer PA 6 29.1–48.4 4.83–12.7 0.5–0.6 – 20.7–40.8 
Carpinteri A 2 12.6–16.3 9.52–19.1 0.5–0.6 – 36.3–49 
Chang T-P, Shieh M-M 2 30.1–33.9 12.7 0.3 – 34.4–37.2 
El-Sayed KM, Guinea GV, Rocco C, Planas J, Elices M 10 43.5–53.5 10–20 0.48 74–141 – 
Gettu R, Bazant ZP, Karr ME 2 32.5–85 9.5–13 0.35–0.6 – 21.4–24 
Hassanzadeh M 24 82–135 16 0.3–0.4 129–201 – 
Hilsdorf HK, Brameshuber W 5 31–35 2–32 0.54 37.6–170 – 
Jenq YS, Shah SP 4 25.2–54.8 4.76–19.1 0.25–0.65 – 21.1–30.1 
John R, Shah SP 1 110 8 0.22 – 80.16 
Karihaloo BL, Nallathambi P 5 26.8–78.2 20 0.2–0.77 – 40–87.8 
Malvar LJ, Warren GE 32 29–58.9 10 0.4–0.6 43.6–92.2 – 
Mindess S 3 48.5 13 0.38 80.6–115 – 
Nallathambi P 36 23.8–44.3 2–20 0.5–0.65 47.2–111 23.4–43 
Petersson P-E 14 19.8–85.9 8–16 0.3–0.7 38.8–123 – 
Shah SP, Ouyang C, Marikunte S, Yang W, Becq-Giraudon E 10 34.5–87.2 4.76–12 0.29–0.4 – 20.6–62.3 
Sok C, Baron J 1 41.3 4.76 0.48 – 62.4 
Strange PC, Bryant AH 3 71.1–73.3 2.36–3 0.33–0.53 – 12.2–19.2 
Tang T, Ouyang C, Shah SP 3 34.5 3–9.5 0.5 – 25.4–28 
Yu BJ, Ansari F 53 3.01–44.6 9.5 0.5 29.8–103 – 
Bharatkumar BH, Raghuprasad BK, Ramachandramurthy DS, Narayanan R, 

Gopalakrishnan S 
8 44.69–69.73 12.5 0.36–0.4 93–127 40.4–46.3 

Ghaemmaghami A, Ghaemian M 5 31.9–42.7 20–65 0.28–0.53 – 72–178 
Tang WC, Lo TY 4 56–89 10–20 0.29–0.48 120–180 – 
Einsfeld RA, Velasco MSL 2 48–49 9.5 0.3–0.34 116–129 – 
Rao GA, Prasad BKR 8 40–75 4.75–20 0.325 76.6–165 – 
Ince R 3 35.3–41.6 4–32 0.6 – 27.3–82.8  

Table 3 
The range of experimental datasets.  

Parameters Unit Min Max Standard deviation 

Inputs fc (MPa) 3.01 135 26.30 
dmax (mm) 2 65 6.68 
w/c  0.2 0.77 0.10 

Outputs GF (N/m) 29.8 201 36.60 
Gf (N/m) 12.2 178 22.81  

Table 4 
Coding of the different Kriging models.  

No. Base Kriging Kriging -U learning function Kriging – K Means clustering 

1 – U-base – – – 
2 Rand-10 U-10 K2-10 K4-10 K6-10 
3 Rand-30 U-30 K2-30 K4-30 K6-30 
4 Rand-50 U-50 K2-50 K4-50 K6-50  

Table 5 
Statistical parameters for prediction of fracture energy of concrete.  

No. Name Abbreviation Equation 

1 Mean squared 
error 

MSE 
MSE =

∑N
1 (RPre − RExp)

2

N  
2 Root-mean-square 

error 
RMSE RMSE =

̅̅̅̅̅̅̅̅̅̅
MSE

√

3 Mean absolute 
error 

MAE 
MAE =

∑N
1
⃒
⃒RPre − RExp

⃒
⃒

N  
4 Sum of squared 

errors 
SSE 

SSE =
∑N

1

⎛

⎜
⎝

RPre

RExp
−

RPre

RExp

⎞

⎟
⎠

2  

5 Correlation 
Coefficient 

R2 

R2 =

[
∑N

1 (RPre − RPre)(RExp − RExp)]
2

∑N
1 (RPre − RPre)

2∑N
1 (RExp − RExp)

2   

6 Standard 
deviation 

SD 

SD =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

∑N
1

⎛

⎜
⎝

RPre

RExp
−

RPre

RExp

⎞

⎟
⎠

2

N − 1

√
√
√
√
√
√
√
√
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data are usually selected randomly from the data set. However, 
achieving the desired accuracy in these models requires increasing the 
number of members of the sample points set (based on DoE), which are 
often added randomly or unconsciously to this set. Adding new sample 
points to the set of design points unconsciously, will not always lead to 
more accurate results. This is because the cost and time of computing 
may increase when more members are in the design points set. 

5. U learning function 

In the past, the proposed Kriging models were presented inactive or 
fixed with the introduction of many points based on DoE concepts [69]. 
But Kriging’s ability to determine the variance of the estimated data 
makes it possible to improve the DoE points with the help of an adaptive 
structure. To increase the accuracy of result prediction, when there is 
data with high variance, that point will be added to the DoE data set 
[48]. It is difficult to achieve the desired level of accuracy and compu
tational costs at the same time in the basic Kriging model. This is because 
the basic Kriging model does not have the ability to detect a sufficient 
number of DoE points (selected by the user) to complete learning and 
have an accurate prediction. The concept of active learning is proposed 
to solve this problem. Using this concept, the data with the ability to 
increase the accuracy and quality of Kriging results are added to the 
system in each stage as new training data so that they can cover more 
limitations and provide the desired level of accuracy and computational 
cost [70,71]. This modeling method is called active learning Kriging 

(ALK). 
The U-learning function is based on the concept of the distance be

tween the estimated values and the actual values, as well as the standard 
deviation of the estimated values. The potential of the desired point that 
must be added in order to correct and improve the DoE points set is 
determined using this learning function [71]. 

This learning function is defined by Eq. (10): 

U(x)=
|RPre|

σRPre

(10)  

where RPre and σRPre are the predicted value and standard deviation of the 
Kriging model. Any point that has a lower U(x) value will be defined as a 
new point that must be added to the DoE points set. The small value of 
the U(x)learning function indicates that either the predictive value is too 
small (RPre →0) or σRPre has a high value. In some cases these two states 
occurred simultaneously [67]. There is a high risk potential and un
certainty for the point with the Kriging model prediction value of zero. 
This point is selected as the new point based on Eq. (11). 

xadd = argmin[U(x)] (11) 

The min[U(x)] ≥ 2 condition must be met to achieve the correct 
precision of the active Kriging model. Because when U(x) = 2 with the 
probability of Φ(2) = 0.977, there will be a true judgment of the desired 
point [72]. 

Fig. 2. Flowchart of the proposed different kriging models.  

I. Afshoon et al.                                                                                                                                                                                                                                 



Journal of Building Engineering 35 (2021) 102050

6

6. K-means clustering 

The unsupervised classification process (clustering) is used to classify 
and place the data with similar characteristics in the same groups [73, 
74]. K-means clustering is widely used for data sets classification in K 
cluster. Despite the simplicity and power of discovering the hidden 
patterns of the data set, as well as the very good convergence rate of 
K-means clustering in achieving the optimal local point, the use of this 
method is limited. These limitations are due to introducing the number 
of clusters (K) before the clustering starts and the random selection of 
cluster centers [74,75]. The steps of data classification using the 
K-means method are as follows:  

1 The user selects the number of clusters.  

2. K points which are actually the centers of the clusters are selected 
randomly.  

3. By comparing the distance of the available data with each of the 
cluster centers, the data are placed in the closest cluster.  

4. The cluster centers are updated according to the mean of the cluster 
centers.  

5. Based on the new center, the data will be classified again. In this case, 
one point may be placed in another new cluster.  

6 Steps 3, 4, and 5 will be repeated until the centers are fixed and the 
clusters converge. 

7. Test data and input and output parameters 

A data set collected by Nikbin et al. [23] where used in this study to 

Fig. 3. Results of base kriging models and experimental Gf and GF.  
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predict the fracture energy of the concrete as an output parameter. A 
total of 246 data series where used. In order to summarize the infor
mation, the values of the input and output parameters are shown as 
domains in Table 2. Table 3 shows the details of each parameter. Many 
researchers have investigated the effects of various parameters such as 
aggregate type, aggregate content, aggregate size distribution, curing 
temperature and conditions, loading rate, high temperature (fire) and 
fracture path on the fracture energy [30,76–81]. But, the input param
eters are selected in such a way that the general characteristics of con
crete are expressed with a good adaptation to the parameters used in 
Table 1 equations, in addition to the tangible effect on the fracture en
ergy value and availability. Compressive strength, maximum aggregate 
size and water to cement ratio are considered as input parameters in this 
study. 

8. Methodology 

In prediction methods such as neural networks and ANFIS, deter
mining a certain percentage of data for better network learning and 
providing an accurate model for estimating the engineering properties 
and materials is a big problem and in most cases, a lot of basic data sets 
are needed. In this study, the Kriging method, U-learning function and K- 
means clustering where combined to assess models that show the best 
performance in concrete fracture energy estimation with the lowest 
percentage of learning data. Due to the basic Kriging state, the use of 
active learning function and clustering (A) and the percentages of 10, 
30, and 50 (B) to select the learning data, the proposed models are 
named as code (A-B). The coding of the different models is shown in 
Table 4. In this study, the U index is considered to be 2 for the active 
learning function. In the case of combining the Kriging and K-means 
clustering methods, three cases of 2, 4 and 6 clusters were investigated 
to provide a stronger model. To investigate the accuracy and efficiency 
of the proposed Kriging models, the mean squared errors (MSE), the root 
mean squared error (RMSE), the mean absolute error (MAE), sum of 
squared errors (SSE), the correlation coefficient (R2) and the standard 
deviation (SD) were used. More detailed information on these parame
ters and their relationships are given in Table 5. Fig. 2. Shows flowchart 
of prediction of concrete fracture energy. 

9. Results and discussion 

9.1. Base kriging models 

Fig. 3 shows the Gf and GF results of the base Kriging models versus 
experimental results. The results of the statistical parameters are given 
in Table 6 and Table 7 to examine the accuracy of the basic Kriging 
models. According to Tables 6 and 7, considering the aggregate shape, 
the WFM and SEM fracture energy prediction for all basic Kriging 
models have less error compared to the previous available relationships. 
However, predicting the fracture energy in the WFM using the basic 
Kriging models has a better accuracy than the SEM. The use of 10%, 
30%, and 50% of the data as DoE points in WFM results in 72%, 88%, 
and 98% reductions in the MSE parameter relative to the Bazant and 
Becq-Giraudon [56] relationship. In the WFM, the MSE parameter of the 
Kriging model designed with 50% of the data compared to CEB-90 [57], 
CEB-2010 [58] and JSCE [59] relationships decreased by 55.6%, 94.5% 
and 75.9%, respectively. When the number of learning data is 10%, 
30%, and 50%, the MSE value of the SEM will have 59.1%, 80%, and 
87.2% decrease, respectively (relative to the Bazant and Becq-Giraudon 
[56] relationship). The SSE values of the energy prediction results of the 
SEM are in the range of 4.92 ro 14.22. But considering the round and 
broken shape of the aggregates, the value of SSE in the Bazant and 
Becq-Giraudon [56] for Gf estimation is 14.77 and 30.62, respectively. 
The SSE parameter of the GF prediction results for the Bazant and 
Becq-Giraudon [56], CEB-90 [57], CEB-2010 [58], and JSCE [59] re
lationships are equal to 14.24, 15.07, 88.23, and 12.40, respectively. Ta
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Table 7 
Results of statistical parameters of different models and equations for Gf.  

Statistical 
parameters 

kriging models Bazant and Becq-Giraudon [56] 

Rand- 
10 

Rand- 
30 

Rand- 
50 

U- 
base 

U-10 U- 
30 

U- 
50 

K2- 
10 

K2- 
30 

K2- 
50 

K4- 
10 

K4- 
30 

K4- 
50 

Round 
aggregates 

Crush 
aggregates 

MSE 204.1 99.7 63.6 145.9 112.3 59.3 44.9 159.6 126.2 34.1 124.4 94.9 24.3 497.8 500.2 
RMSE 14.3 10.0 8.0 12.1 10.6 7.7 6.7 12.6 11.2 5.8 11.2 9.7 4.9 22.3 22.4 
MAE 9.6 5.8 4.3 8.7 7.5 4.9 3.7 8.5 5.9 2.8 7.9 5.5 2.8 11.4 15.4 
R2 0.73 0.83 0.88 0.82 0.82 0.90 0.92 0.71 0.81 0.93 0.80 0.83 0.95 0.14 0.14 
SSE 14.2 8.1 4.9 10.7 6.5 4.1 3.8 8.4 4.9 2.6 8.7 4.8 2.8 14.8 30.6 
SD 0.4 0.3 0.2 0.3 0.3 0.2 0.2 0.3 0.2 0.2 0.3 0.2 0.2 0.4 0.6  

Fig. 4. Results of kriging- U-function models and experimental Gf and GF.  
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Selecting 10% of the data as the DoE points in the basic Kriging model 
makes the size effect and work fracture methods to have an SD value 
almost equal to that of Bazant and Becq-Giraudon [56] relationship. 
However, compared to the Bazant and Becq-Giraudon [56], the use of 
30% and 50% of the available data for learning basic kriging models in 
SEM has reduced the SD parameter by 26.07% and 42.28%, respectively. 
The SD parameter of the Rand-50 model in WFM reduced by 29.02%, 
30.99%, 71.48%, and 23.12% relative to the Bazant and Becq-Giraudon 
[56], CEB-90 [57], CEB-2010 [58], and JSCE [59] relationships, 
respectively. According to Fig. 3, the value of the correlation coefficient 
(R2) for the Rand-10, Rand-30, and Rand-50 models in the size effect and 
fracture work method is 0.76, 0.83, 0.85, 0.73, 0.83 and 0.88, respec
tively. While for the Bazant and Becq-Giraudon [56] relationship, the R2 

values in WFM and SEM methods with different shape aggregates are 
0.14 and 0.66, respectively. This indicates that the shape of the aggre
gates does not affect the value of the correlation coefficient in the Bazant 
and Becq-Giraudon [56] relationship. On the other hand, the correlation 
coefficients of CEB-90 [57], CEB-2010 [58], and JSCE [59] in the WFM 
are less than 0.70. These results indicate a mismatch between the results 
of these relationships and the available experimental data. In WFM and 
SEM, the introduction of 50% of the collected data as the DoE points of 
the base Kriging model has significantly increased the correlation co
efficient value (0.85 ≤ R2). 

According to Table 7 the average error values of the Rand-10, Rand- 
30 and Rand-50 models for Gf prediction are to 27.7%, 16.4% and 
12.2%, respectively. Using 10%, 30% and 50% of the data in the WFM in 
order to create the basic Kriging model, causes the average error values 
to be 18.2%, 12.2% and 10.6%, respectively. This means that the per
formance of the basic Kriging models in the WFM fracture energy pre
diction process is much better than that of SEM. The average error value 
of the Bazant and Becq-Giraudon [56] in the SEM is 20.7%, which only 

performs better than Rand-10. The Bazant and Becq-Giraudon [56], 
CEB-90 [57], CEB-2010 [58], and JSCE [59] relationships in the WFM 
are 21%, 24.4%, 78.6%, and 22.5% of the average error, respectively. 
These relationships have a higher average error than the basic Kriging 
models created using 10%, 30%, and 50% data for learning. Comparing 
the average values of the base Kriging and the neural networks models 
provided by Nikbin et al. [23] (19.8%), which were obtained using 70% 
of the data for network training, it is determined that using 30% and 
50% of the data to learn the basic Kriging model in the SEM will result in 
a lower average error value. However, even introducing 10% of the data 
as DoE in WFM, results in 8.8% reduction of the average error value 
compared to the neural network model provided by Nikbin et al. [23]. 

9.2. Combining Kriging models with U-function 

The fracture energy predicted by combined Kriging models and the 
U-learning function versus available experimental data is in Fig. 4. Ac
cording to Tables 6 and 7, the MSE values of the U-Base, U-10, U-30, and 
U-50 models in the SEM had 70.7%, 77.4%, 88.1%, and 91% reduction, 
respectively, compared to the Bazant and Becq-Giraudon [56]. The MSE 
improvement of these models in the WFM compared to the Bazant and 
Becq-Giraudon [56] relationship is in the range of 45–70. The MSE 
values of the U-50 compared to the CEB-90 [57], CEB-2010 [58], and 
JSCE [59] in WFM are improved by 57.6%, 94.7% and 77%, respec
tively. Increasing the number of training data from 10% to 50% has 
improved the MSE in WFM and SEM by 60% and 34.4%, respectively. 
The reduction of SSE parameter in U-10, U-30 and U-50 models in WFM 
and SEM compared to the Bazant and Becq-Giraudon [56] relationship 
are in the range of 29%–70% and 55%–75%, respectively. All combined 
Kriging Models and U-learning functions have a lower SSE than CEB-90 
[57], CEB-2010 [58], and JSCE [59]. For the previous available 

Fig. 4. (continued). 
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relationships and combined Kriging models, SSE parameter is between 
12.1-88.2 and 4.3–14.7, respectively. The SD value of combined kriging 
models and previous relationships in WFM are in the ranges of 
0.15–0.27 and 0.25–0.67, respectively. The worst performance 
(SD = 0.67) among previous existing relationships belongs to JSCE [59]. 
Compared to the Bazant and Becq-Giraudon [56] relationship, the in
crease of training data from 10% to 50% in the Kriging combination 
models used in the SEM has improved SD parameter by 33.6%, 47.1% 
and 49.1%, respectively. 

According to Fig. 4, the increase in training data in combined Kriging 
models with the U- function in both WFM and SEM has reduced the 
dispersion of the prediction data. Fig. 4 shows that the reduction in data 
dispersion is more evident in the SEM than the WFM. In the WFM, the 
correlation coefficient of all existing relationships is between 0.61 and 
0.69. In WFM, only the R2 value of the U-Base model is in this range. 
However, the values of this parameter for the U-10, U-30 and U-50 
models are 0.77, 0.85, and 0.88, respectively. The R2 values of the U- 
Base, U-10, U-30, and U-50 models in SEM are 0.82, 0.82, 0.90, and 
0.92, respectively. Considering the shape of aggregates, this parameter 
will have a value of 0.14 for the Bazant and Becq-Giraudon [56] rela
tionship, which indicates the high dispersion of the data predicted by 
this relationship. 

The mean error of the U-base, U-10, U-30, and U-50 models in SEM is 
21.8%, 19.6%, 12.1% and 9.8%, respectively (Table 8). Compared to the 
mean error of the Bazant and Becq-Giraudon [56] relationship (20.7%), 
the use of 10%, 30%, and 50% of the data as DoE points, causes 5.7%, 
41.9%, and 53% decreases, respectively in SEM. But the U-base model 
has a 5.3% increase in the mean error compared to the Bazant and 
Becq-Giraudon [56] relationship. Generally, the mean error of the U-10, 
U-30, and U-50 models in SEM compared to the Nikbin et al. [23] neural 
network model (19.8%) has improved 1.2%, 39.1%, and 50.8%, 
respectively. In the WFM, the U-base, U-10, U-30 and U-50 models have 
mean errors of 17.9%, 15.3%, 10.8%, and 8.8%, respectively. The 
Bazant and Becq-Giraudon [56], CEB-90 [57], CEB-2010 [58] and JSCE 
[59] relationships have mean errors of 21%, 24.4%, 78.6 and 22.5%, 
respectively, in WFM. The mean error of the GF prediction process by the 
U-50 model, show improvements of 58.1%, 63.8%, 88.8%, and 60.9% 
relative to the Bazant and Becq-Giraudon [56], CEB-90 [57], CEB-2010 
[58], and JSCE [59] relationships, respectively. Although the Nikbin 
et al. [23] model predicts 19.8% error in the fracture energy of WFM, the 
U-base, U-10, U-30, and U-50 models improved the prediction error for 
9.8%, 22.8%, 45.2%, and 55.6%, respectively. 

9.3. Combining Kriging models with K-Means clustering 

The available experimental data versus the predicted results of the 
combined Kriging models and K-means clustring are shown in Fig. 5 and 
Fig. 6. Tables 6 and 7 show the results of the statistical parameters MSE, 
RMSE, MAE, SSE, and SD of the proposed models and the available re
lationships. In SEM, the use of more training data and clusters has led to 
a reduction in the MSE value of the proposed models. In this method, the 
MSE parameter for K2-10, K2-30, and K2-50 models is in the range of 
34.12–159.57. This parameter is in the range of 24.27–124.35 for the 
K4-10, K4-30, and K4-50 models. Despite the slight difference in the SSE 
values of the models generated based on K = 2 and K = 4, these clusters 
have almost the same SD parameters. The MSE values of the fracture 
energy prediction on WFM by models created based on K-means, for the 
cases with the number of clusters equal to 2, 4, and 6, are in the ranges of 
125.13–204.58, 131.10–160.30, and 134.90–173.29, respectively. The 
dispersion of this parameter in WFM is more than SEM. According to 
Tables 6 and 7, the K4-50 model shows the best performance in fracture 
energy estimation compared to proposed models in WFM and SEM. The 
use of 6 clusters for data classification while GF estimation has led to an 
increase in the statistical parameters compared to the case where K = 4. 
Data clustering in SEM has no effect on the SD parameter of Kriging and 
K-means combined models. The SD value of the K2, K4, and K6 models Ta
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generated by introducing 10%, 30%, and 50% of the data as DoE in 
WFM, is less than 0.30. However, the value of this parameter for the 
proposed models is still lower than the SD of Bazant and Becq-Giraudon 
[56] relationship (0.41). In WFM, the SD values of Bazant and 
Becq-Giraudon [56], CEB-90 [57], CEB-2010 [58], and JSCE [59] re
lationships are greater than 0.25. Comparing the results of K2-50 and 
K4-50 models in SEM with the results obtained the Bazant and 
Becq-Giraudon [56] relationship; 93.15% and 95.12% improvements in 
MSE parameters are presented, respectively. While compared to the 
Bazant and Becq-Giraudon [56] relationship, the improvement of this 

parameter in WFM, is equal to 62.30%, 43.64%, and 59.35% for K2-50, 
K4-50, and K6-50 models, respectively. Compared to the K4-50 model, 
CEB-90 [57], CEB-2010 [58], and JSCE [59] relationships have shown 
an increase in MSE of about 43.58%, 92.98%, and 69.31%, respectively. 
Considering the broken shape of aggregates has a negative effect on GF 
results prediction in the Bazant and Becq-Giraudon [56] relationship. In 
WFM, the data classification in 2, 4, and 6 clusters causes the SSE value 
to be in the ranges of 6.7–14.5, 4.8–13.5, and 9–16.4, respectively. 
However, the SSE range for the models generated based on 2 and 4 
clusters in SEM is 2.6–8.7. The SSE value of the Bazant and 

Fig. 5. Results of kriging- K-means models and experimental GF.  
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Becq-Giraudon [56] relationship in SEM is equal to14.77. CEB-90 [57], 
CEB-2010 [58], and JSCE [59] relationships have SSE values of 14.24, 
15.77, 88.23, and 12.14, respectively. 

Compared to the Bazant and Becq-Giraudon [56] relationship, the 
use of 2 and 4 clusters for data bank classification in SEM, increased the 
correlation coefficient (R2) significantly. In WFM, the R2 value of all the 
combined kriging and K-means models is in the range of 0.59–0.84 and 
all previous relationships are in the range of 0.61–0.69. According to 
Tables 6 and 7, in the case of selecting 50% of the data for learning in 
WFM, the R2 value does not change significantly with the increase in 
number of clusters from 2 to 6. While compared to WFM, the increase in 
the number of clusters from 2 to 4 in SEM has had a significant effect on 
the performance of different models. The weakest performance in this 
method is belongs to different clustering cases and the use of 10% of the 
data for training. 

According to Table 8, the mean error value of the proposed Kriging 
models for the fracture energy prediction in the WFM is in the range of 
10.5%–19.5%. While in WFM, Bazant and Becq-Giraudon [56], CEB-90 
[57], CEB-2010 [58] and JSCE [59] relationships have 21%, 24.4%, 
78.6% and 22.5% mean error, respectively. There are improvements in 
mean error values of the combined Kriging and K-means models 
compared to Nikbin et al. [23] model. The mean error of the weakest 
(K2-10) and strongest (K4-50) Kriging model compared to the Nikbin 
et al. [23] model decreased by about 0.3% and 46.75%, respectively. 
The assessment of the maximum and minimum results in Table 8 shows 
that the mean error of the fracture energy prediction by Kriging models 
in SEM is more expanded than that of WFM. However, the results pre
dicted by Kriging and K-means combined models have an acceptable 
consistence with the experimental results in SEM, compared to WFM. 
Fig. 7 shows the different clusters in WFM and SEM. 

Fig. 5. (continued). 
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9.4. The relationship between GF and Gf 

The fracture energy obtained from SEM is typically less scattered and 
does not depend on the size and shape of the sample. Calculating frac
ture energy in this method is more useful than WFM fracture energy and 
can be calculated more easily. Determining GF/Gf is very useful in 
practical applications, especially when element analysis depends on the 
fracture phenomenon. Due to the high uncertainty in direct determi
nation of GF value, it is suggested to calculate this parameter indirectly 
and by means of Gf. The appropriate GF/Gf value for typical concrete is 
reported to be in the range of 2–2.5 [60]. However, according to Bazant 
and Becq-Giraudon [56], the value of GF/Gf is equal to 2.5. According to 
Table 9, the GF/Gf values for Rand-10, Rand-50, K2-30, and K4-30 are 

greater than 2.5, but this ratio is in the range of 2–2.5 for the rest of the 
models. The lowest and highest GF/Gf values are U-base and Rand-10, 
respectively. The results indicate that for the lower percentages of 
training data selection, the GF/Gf ratio tends to the lower limit (2) and 
for the higher percentages this ratio will tend to the higher limit (2.5). As 
can be seen in Table 9, when K = 2 the GF/Gf results are close to each 
other. The most dispersed GF/Gf results belong to Rand-10 model. 

10. Conclusions 

In this study, a database of 246 data sets was collected from past 
studies in which compressive strength, water-to-cement ratio and 
maximum aggregate size are considered as input parameters and the 

Fig. 6. Results of kriging- K-means models and experimental Gf.  
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fracture energy as the output. In order to predict the fracture energy 
parameter of concrete, Kriging surrogate method was used by selecting 
10%, 30%, and 50% of the data for training and combining this method 
with U-learning function and K-Means clustering. After analyzing the 
performance of the proposed Kriging models and comparing them with 
previously available relationships, the following results were obtained:  

• The use of basic Kriging models in WFM is more efficient for fracture 
energy prediction compared to SEM. The statistical parameters 
(MSE, RMSE, MAE, SSE, and SD) of all basic Kriging models 
decreased compared to the Bazant and Becq-Giraudon [56], CEB-90 
[57], CEB-2010 [58], and JSCE [59] relationships. 

• In SEM, the use of the U- learning function has improved the pre
diction results of the proposed combined models compared to the 
basic kriging models and previously available relationships. 
Combining Kriging models with K-means and using 50% of the 
database compared to the basic Kriging models, using the U-function 
and previous existing relationships will lead to more accurate pre
diction results.  

• The use of K-means in WFM to predict the fracture energy compared 
to basic Kriging models and the U-function has reduced the accuracy 
of the results. However, with the exception of the K2-10 model, the 
combination of the Kriging and K-means has provided better results 
than ones presented by the previous efforts. Increasing the number of 
clusters from 2 to 6 in WFM has reduced the result estimation ability 
of the proposed models. 

• The correlation coefficient (R2) between the prediction and experi
mental data in SEM is higher than that of WFM. Compared to WFM, 
improving the R2 value in SEM is more significant than previous 
relationships. Compared to the basic Kriging models, the use of K- 
Means and U-function to generate the combined Kriging models in 
SEM leads to better R2 values. But in WFM, the use of K-Means re
duces the R2 parameter compared to the basic Kriging models and 
the use of the U-function.  

• The mean error of the proposed Kriging models in WFM is in the 
range of 8.8–19.5 and is less than the previously available relation
ships (21%–78.6%). However, in SEM, different combined models 
with 10% of the data have a higher mean error value than previous 
relationships. The lowest average errors in determining the fracture 
energy among all the proposed Kriging models in SEM and WFM 
belong to K4-50 and U-50, respectively.  

• GF/Gf values of Rand-10, Rand-50, K2-30, and K4-30 models are 
more than 2.5. However, this parameter is in the range of 2–2.5 for 
other models. Selecting a smaller and larger number of training data 
in the proposed Kriging models makes the GF/Gf values to be close to 
the lower limit (2) and the upper limit (2.5), respectively.  

• Compared to the neural network method with less training data, the 
use of the Kriging method has increased the accuracy of the concrete 
fracture energy prediction results. 
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Table 9 
Results of GF/Gf for different models.  

GF/Gf Ratio kriging models 

Rand-10 Rand-30 Rand-50 U-base U-10 U-30 U-50 K2-10 K2-30 K2-50 K4-10 K4-30 K4-50 

Min 1.56 1.01 1.20 0.94 0.98 1.06 0.93 1.02 1.18 1.28 1.16 1.05 0.88 
Max 5.66 3.81 3.70 3.92 3.89 4.07 3.98 4.02 3.59 3.72 3.76 3.88 3.66 
Average 3.05 2.37 2.52 2.09 2.22 2.43 2.39 2.47 2.51 2.50 2.30 2.70 2.48  
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