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Abstract: The Berezin number of an operator S is defined by ber(S) = sup’g(/\)‘ = sup‘(SlAf,\, lAcA)‘, where S(\) =
AER AER

(SIACA, IA@\) (A € O©) is the Berezin transform of an operator S on the functional Hilbert space ¢ = J#(©) and ky =

is the normalized reproducing kernel of 7. In this paper, we show an improvement of the classical Cauchy—Schwarz

inequality involving the Berezin number. Moreover, some Berezin numbers inequalities are proven for invertible operators.

Key words: Berezin number, berezin symbol, furuta’s inequality

1. Introduction

A Hilbert space S = J(0) consisting of complex-valued functions defined on a nonempty open set © C C
which has the property that point evaluations are continuous, is called a functional Hilbert space. The point
evaluations are continuous means for each A € ©, the map f — f()\) is a continuous linear functional on
A . For each A\ € ©, there is a unique element ky of # such that f(\) = (f, k) for all f € 5 by Riesz

representation theorem. The collection {k) : A € O} is known as the reproducing kernel of 5. The reproducing

kernel of a functional Hilbert space ¢ with {e,} as an orthonormal basis is kx(z) = Zen(/\)en(z). Let
n

kx = kx/||kx]| be the nomalized reproducing kernel of #, where A € ©. The function S defined on © by
S(A) = (Sk, k) is the Berezin symbol of a bounded linear operator S on . The Berezin set and the Berezin

number of the operator S are defined by
Ber(S) ={S(\): A € ©} and ber(S) = sup{|S(\)|: X € O},

respectively. These definitions are named in honor of Felix Berezin, who introduced these notions in [2]. For
our purpose, we set the Berezin norm of an operator as ||S||per = sup{|(Ska,, kx,)| : A1, A2 € ©}. Clearly, the

Berezin symbol S is a bounded function on © whose values lie in the numerical range of the operator S, and
hence

Ber(S) C W(S) and ber(S) < w(S),

*Correspondence: ulasyamanci@sdu.edu.tr
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where W (S) := {(Sf, f): f € # and | f||,, = 1} is the numerical range of the operator S and

w (S) :=sup{[(Sf, /)] : f € A and | f],, =1}

is the numerical radius of S. The Berezin number of operators 7" and S satisfies the following properties:
(i) ber(B8T) = |B|ber(T) for all g € C.
(ii) ber(T' + S) < ber(T) + ber(S5).
The Berezin symbol has been extensively studied for Toeplitz and Hankel operators in Hardy and Bergman

spaces. An important property of the Berezin symbol is presented next. If S(A) = T'(\) for all A € O, then
S =T. Therefore, the Berezin symbol uniquely characterizes the operator. Notably, several significant results
concerning the Berezin number were established in [1, 3-6, 14-16, 18, 21, 22] very recently. Among many
techniques in obtaining numerical radius and Berezin number inequalities is the study of certain scalar ones.

Let .Z(s(0)) denotes the set of all bounded linear operators on a complex Hilbert space .#°(0). For
S eB(), let S=R(S)+i3(S) be the Cartesian decomposition of S. We say that an operator S is accretive
if R(S) is positive and is dissipative if (S) is positive. If both R(S) and (S) are positive, S is called
accretive-dissipative. For a positive operator S € .Z(7(0)) we have [13]

(Sa,a)® < (S%a,a), for a € 7, ||a|| =1 and s > 1. (1.1)
The last inequality is reversed if s € [0, 1]. The well known Schwarz inequality is
[, 0)* < (w,u) (v,0) (w0 € H(O)).

Let S € Z(#(0)) be positive and a,b € #(0). By taking u = §'/%a and v = §'/2b in last inequality we
get the following Schwarz inequality

[(Sa,b)|> < (Sb,b) ( Sa,a). (1.2)
Kato in [19] introduced the mixed Schwarz inequality

(Sa,b)[? < <|S\28 a,a> <|S*|2(1_S) b,b>, 0<s<1, (1.3)

where |S| = (5*5)1/2 for S € Z(H(0)) and a,b are vectors in S(0). Furuta in [13] assert another extension

of the Schwarz inequality as follows
2
’<S\S|s+t_1a,b>‘ < <|S|28a,a> <\S|2t b, b> (1.4)

for any a,b € S(0) and s,t € [0,1] with s+t > 1.

Dragomir [12] provided a generalization of Furuta’s inequality
(TSRQa. )" < (Q" [RI* Qa,a) (T|S"F T*b,b), (1.5)

where Q, R, S, T € £ (A (0)) and a,b € 7(0). Moreover, very recently Dragomir [11] proved a reverse of the

Schwarz inequality as follows:
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Lemma 1.1 Let u,v € 7 and a € C. Then
Q) Nl [[ol* = Ku, v)[* < flu = avlf? [[o]>.

@) [l foll* = K, 0)]* < llu = [? lu+f>.
Lemma 1.2 [10] If u,v € 5, and p > 2, then

[l + ol < 5 (w4 vl + [lu = v]").

N | =

Lemma 1.3 [8] Let g : I — R be a convex function on the interval I and a,b € I. Then

g(a—;—b) < (1_a)g<(1—a)a—2|—(1+a)b> +ag((2—a;a—|—o¢b)

g/o g((1 —t)a + tb) dt (1.6)
< 3 (6((1~ a)a+ ab) + (1~ a)g(a) +ag(h)) (17)
SCEIC) s

where o € [0,1].

In this paper, we present a refinement of inequality (1.5) and then by using this we show a refinement
of the Schwarz-Berezin inequality. Moreover, we prove some Berezin number inequalities involving convex

functions.

2. Berezin number inequalities for invertible operators

A basic inequality for the numerical radius is the power inequality
w(A™) <w (A", n>1.

So, the following questions are natural:
Is it true that the above inequality is also provided for Berezin number of operators? For which operator

classes, there exists a number C > 0 such that
ber (A)" < C (ber (A™)) for all n?

In this section, we aim to address this question and derive upper bounds for the Berezin number of
invertible operators

The following lemmas are required to establish our new results
Lemma 2.1 [7] If a,b,e € S and |e|]| =1, then

2{{a, e) (e, b)| < [la]l [|]] + [{a, b)] -
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Lemma 2.2 [17] If T € Z(A#(Q)), k € R and n € C— {0} are such that ||T —nl|,.,. <k, then

where k < |n].

Now we give the lower bound for ber? (T).

Theorem 2.3 If T € £ ((2)), k€ R and n € C— {0} are such that |T —nl||,o. <k and k < |n|, then

2
(2 _ |277|k2> ber? (T) < ber (T7).
n> —

Proof Placing a = T?f\u, b= T*E# and e = /15# in Lemma 2.1, we have that
- 2~ ~ ~
2|7 < |72 o] + 7] |75 |

and

2 — N N
2 sup T(,u)‘ < sup |17 (u)’ + sup (HTk#H HT*k#H) ,
HEO® neEO HEO®

which gives by Lemma 2.2

2

2ber? (T) < ber (T%) + ||TH12)er < ber (T?) + er’ (T).

2
In|” — k2

So, we obtain that

2
(2 _ |277|]€2> ber? (T) < ber (T°).
n> -

Theorem 2.4 If T € L(H#(Y)) is an invertible accretive-dissipative, s = in(f9 HTEM
ne

/HTHber a’nd p 2 27

then
(L+s)T)”

p
50 < ber? (T).

Proof Putting a = T@M and b= T*@M in Lemma 1.2, we have that
~ ||P || 1 ~ P ~ S |IP
S e (LR e et b
for all p € ©.
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By definition of s,

sP

~ ||P P 1 ~ S ||P ~ ||
Thu| 7R < 5 (8 + 75|+ 7R -5

for all p € ©. Taking the supremum over y € ©, we obtain that

1 i .
L+ )N Mper < 5 UL+ T per + 17 = T I5er) -

ber ber ber

T°+T and T-T

It follows from = n > " are positive that

T+ TP + | T — T}, = ber? (I'+T*) + ber? (T — T*)
< (ber (T) + ber (T*))” + (ber (T) + ber (T*))”
= 2P*ber? (T).

Hence,

L+ ") 7"

P
50 < ber? (T).

O

Theorem 2.5 If T € L ((Q)) is an invertible accretive-dissipative, § € C—{0} and s = ing HTEHH /T per »
pe

then
)
f”ﬁjutzj”bm

2 :
ber? (T) — ber (T?) < in T

Proof Placing u = 6T7<;\M and v = T*ic\u in Lemma 1.1(1), we obtain that
2 ~ 12 ~ |2 2 ~ 2
o[ Rl = [(TRn B[ < o TR |a7R — 7|
for all u € ©. Taking the supremum over u € © gives

sup (|7 [ R]))” < ber? (22) + 712, T — 772 (2.1)

On the other hand, by Lemma 2.1 with a = TEM, b= T*Eu and e = EH, we have that
|2 ~ ~ ~ o~
2| (T B[ < 7 7R [ (7R B

and

)

~ o~ \|2 ~
2 sup ‘<Tkrﬂ,ku>‘ < sup (HTku
HEO HEO

I,

) + sup ‘<T2EH,EH>
nEO®

which gives

2ber? (T) — ber (T?) < sup (HTE“H HT*E“‘D .
nEO®
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Therefore, by (2.1) for a =1,
(Qber2 (T) — ber (TQ))2 < ber? (Tz) + ||T||112_Jer |18T — T*||ier
and applying (2.2) and Theorem 2.4,

12
||BT -T Hber
1+ s2

i

ber? (T') — ber (1T?) <

whence
2
||6T -T ||ber

ber? (T) — ber (T?) < inf
er” (1) er ( )_1% T

Replacing T by T gives the following inequality

)
BT TR,

ber? (T') — ber (1T?%) < i% T

Using Theorem 2.4, we have the following interest result.
Theorem 2.6 Let T be an invertible accretive-dissipative and p = 2. Then
IT |} < 2ber®(T) or |T7V[2,, < 2ber? (T7)).
Proof Forany pu€ O,
T}Hber < |7k

It follows from (|77, . ||THber)71 <s= ﬁlel(fa HTEH

/1Ty - that

* 12 * 112
||T+T ||ber+ ”T_T Hber

1T er <
ber 1 _9
2 (1T e 1 Tler) > +1)

whence
1 2 1 " 112
—12 + ”THber <3 <||T +T Hber + HT -T ”ber) < 4ber2 (T) :
||T Hber 2
I |77 pep < 1T lpey > then

1
——— + | Tl[per < 4ber®(T).
||T||ber

Putting 7" by T/ ||T|,,e, in the last inequality, we have
IT|[per < 2ber? (7).

On the other hand, if ||T|ye, < ||T

result.

dl
ber’

550

(2.2)

by replacing T by T~! in above inequality, we have the desired
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3. Some results for the Berezin number inequality

In this section, we show several results for the Berezin number inequality. First we need the following lemma:
Lemma 3.1 Let R,T € L(#(0)) be positive operators. Then
(1) iber’(R+7T) < ber(R?+1T?).
(2) ber?(R) < ber(R?).
Proof Let k, € #(©). Then
(R+T)ky k)2 = ((Rky ko) + (Thy k)2
= (Rky, k)% + (Tky, k)2 + 2(Rky, k) Tk, k)
< (R%hy, k) + (T%ho ) + 2R, k) (Thy k) (by (1.1)
< (R%ky, k) + (T%ky, k) + (Rky, k)2 + (Thy, k)2
(by the AM-GM inequality)
< (R%ky, ko) + (T%ky, ko) + (R%ky ) + (T%k,, k) (by (1.1))
2(R%ky, k) + 2(T %k, k)
= 2((R* + T?) ky, ko).

Taking the supremum over all unit vectors k, € #(©) we get the first result. If we use (1.1) and then take

the supremum over all unit vectors k, € A (©) we get the second result. O

Remark 3.2 Suppose Q,R,S,T € L (H(0)) and p > 1. If we use inequality (1.5), the AM-GM inequality

and inequality (1.1), respectively, we have

[NS]

ya
2

‘ <TSRQ@V, Eu>

< (Q" IR QFy. k)
(@Y

(s )

<T|S*\ Tk, ko >

.
2
(@ IR Q). ) + <T\S*|2T*>p%y,%y>

(@ Ry + \S*F TR,

for all unit vectors k, € #(©). Now, we take the supremum over all unit vectors k, € H(O) we get
ber’(TSRQ) < ber(Q" [R* Q) + (|5 T°)7), (3.)

where Q,R,S,T € L((0)) and p>1.
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Remark 3.3 Assume Q,R,S,T € £((0)) and p > 1. Then applying (3.1) we have
1
ber’(TSRQ) < Sber((Q" R[> Q)P + (T'|S*|* T*)P)

< %(ber((@* IR Q)P) + ber((T|S*|2T*)p)).

If we replace Q by VtQ and T by % (t > 0) and take minimum on t (t > 0) we get the Schwarz-Berezin

inequality

ber? (T'SRQ) < %Itn;g (t”ber((Q* IR Q)P + tipber((T |s*|2T*)p))

= ber((Q* |R|* Q)?) ber((T |S*|* T*)P). (3.2)

In the following theorem, we deduce a refinement of inequality (3.1).

Theorem 3.4 Let Q,R,S,T € L((0)), A€ [0,1] and p > 1. Then

ber®” (TSRQ) < 3 (ber((@ |RI2 Q) + (7|52 17))) (3.3)

+ =(1 = \ber? (TSRQ)ber((Q* |R|> Q)P + (T |S*|> T*)P)

N =

< ~ber((Q*|R Q)* + (T|S*[>T*)?P).

N | =

Proof Let EL,,EM € J(0). Applying inequalities (1.5) and (1.1) we have

‘ <TSRQ%V, EM> ‘2” (3.4)

p

— ’<TSRQE,,,E#>‘QP F(1-N) ’<TSRQE,,EH>‘Z] ‘<TSRQE,,EL>’
2 ~ o~ p 2 ~ o~ P
g/\<Q* IR| Qk:y,k,,> T|S*| T*k,“ku>

(by (1.5))

P
2

NS

Tl ) ‘<TSRQ@,,,@M>’Z) <Q* IRJ? Q@,,,E,> <T |S*|2T*@Mﬁ“>
< >\<<Q* \R|2Q)pEy,Eu> <(T|S*\2T*)p@,@>
" (@ me Q) Rk (T 1) k)

(by (1.1)).

(=N ’<TSRQEV,EM>
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for all A € [0,1] and p > 1. If we put % :E“ we get
((TSRQ)Fu. T >]
<M(@ 18P Q) Rk ) (7187 77) oo )
k,

(10 |(TsrQE B[ (@ 1BPQ) Rk (1715 T) )

(by (3.4))

<A (<<Q* |R|? Q)pﬁyﬁ» ;_ <(T* 5P T)PE Ey>

% (1-2) ]<T5RQEV,%V>"’ ({(@ 1 Q)p%ﬁ> +((r |S*|2T*)pa,2u>)
(by the AM-GM inequality)

( IR Q)RR +<(TS*QT*)”EV,EU>2)
_|_

2

2

% (TSRQE,.F >‘ (<(Q*|R|2Q)p%y,ﬁy> n <(T|s*|2T*)pEU,EV>)

(by the convexity of f(t) = t%)

s =N [(rsrer, B ([(@7 182 Q)" + (TIs P T) | RuR) (b (1))

< ([(@rrQ)”+ (15 )| R
%(1 \) ’<TSRQEV,EV>’1) < {(Q |R\2Q>p n (T|S*|2T*)p} E,,EV>.

Taking the supremum over all unit vectors k, € (©) we get the first inequality. To prove the second
inequality, we have

SAber(Q* R Q) + (T|8° 7))

+ %(1 — M)ber? (TSRQ) ber ((Q* |R|* Q) + (T'|S*|> T*)?)

< Dber((Q* IR Q)™ + (T |57 2 T))

[\

+ 1L ber((QIRE QY + (TIS*FT*P)*  (by (31))
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IN

SAber(Q" |RE Q) + (T]s° 1))

+ %(1 — Mber( (Q*|R?Q)* +(T'|S*|*T*)**)  (by Lemma 3.1(1))

1 * * *
= gber((Q"|RI Q)% + (T |5 ")),
which proves the second inequality. O

Remark 3.5 Assume Q,R,S,T € £L((0)) and p > 1. Applying inequality (3.5) we have

1
ber™ (TSRQ) < min (GA(ber((@" R Q> + (T |5*FT7)))

+ =(1 = A)ber? (TSRQ)ber((Q" |R[* Q)* + (T |S*|? T*)p))

1
2
max <1A(ber((Q* IRI> Q) + (T |S*[> T*)%))
A€f0,1] \2

4 %(1 ~ \ber? (TSRQ)ber(Q" [RE Q) + (TS F 1))

IN

%ber((Q* IRZQ)™ + (T |S*2T*)).

Corollary 3.6 Suppose M € L ((0)) and s,t >0 with s+t > 1. Then

IN

ber?” (M |M|S+H) %)\ber (|M|4PS n |M*|4pt)

+ = (1A ber” (M |M|S+t_1) ber (|M|2”‘5 + |M*|2pt)

N =

IN

1 4ps *(4pt
Sber (|M| M| )
forallp>1 and X € [0,1].

Proof Let T=U, R=14, S =|M|" and Q = |M|® such that s+ > 1 in inequality (3.5) where M and
U are in M = U |M|, the polar decomposition of M. Then we have

TSRQ = U M['[M[* = U |M|[M[*" = M |+t
also, we have Q* |R|>Q = |M|** and T |S*|°T* = U |M[*' U* = |M**". O
Applying Theorem 3.4 we get the following a refined Berezin-Schwarz inequality.
Corollary 3.7 Let Q,R,S,T € £(#(©)), A€10,1] and p>1. Then
ber? (TSRQ) < Aber((Q* |R|”> Q)*)ber ((T'|S*|> T*)P) (3.5)
+ (1 — A)ber? (TSRQ)ber ((Q* |R> Q)?)ber ((T |S*|* T*)?)

< ber((Q* |R” Q)*")ber((T' |S*|* T*)?").
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Proof Assume Q,R,S,T € (s (0)), A €[0,1] and p > 1. Employing inequality (3.5) we have
1
ber? (TSRQ) < SAber((Q R[> Q)% + (T |S*[> T*)?)

(1 — Mber” (T'SRQ)ber ((Q* |R[>Q)? + (T'|S*[>T*)?) (by (3.5))

DN | =

< A (ber((Q" |R? Q%) + ber((T |5 T*)) )

M| —

+ %(1 — Mber? (TSRQ) (ber((Q* IR Q)) + ber ((T |S*|* T*)p))

(by the subadditive property of ber).
Now, if we replace @ by vtQ and T by % (t > 0) in (3.6) we get
ber®” (T'SRQ)

< A(tQpber((Q* IRI>Q)*) + t%ber((T Eils T*)Q”))

DN | =

(1— \)ber? (TSRQ) (tpber((Q* IR Q) + tipber((T 5% T*)p)).

|~

It follows from the recent inequality and

min f(t) = min (t**ber((Q* |RI>Q)*) + t%pber((T 1S |* T%)?P))

t>0

= 2ber((Q"|R|” Q)*")ber ((T|S*|* T*)?")

and
min g(t) = min (" ber((Q" IR” Q)P) + tipber((T 1512 T%)P))
= 2ber ((Q* |R|* Q)P)ber ((T'|S*|> T*)?)
that

ber? (TSRQ) < Aber((Q* |R|> Q)*")ber((T |S*|> T*)?P)

+ (1= Mber? (TSRQ) ber((Q* |R|> Q)P) ber ((T'|S*|* T*)?),

(3.6)

(3.8)

where A € [0,1]. Hence we get the first inequality. For the second inequality, using inequality (3.1) we have

ber”(TSRQ) < %ber((Q* IR Q)P + (T'|S* | T*)?)

< %(ber((@* \R|2 Q)p) + ber((T |S*|2 T*)p))7

(3.9)

where Q, R, S, T € £((0)) and p > 1. If we replace Q by vtQ and T by % (t > 0) in (3.9) we reach

ber’ (TSRQ) < 5 (#Pber(Q° R Q)") +  bex (T]S*F T7)) ).

(3.10)
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It follows from min;~ g(t) = 2ber ((Q* IR Q)P )ber ((T |5* T*)P) that
ber?(TSRQ) < ber((Q* |R]> Q)?)ber((T|S*|> T*)?). (3.11)
Hence,
Aber ((Q* |R]> Q)*)ber (T |S*|> T*)%)
+ (1 — Aber? (TSRQ) ber ((Q* |R|* Q)?) ber ((T'|S*|* T*)P)
< Aber((Q* |R]> Q)% )ber((T |S*|> T*)%)
+ (1= A)ber?((Q* |R]> Q)P) ber® (T |S*[>T*)?)  (by (3.11))
< Aber((Q*|R]> Q)*)ber((T |S*[*T*)*)
+ (1 - Mber((Q*|R>Q)*) ber((T'|S*|>T*)*?)  (by Lemma 3.1(2))

= ber((Q* |R|* Q)*") ber ((T|S*|> T*)%),

whence we get the second inequality. O

With the same argument in the proof of Corollary 3.6 we have the following result.

Corollary 3.8 Let M € (A (©)), A€ [0,1] and p>1. Then
ber? (M |M|***~") < Xber(|M|*** )ber(|M*|*"")
+ (1= Mber? (M |M["*" ")ber(|M|*"* )ber (|M*]*")
< ber(|M["*)ber(|M*|*""),
where s,t > 0 with s+t >1.

In the following theorem, we show a reverse of the Schwarz-Berezin inequality.

Theorem 3.9 Let Q,S,R,T € L (' (©)). Then
ber(Q* |R|> Q)ber (T |S*|> T*) — ber (T'SRQ)

< ber(I'|$"[* 1) min (ber(Q* IRI>Q + |a>T|S* > T* - %(aTSRQ))).

Proof Let Q,S, R, T € Z(#(0)) and o € C. If we take u = RQk, and v = S*T*k, in Lemma 1.1(1), then

we have

[(u, v)|? = (RQk,, S*T*k,) = (TSRQk,, k)
|ul? = (RQk,, RQk,) = (Q*R*RQk,, k,) = (Q*|R[*Qk,, k.),
[vl|]> = (S*T*k,, S*T*k,) = (T'SS*T*ky, k,) = (T|S**T*ky, k),
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and

lu — awl|®
= (RQk, — aQ*R*k,, RQk, — aQ*R*k,)
= (RQk,, RQk,) — a(S*T*k,, RQk,) — @(RQk,, S*T*k,) + oa(S*T*k,, S*T*k,)

= (Q* |R)? Qky, k) + oa(T |S*|* T*ky, k) — a{Q* R*S*T*ky, k) — a{TSRQk,, k)

<(Q* IR|>Q + a@T |S*|> T* — aQ*R*S*T* — ETSRQ)EV,E>
= ([Q" IR Q + aaT| 8" T* — R(aTSRQ) kv b )

where k, € #(©) and a € C. Utilizing Lemma 1.1(1) and these equations we deduce

(Q" |R Qky, ki )(T |S*1> Tk, ) — (TSRQKy, )

<(T|S* Tk, o) (<[Q* IR>Q +aaT|s*|2T*%(aTSRQ)]£V,%V>) :
where k, € A (©). If we take the supremum over all unit vectors k, € A (©) we get
ber (Q* |R|? Q)ber(T 1S 2 T*) — ber(T'SRQ)
< ber(T|S*[°T*) (ber(Q* |R|* Q + aaT |S*|* T* — afe(aTSRQ))),

where a € C. It follows from « is arbitrary that we get the infimum on this inequality and we reach the desired
result. a
Using Lemma 1.1(2) and a same argument in the proof of Theorem 3.9 we have another reverse of the

Schwarz-Berezin inequality.
Theorem 3.10 Let Q,S,R,T € £ (5 (©)). Then
ber(Q* |R|* Q)ber (T |S*|* T*) — ber (T'SRQ)

< —ber(Q*|R?Q + T|S*|*T* — R(T'SRQ))

>~

x ber(Q* |R|*Q + T|S*|* T* + R(T'SRQ)).

Lemma 3.11 Let Q;, R;,S;,T; € Z((0)) (i =1,...,n). Then

1= : l D

Proof Let k, € #(0). In [20], the authors showed the numerical inequality

(up—&-v”)% for w,v>0 and p>1. (3.13)

Nl
=

—02)? <27
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Using this inequality we have

|<i T:S; RiQik,, Ev> <

i=1

/\

T;S:R;Qik., Ev>

IN

M- 1M

s
I
—

-

(Qi1R2Qiky Ky ) (TIS{IPTY R, By (by (15)

((QiIRiPQkw B ) + (TilS; PT7 R ) )

=

IA
l\D
'U\H

[

1

-
I

;:1 <<Qf|Ri|2Qz@y,E,>é _ <E|S:|2Tf§y,@y>%>2
(by (3.13))
<277 zn: (<(Q;|Ri‘2Qi)p7€\wE,}> + <(E|S:|2Tz’*)pi€\,,,7<:\y>>%
i=1
i_ ((@iim.pi k)’ ~ (risiPrih, W)z
(by (1.1))

o=

<23 (((QIRPQL) + (TS PT R )

({Q;‘lRiFQiEV,EV}
1

=

- <z;|sz|2T;Ey,Ey>5)2.

<.

Corollary 3.12 Let Q;, R;,S;,T; € Z(#(©)) (i=1,...,n). Then

ber <§: Tz'SiRiQi>

i=1

Z r((@IR:PQ)" + (TS PTs )

—72 inf ((Q:‘|R1-|2Q¢%V,Ey>é<Ti|sz‘|2Tz—*Ey,%y>5)2.

1 ke (0)
Proof If we taking the supremum over all unit vectors k, € A (©) in inequality (3.12) we get desired result.

O

Using Lemma 1.3 we obtain the next result which is a refinement and a generalization of inequality (3.1).
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Theorem 3.13 Let Q, R, S,T € L(H(O)) and g: I CR*Y — R be an increasing convex function. Then
g(ber (T'SRQ))

1
< ber (/ g(tQ* [RPQ+ (1 —)T |S*2T*)dt>
0
< %ber (g((l — Q" [RI*Q+ AT [S*|*T*) + (1 = Ng(T|S*|* T*) + Ag(Q" |R” Q))
< gber (9(Q"|RI* Q) +g(T|5**T7)).
where A € [0,1].

Proof Let ky € H(0). We have

g (|(TsRQixE)|) <9 <\/ (Q* IR Qhx k) <TS*|2T*1%A,%A>> (by (1.5))

_, (<Q* BRI Qo fr ) + <T|S*|2T*/%A,/%A>)

2

(by the AM-GM inequality)

1
<</0 g((1—t)Q*|R|2Q+tT|s*|2T*)dt1;A,1%A> (by (1.6))

< 3 ([0~ NQ" IREQ+ AT |s* P T")
+ (L= Ng(T ISP T*) + 2g(Q [RF Q)Jkn ) (by (1))
(e
Taking the supremum over all unit vectors k, € (©) we get desired result. O

It follows from g(z) = aP (p > 1) is increasing convex that we have the next corollary.

Corollary 3.14 Let T,Q,R,S € L(H(©)). Then
ber” (T'SRQ))

1
< ber (/ (tQ" |R*Q+ (1 —t)T |S*|2T*)pdt)
0

< gber (1= NQ" [P Q@+ AT|S* P T) 4 (1= \(T |S* P T*) + Q" |Rf Q)")

1
2
< goer (@' IR QP + (715 F 1))

in which p > 1 and X € [0,1].
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