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Abstract
A functional Hilbert space is defined as the Hilbert space𝒦 of complex-valued
functions defined on a set Θ. In this space, the evaluation functionalsψε(h) = h(ε), for
ε ∈ Θ, are continuous on𝒦. In this paper, we introduce the mean-Berezin norm
∥ · ∥ρt , defined as follows:

∥G∥Mρt
= sup

κ ,ξ∈Θ

{︂(︂⃓⃓⟨Gk̂κ , k̂ξ ⟩
⃓⃓)︂

ρt

(︂⃓⃓⟨G∗k̂κ , k̂ξ ⟩
⃓⃓)︂}︂

, for 0 ≤ t ≤ 1,

where G ∈𝒪(𝒦) and ρt represents an interpolation path of a symmetric mean ρ .
Using the definition of the mean-Berezin norm, we explore some related new
inequalities For instance, if G ∈𝒪(𝒦), then

1
2

√︂⃦⃦|G|2r + |G∗|2(1–r)⃦⃦ber ≥ ∥G∥Mρ ,

where 0 ≤ r ≤ 1 and ρ is a mean such that ρ ≤ ∇ .
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1 Introduction and preliminaries
A binary function ρ defined on [0, +∞) is definitively classified as a mean if it satisfies the
following conditions:

1. For any λ > 0, the inequality (λx)ρ (λy) ≥ λ(xρ y) holds.
2. The function ρ is continuous in both variables.
3. If x ≥ z and y ≥ w, then xρ y ≥ z ρ w.
4. If x ≥ y, then x ≥ (xρ y) ≥ y.

These conditions define the properties that a mean must have. For example, if s ∈ [0, 1], the
weighted geometric mean is defined as x♯sy = x1–sys. When s = 1

2 , this reduces to the geo-
metric mean, represented as x♯y. We say a mean ρ is symmetric if it satisfies the condition
xρ y = yρ x for all positive numbers x and y. If ρ is a symmetric mean, then a parameter-
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ized mean ρt , where 0 ≤ t ≤ 1, is referred to as an interpolational path for ρ if it adheres
to the following criteria:

1. xρ0 y = x, xρ1/2 y = xρ y, and xρ1 y = y;
2. (xρp y)ρ(xρq y) = xρ p+q

2
y for all p, q ∈ [0, 1];

3. The mapping t ∈ [0, 1] ↦→ xρt y is continuous for each fixed x and y;
4. Each component of the mean ρt is increasing for t ∈ [0, 1].

For example, the power means are defined as follows:

x pry =
(︃

xr + yr

2

)︃ 1
r

(r ∈ [–1, 1])

The interpolational paths associated with these means can be expressed as:

x pr,ty =
(︁
(1 – t)xr + tyr)︁ 1

r (t ∈ [0, 1]).

In particular, x p1,λy = x∇λy = (1 – λ)x + λy is the weighted arithmetic mean, a p0,λb =
a♯λb = a1–λbλ is the weighted geometric mean and x p–1,λy = x!λy =

(︁
(1 – λ)x–1 + λy–1)︁–1 is

the weighted harmonic mean. It is well-known the inequality x!λy ≤ x♯λy ≤ x∇λy, where x
and y are positive numbers and λ ∈ [0, 1]; see [30] and the references therein.

Let 𝒪(𝒦) denote the C∗-algebra comprising all bounded linear operators defined on a
complex Hilbert space (𝒦, ⟨·, ·⟩). Within 𝒪(𝒦), the identity operator is represented as I𝒦.

A functional Hilbert space is defined as the Hilbert space of complex-valued functions
on a set Θ ⊆ℂ, in which the evaluation functionals ψε(h) = h(ε), for ε ∈ Θ, are continuous
on the space𝒦. In accordance with the Riesz representation theorem, there exists a unique
element kκ ∈ 𝒦 such that for every function f ∈ 𝒦 and for all κ ∈ Θ, the following holds:
f (κ) = ⟨f , kκ⟩.

The function k, defined on the Cartesian product Θ × Θ by k(w,κ) = kκ (w), is referred
to as the reproducing kernel of the space 𝒦 (see [1, 4, 6, 16, 29] and associated references).
It has been demonstrated that kκ (w) can be represented in the following manner:

kκ (w) =
∞∑︂

n=1

ln(κ)ln(w)

for any orthonormal basis {ln}n≥1 of 𝒦 (refer to [34]), it is established that the reproducing
kernel of 𝒦2 is represented by the following function

kκ (w) =
∞∑︂

n=1

κnwn = (1 – κw)–1, κ ∈ℚ = {w ∈ℂ : |w| < 1}.

Let k̂κ = kκ

∥kκ∥ represent the normalized reproducing kernel associated with the space 𝒦.
For a specified operator G ∈ 𝒪(𝒦), the Berezin symbol of G is defined as the bounded
function ˜︁G on Θ given by the expression

˜︁G(κ) = ⟨Gk̂κ (w), k̂κ (w)⟩, κ ∈ Θ.

A significant property of the Berezin symbol is that for any operators G, H ∈ 𝒪(𝒦), if
˜︁G(κ) = ˜︁H(κ) holds for all κ ∈ Θ, then it follows that G = H (this holds particularly when
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𝒦 consists of analytic functions; see Zhu [35]). For additional information, please refer to
the works cited in [3, 7–10, 12–14, 17, 19–33].

The mapping from G to˜︁G is injective [15]. Furthermore, the Berezin set and the Berezin
number (often referred to as the “radius”) of an operator G are respectively defined as
follows:

Ber(G) =
{︁˜︁G(κ) : κ ∈ Θ

}︁

and

ber(G) = sup
κ∈Θ

⃓⃓˜︁G(κ)
⃓⃓
.

The Berezin norm of an operator G ∈𝒪(𝒦) is defined by

∥G∥ber = sup
κ ,ξ∈Θ

⃓⃓
⃓⟨Gk̂κ , k̂ξ ⟩

⃓⃓
⃓ .

For an operator G ∈𝒪(𝒦), the Crawford Berezin numbers are defined as follows [18, 25]:

˜︁c(G) = inf
κ∈Θ

⃓⃓˜︁G(κ)
⃓⃓

and ˜︁C(G) = inf
κ ,ξ∈Θ

⃓⃓
⃓⟨Gk̂κ , k̂ξ ⟩

⃓⃓
⃓ .

In a recent paper [28], the authors defined the t-Berezin norm on 𝒪(𝒦) as follows:

∥G∥Mt–ber = sup
κ ,ξ∈Θ

{︂
t
⃓⃓⟨Gk̂κ , k̂ξ ⟩

⃓⃓
+ (1 – t)

⃓⃓⟨G∗k̂κ , k̂ξ ⟩
⃓⃓}︂

.

The t-Berezin norm constitutes a valid norm on 𝒪(𝒦). This indicates that the t-Berezin
norm is applicable to well-established functionals associated with Hilbert spaces, such
as Hardy and Bergman spaces. Furthermore, the t-Berezin norm adheres to a series of
inequalities, which enhances its utility and relevance in the context of functional analysis
as follows

ber(G) ≤ ∥G∥Mt–ber ≤ ∥G∥ber for t ∈ [0, 1].

We define a new norm based on means as follows.

Definition 1 Let G belong to 𝒪(𝒦), and let ρt represent an interpolational path of a sym-
metric mean ρ . We confidently define the mean-Berezin norm as follows:

∥G∥Mρt = sup
κ ,ξ∈Θ

{︂(︂⃓⃓⟨Gk̂κ , k̂ξ ⟩
⃓⃓)︂

ρt

(︂⃓⃓⟨G∗k̂κ , k̂ξ ⟩
⃓⃓)︂}︂

for 0 ≤ t ≤ 1.

It is evident that for the special case where ρt = ∇t for 0 ≤ t ≤ 1, we have ∥ · ∥Mρ(1–t)
=

∥ · ∥Mt–ber . Furthermore, it follows from the relationship
⃓⃓⟨Gk̂κ , k̂κ⟩

⃓⃓
=
⃓⃓⟨Gk̂κ , k̂κ⟩

⃓⃓
ρt
⃓⃓⟨G∗k̂κ ,

k̂κ⟩
⃓⃓

that we have:

ber(G) = sup
κ∈Θ

{︂⃓⃓⟨Gk̂κ , k̂κ⟩
⃓⃓}︂

= sup
κ∈Θ

{︂⃓⃓⟨Gk̂κ , k̂κ⟩
⃓⃓
ρt
⃓⃓⟨G∗k̂κ , k̂κ⟩

⃓⃓}︂
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≤ sup
κ ,ξ∈Θ

{︂⃓⃓⟨Gk̂κ , k̂ξ ⟩
⃓⃓
ρt
⃓⃓⟨G∗k̂κ , k̂ξ ⟩

⃓⃓}︂
= ∥G∥Mρt for all 0 ≤ t ≤ 1 (1)

and

∥G∥Mρt = sup
κ ,ξ∈Θ

{︂⃓⃓⟨Gk̂κ , k̂ξ ⟩
⃓⃓
ρt
⃓⃓⟨G∗k̂κ , k̂ξ ⟩

⃓⃓}︂

≤ (∥G∥ber) ρt (∥G∥ber)

= ∥G∥ber for all 0 ≤ t ≤ 1.

Therefore, ber(G) ≤ ∥G∥Mρt ≤ ∥G∥ber for all G ∈𝒪(𝒦) and all 0 ≤ t ≤ 1.

Example 2 In the context of the Hardy-Hilbert space, denoted as ℋ2(ℚ), which is estab-
lished over the unit disk ℚ = {w ∈ℂ : |w| < 1}, the following definition applies:

ℋ2(ℚ) = {g : ℚ →ℂ : g(w) =
∞∑︂

n=0

ξnwn and
∞∑︂

n=0

|ξn|2 < ∞}.

It is possible to associate ℋ2(ℚ) with the sequence space l2(ℕ) due to the correspondence
established by:

g(w) =
∞∑︂

n=0

ξnwn ↔ (ξ0, ξ1, ξ2, . . .).

The reproducing kernel of the Hardy space ℋ2(ℚ) is defined by the function kκ (w) =∑︁∞
n=0 κnwn = (1 – κw)–1, where κ is an element of ℚ. The norm of the kernel is computed

as follows:

∥kκ∥2 = ⟨kκ , kκ⟩ = kκ (κ) = (1 – κκ)–1 = (1 – |κ|2)–1,

for any κ belonging to the unit disk ℚ. Additionally, on l2(ℕ), we consider the unilateral
right shift operator. Thus, for any κ ∈ℚ, we have

⃓⃓
⃓
⟨︂
Uk̂κ (z) , k̂ξ (z)

⟩︂⃓⃓
⃓ =

1
∥kκ∥∥kξ∥

⃓⃓⟨︁
Ukκ (z) , kξ (z)

⟩︁⃓⃓

=
1

∥kκ∥∥kξ∥

⃓⃓
⃓⃓
⃓

⟨︄
U

(︄ ∞∑︂
n=0

κnzn

)︄
,

(︄ ∞∑︂
n=0

ξ
nzn

)︄⟩︄⃓⃓
⃓⃓
⃓

=
1

∥kκ∥∥kξ∥
⃓⃓
⃓
⟨︂
U(1,κ ,κ2, . . .), (1, ξ , ξ 2, . . .)

⟩︂⃓⃓
⃓

=
1

∥kκ∥∥kξ∥
⃓⃓
⃓
⟨︂
(0, 1,κ ,κ2, . . .), (1, ξ , ξ 2, . . .)

⟩︂⃓⃓
⃓

=
1

∥kκ∥∥kξ∥

⃓⃓
⃓⃓
⃓⃓

∞∑︂
j=0

κ jξ j+1

⃓⃓
⃓⃓
⃓⃓ =

1
∥kκ∥∥kξ∥

(︃
1

|1 – κξ | |ξ |
)︃

,
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and similarly
⃓⃓
⃓
⟨︂
U∗k̂κ (z) , k̂ξ (z)

⟩︂⃓⃓
⃓ = 1

∥kκ∥∥kξ ∥
(︂

1
|1–κξ | |κ|

)︂
; see [5]. Moreover, it follows from

U is an isometry, that we have ∥Uk̂κ∥2 = ∥k̂κ∥2 = 1. Then, by the monotonicity of ρt , we
obtain that

1 = sup
κ∈ℚ

|κ| = sup
κ∈ℚ

⃓⃓˜︁U (κ)
⃓⃓

≤ ∥U∥Mρt

= sup
κ ,ξ∈Θ

{︂⃓⃓⟨Uk̂κ , k̂ξ ⟩
⃓⃓
ρt
⃓⃓⟨U∗k̂κ , k̂ξ ⟩

⃓⃓}︂

= sup
κ ,ξ∈Θ

{︃(︃ |ξ |
∥kκ∥∥kξ∥∥|1 – κξ |

)︃
ρt

(︃ |κ|
∥kκ∥∥kξ∥∥|1 – κξ |

)︃}︃

≤ ∥U∥ber

≤ sup
κ∈ℚ

⃦⃦
Uk̂κ

⃦⃦
= 1

for t ∈ [0, 1]. Hence ∥U∥Mρt = 1 for any t ∈ [0, 1].

Example 3 We consider the Hardy-Hilbert space, ℋ2(ℚ), defined over the unit disk ℚ =
{y ∈ℂ : |y| < 1}. For every y ∈ℚ, we define the operator Gy : ℋ2(ℚ) →ℋ2(ℚ) by Gy(g) = yg
for all g ∈ℋ2(ℚ). Then, we have

1 = ber(Gy)

≤ ∥Gy∥Mρt

= sup
κ ,ξ∈ℚ

{︂⃓⃓⟨Gyk̂κ , k̂ξ ⟩
⃓⃓
ρt
⃓⃓⟨G∗

y k̂κ , k̂ξ ⟩
⃓⃓}︂

= sup
κ ,ξ∈ℚ

{︃(︃√︁
1 – |κ|2

√︁
1 – |ξ |2 |κ|

|1 – κξ |
)︃

ρt

(︃√︁
1 – |κ|2

√︁
1 – |ξ |2 |ξ |

|1 – κξ |
)︃}︃

≤ sup
κ ,ξ∈ℚ

{︃(︃√︁
1 – |κ|2

√︁
1 – |ξ |2 |κ|

|1 – κξ |
)︃}︃

= ∥Gy∥ber.

In this paper, we present a novel quantity derived from the definition outlined above
and establish significant results related to it. Furthermore, we pinpoint several inequalities
associated with the Berezin number and the Berezin norm. The main concepts explored
in this paper are firmly grounded in the influential works of [5, 11], and [28].

2 Main results
The following well-established lemmas are vital for substantiating our results.

Lemma 4 [26, 27] If G ∈𝒪(𝒦) is a self-adjoint operator such that its spectrum is included
in an interval J and κ ∈ Θ, then for a convex function h : J →ℝ, we have

h
(︁⟨Gk̂κ , k̂κ⟩

)︁≤ ⟨h(G)k̂κ , k̂κ⟩.
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Lemma 5 [24] If G ∈ 𝒪(𝒦) and k, l : [0,∞) → ℝ are non-negative continuous functions
such that k(s)l(s) = s for s ≥ 0, then

|⟨Gk̂κ , k̂ξ ⟩|2 ≤ ⟨k2(|G|)k̂κ , k̂κ⟩⟨l2(|G∗|)k̂ξ , k̂ξ ⟩

for all κ , ξ ∈ Θ.

We begin our study by thoroughly analyzing the fundamental properties of the mean-
Berezin norm, a clear consequence of its definition.

Proposition 6 Let G ∈ 𝒪(𝒦) and ρt , κs be interpolational paths of symmetric means ρ

and κ . Then
(1) ∥G∥Mρt = ∥G∗∥Mρt ;
(2) ∥G∥Mρ0

= ∥G∥Mρ1
= ∥G∥ber;

(3) ∥λG∥Mρt = |λ|∥G∥Mρt for all λ ∈ ℂ;
(4) If t ∈ [0, 1], then ∥G∥Mρt = 0 if and only if G = 0;
(5) If ρt ≤ κs, then ∥G∥Mρt ≤ ∥G∥Mκs for all s, t ∈ [0, 1];
(6) ∥G∥Mρt = ∥G∥Mρ(1–t)

for all t ∈ [0, 1].

In Proposition 6, we have established that the norm ∥ · ∥Mρt (for 0 ≤ t ≤ 1) fulfills the
criteria of a semi-norm, with the exception of the triangle inequality, which may not hold.
Notably, for the interpolational paths Mρt (0 ≤ t ≤ 1), which have the following prop-
erty:

(x + y)ρt(z + w) = (xρtz) + (yρtw) for all x, y, z, w ≥ 0, (✠)

we can state the following proposition.

Proposition 7 Let G, H ∈𝒪(𝒦) and ρt (t ∈ [0, 1]) be an interpolational path of symmetric
means ρ , which has the property (✠). Then

∥G + H∥Mρt ≤ ∥G∥Mρt + ∥H∥Mρt .

Proof Let κ , ξ ∈ Θ. Then, we have

(︂⃓⃓⟨(G + H)k̂κ , k̂ξ ⟩
⃓⃓)︂

ρt

(︂⃓⃓⟨(G∗ + H∗)k̂κ , k̂ξ ⟩
⃓⃓)︂

≤
(︂⃓⃓⟨Gk̂κ , k̂ξ ⟩

⃓⃓
+
⃓⃓⟨Hk̂κ , k̂ξ ⟩

⃓⃓)︂
ρt

(︂⃓⃓⟨G∗k̂κ , k̂ξ ⟩
⃓⃓

+
⃓⃓⟨H∗k̂κ , k̂ξ ⟩

⃓⃓)︂

(by the property (3) of means)

=
(︂
|⟨Gk̂κ , k̂ξ ⟩|

)︂
ρt

(︂
|⟨G∗k̂κ , k̂ξ ⟩|

)︂
+
(︂
|⟨Hk̂κ , k̂ξ ⟩|

)︂
ρt

(︂
|⟨H∗k̂κ , k̂ξ ⟩|

)︂

(by the property (✠))

≤ ∥G∥Mρt + ∥H∥Mρt .
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Therefore,

∥G + H∥Mρt = sup
κ ,ξ∈Θ

{︂(︂⃓⃓⟨(G + H)k̂κ , k̂ξ ⟩
⃓⃓)︂

ρt

(︂⃓⃓⟨(G∗ + H∗)k̂κ , k̂ξ ⟩
⃓⃓)︂}︂

≤ ∥G∥Mρt + ∥H∥Mρt . □

Remark 8 Assume that G, H ∈ 𝒪(𝒦). It is trivial, the weighted arithmetic means ρt =
∇t (0 ≤ t ≤ 1) have the property (✠). Then, we have

∥G∥M∇t
+ ∥H∥M∇t

≥ ∥G + H∥M∇t
.

We will now explore an equivalent characterization of the mean-Berezin norm and the
Berezin norm.

Theorem 9 Let G ∈ 𝒪(𝒦) and ρt (t ∈ [0, 1]) be an interpolational path of symmetric
means ρ . Let

(1) ∥G∥Mρt = ∥G∥ber, and
(2) There exists sequences {κn} and {ξn} in Θ such that

lim
n→∞

⃓⃓⟨Gk̂κn , k̂ξn⟩
⃓⃓

= lim
n→∞

⃓⃓⟨G∗k̂κn , k̂ξn⟩
⃓⃓

= ∥G∥ber.

Then, the statements (1) and (2) are equivalent.

Proof Assuming that (1) is valid, according to the definition of the supremum, it follows
that there exist sequences {κn} and {ξn} within the set Θ such that

∥G∥Mρt = lim
n→∞

⃓⃓⟨Gk̂κn , k̂ξn⟩
⃓⃓
ρt
⃓⃓⟨G∗k̂κn , k̂ξn⟩

⃓⃓
.

Hence,

∥G∥ber = ∥G∥Mρt

= lim
n→∞

(︂⃓⃓⟨Gk̂κn , k̂ξn⟩
⃓⃓
ρt
⃓⃓⟨G∗k̂κn , k̂ξn⟩

⃓⃓)︂

=
(︂

lim
n→∞

⃓⃓⟨Gk̂κn , k̂ξn⟩
⃓⃓)︂

ρt lim
n→∞

(︂⃓⃓⟨G∗k̂κn , k̂ξn⟩
⃓⃓)︂

≤ (∥G∥ber) ρt (∥G∥ber) = ∥G∥ber,

whence,

∥G∥ber =
(︂

lim
n→∞

⃓⃓⟨Gk̂κn , k̂ξn⟩
⃓⃓)︂

ρt lim
n→∞

(︂⃓⃓⟨G∗k̂κn , k̂ξn⟩
⃓⃓)︂

.

For t = 0, we have ∥G∥ber = limn→∞
⃓⃓⟨Gk̂κn , k̂ξn⟩

⃓⃓
and for t = 1, we have ∥G∥ber =

limn→∞
⃓⃓⟨G∗k̂κn , k̂ξn⟩

⃓⃓
. Therefore,

∥G∥ber = lim
n→∞

⃓⃓⟨Gk̂κn , k̂ξn⟩
⃓⃓

= lim
n→∞

⃓⃓⟨G∗k̂κn , k̂ξn⟩
⃓⃓
.
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Now, let us consider the case where (2) holds. If

∥G∥ber = lim
n→∞

⃓⃓⟨Gk̂κn , k̂ξn⟩
⃓⃓

= lim
n→∞

⃓⃓⟨G∗k̂κn , k̂ξn⟩
⃓⃓
,

then by the definition of the mean-Berezin norm, we have

∥G∥Mρt ≥ lim
n→∞

(︂⃓⃓⟨Gk̂κn , k̂ξn⟩
⃓⃓
ρt
⃓⃓⟨G∗k̂κn , k̂ξn⟩

⃓⃓)︂

=
(︂

lim
n→∞

⃓⃓⟨Gk̂κn , k̂ξn⟩
⃓⃓)︂

ρt

(︂
lim

n→∞
⃓⃓⟨G∗k̂κn , k̂ξn⟩

⃓⃓)︂

= (∥G∥ber)ρt (∥G∥ber)

= ∥G∥ber.

Therefore, ∥G∥Mρt = ∥G∥ber. □

In the following theorem, we establish bounds for the norm ∥ · ∥Mρt .

Theorem 10 Let G ∈𝒪(𝒦) and 0 ≤ t ≤ 1. Then,

max{(∥G∥ber)ρt(˜︁C(G)), (˜︁C(G))ρt(∥G∥ber)}
≤ ∥G∥Mρt

≤ min

{︃
∥G∗G∥ 1

2
ber,∥GG∗∥ 1

2
ber

}︃
.

Proof Let κ ∈ Θ and 0 ≤ t ≤ 1. Then, it follows that

⃓⃓⟨Gk̂κ , k̂ξ ⟩
⃓⃓
ρt
⃓⃓⟨G∗k̂κ , k̂ξ ⟩

⃓⃓≥ (˜︁C(G))ρt
⃓⃓⟨G∗k̂κ , k̂ξ ⟩

⃓⃓
.

Hence

∥G∥Mρt = sup
κ ,ξ∈Θ

{︂⃓⃓⟨Gk̂κ , k̂ξ ⟩
⃓⃓
ρt
⃓⃓⟨G∗k̂κ , k̂ξ ⟩

⃓⃓}︂

≥ (˜︁C(G))ρt
⃓⃓⟨G∗k̂κ , k̂ξ ⟩

⃓⃓

= (˜︁C(G))ρt
⃓⃓⟨k̂κ , Gk̂ξ ⟩

⃓⃓
.

Taking the supremum over all vectors κ , ξ ∈ Θ, we derive that

∥G∥Mρt ≥ (˜︁C(G))ρt(∥G∥ber).

In a similar fashion, we can assert that

∥G∥Mρt ≥ (∥G∥ber)ρt(˜︁C(G)).

By combining these two inequalities, we confidently arrive at the first inequality. For the
second inequality, employing the Cauchy-Schwarz inequality leads us to

⃓⃓⟨Gk̂κ , k̂ξ ⟩
⃓⃓2 ≤ ⃓⃓⟨Gk̂κ , Gk̂κ⟩

⃓⃓⃓⃓⟨k̂ξ , k̂ξ ⟩
⃓⃓

=
⃓⃓⟨G∗Gk̂κ , k̂κ⟩

⃓⃓≤ ber(G∗G) = ∥G∗G∥ber
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and

⃓⃓⟨G∗k̂κ , k̂ξ ⟩
⃓⃓2 ≤ ⃓⃓⟨G∗k̂κ , G∗k̂κ⟩

⃓⃓⃓⃓⟨k̂ξ , k̂ξ ⟩
⃓⃓

=
⃓⃓⟨GG∗k̂κ , k̂κ⟩

⃓⃓≤ ber(GG∗) = ∥GG∗∥ber.

By the monotonicity of ρt , we have

∥G∥ρt = sup
κ ,ξ∈Θ

{︂⃓⃓⟨Gk̂κ , k̂ξ ⟩
⃓⃓
ρt
⃓⃓⟨G∗k̂κ , k̂ξ ⟩

⃓⃓}︂

≤ min

{︃
∥G∗G∥ 1

2
ber,∥GG∗∥ 1

2
ber

}︃
. □

In the following result, we will explore some special cases of Theorem 10.

Corollary 11 Let G ∈𝒪(𝒦), s ∈ [–1, 1] and 0 ≤ t ≤ 1. Then

max

⎧⎨
⎩

s

√︄
(1 – t)∥G∥s

ber + t˜︁Cs(G)

2
,

s

√︄
(1 – t)˜︁Cs(G) + t∥G∥s

ber
2

⎫⎬
⎭≤ ∥G∥Mms,t .

In particular,

max

{︃
(1 – t)∥G∥ber + t˜︁Cr(G)

2
,

(1 – t)˜︁C(G) + t∥G∥ber

2

}︃
≤ ∥G∥M∇t

.

and

max

{︄
∥G∥(1–t)

ber
˜︁Ct(G)

2
,
˜︁C(1–t)(G)∥G∥t

ber
2

}︄
≤ ∥G∥M♯t

.

Proof Let ρt represent the interpolational paths of the power means ps,t for s ∈ [–1, 1] and
0 ≤ t ≤ 1, as established in Theorem 10. From this foundation, we derive the first inequal-
ity. Furthermore, upon considering the means ∇t and ♯t (where 0 ≤ t ≤ 1) as outlined in
Theorem 10, we are able to obtain the second and third inequalities, respectively. □

Theorem 12 Let G ∈ 𝒪(𝒦), and let ρ be a mean dominated by the arithmetic mean ∇ .
Additionally, let 0 ≤ α, β ≤ 1 such that α + β = 1. Then

∥G∥Mρ ≤ 1
2

[︃⃦⃦
α|G|2 + β|G∗|2⃦⃦ 1

2
ber +

⃦⃦
(1 – α)|G|2 + (1 – β)|G∗|2⃦⃦ 1

2
ber

]︃
.

In particular,

∥G∥2
Mρ

≤ 1
2
⃦⃦|G|2 + |G∗|2⃦⃦ber .

Proof Let κ , ξ ∈ Θ. Then, applying Lemma 5, we have

(
⃓⃓⟨Gk̂κ , k̂ξ ⟩

⃓⃓
) ρ (

⃓⃓⟨G∗k̂κ , k̂ξ ⟩
⃓⃓
)

≤
(︃√︂

⟨|G|2α k̂κ , k̂κ⟩
√︂

⟨|G∗|2(1–α)k̂ξ , k̂ξ ⟩
)︃

ρ

(︃√︂
⟨|G∗|2β k̂κ , k̂κ⟩

√︂
⟨|G|2(1–β)k̂ξ , k̂ξ ⟩

)︃
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≤
(︃√︂

⟨|G|2k̂κ , k̂κ⟩α
√︂

⟨|G∗|2k̂ξ , k̂ξ ⟩(1–α)

)︃
ρ

(︃√︂
⟨|G∗|2k̂κ , k̂κ⟩β

√︂
⟨|G|2k̂ξ , k̂ξ ⟩(1–β)

)︃

(by Lemma 4)

≤ 1
2

(︃√︂
⟨|G|2k̂κ , k̂κ⟩α

√︂
⟨|G∗|2k̂ξ , k̂ξ ⟩(1–α) +

√︂
⟨|G∗|2k̂κ , k̂κ⟩β

√︂
⟨|G|2k̂ξ , k̂ξ ⟩(1–β)

)︃

≤ 1
2

[︂(︂
α⟨|G|2k̂κ , k̂κ⟩ 1

2 + (1 – α)⟨|G∗|2k̂ξ , k̂ξ ⟩ 1
2
)︂

+
(︂
β⟨|G∗|2k̂κ , k̂κ⟩ 1

2 + (1 – β)⟨|G|2k̂ξ , k̂ξ ⟩ 1
2
)︂]︂

(by the inequality uαv1–α ≤ αu + (1 – α)v)

=
1
2

[︂(︂
α⟨|G|2k̂κ , k̂κ⟩ 1

2 + β⟨|G∗|2k̂κ , k̂κ⟩ 1
2
)︂

+
(︂

(1 – α)⟨|G∗|2k̂ξ , k̂ξ ⟩ 1
2 + (1 – β)⟨|G|2k̂ξ , k̂ξ ⟩ 1

2
)︂]︂

≤ 1
2

[︃(︂
α⟨|G|2k̂κ , k̂κ⟩ + β⟨|G∗|2k̂κ , k̂κ⟩

)︂ 1
2

+
(︂

(1 – α)⟨|G∗|2k̂ξ , k̂ξ ⟩ + (1 – β)⟨|G|2k̂ξ , k̂ξ ⟩
)︂ 1

2
]︃

(by the concavity of h(x) =
√

x)

=
1
2

[︃(︂⟨︂
(α|G|2 + β|G∗|2)k̂κ , k̂κ

⟩︂)︂ 1
2 +
(︂⟨︂

((1 – α)|G|2 + (1 – β)|G∗|2)k̂ξ , k̂ξ

⟩︂)︂ 1
2
]︃

≤ 1
2

[︃⃦⃦
α|G|2 + β|G∗|2⃦⃦ 1

2
ber +

⃦⃦
(1 – α)|G|2 + (1 – β)|G∗|2⃦⃦ 1

2
ber

]︃
,

whence

1
2

[︃⃦⃦
α|G|2 + β|G∗|2⃦⃦ 1

2
ber +

⃦⃦
(1 – α)|G|2 + (1 – β)|G∗|2⃦⃦ 1

2
ber

]︃

≥ sup
κ ,ξ∈Θ

{︂(︂⃓⃓⟨Gk̂κ , k̂ξ ⟩
⃓⃓)︂

ρ
(︂⃓⃓⟨G∗k̂κ , k̂ξ ⟩

⃓⃓)︂}︂

= ∥G∥Mρ .

Hence, we derive the first inequality. For the second inequality, setting α = β = 1
2 yields the

desired result. □

Theorem 13 Let G ∈𝒪(𝒦) and let ρ be a mean that is dominated by the arithmetic mean
∇ . Consider two non-negative continuous functions f1, f2, g1, and g2 defined on the interval
[0,∞). It is established that f1(t)g1(t) = t and f2(t)g2(t) = t for all t ≥ 0. Then

∥G∥2
Mρ

≤ 1
8
(︁⃦⃦

f 2
1 (|G|) + g2

2 (|G∗|)⃦⃦ber +
⃦⃦

f 2
2 (|G∗|) + g2

1 (|G|)⃦⃦ber

)︁
.

In particular,

∥G∥Mρ ≤ 1
2

√︂⃦⃦|G|2r + |G∗|2(1–r)
⃦⃦

ber,

where 0 ≤ r ≤ 1.
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Proof Assume that κ , ξ ∈ Θ. Then by using Lemma 5, we have

⃓⃓⟨Gk̂κ , k̂ξ ⟩
⃓⃓≤
√︂⃓⃓⟨f 2

1 (|G|)k̂κ , k̂κ⟩
⃓⃓√︂⃓⃓⟨g2

1 (|G∗|)k̂ξ , k̂ξ ⟩
⃓⃓

and

⃓⃓⟨G∗k̂κ , k̂ξ ⟩
⃓⃓≤
√︂⃓⃓⟨g2

2 (|G∗|)k̂κ , k̂κ⟩
⃓⃓√︂⃓⃓⟨f 2

2 (|G|)k̂ξ , k̂ξ ⟩
⃓⃓
.

Therefore,

(︂⃓⃓⟨Gk̂κ , k̂ξ ⟩
⃓⃓
ρ
⃓⃓⟨G∗k̂κ , k̂ξ ⟩

⃓⃓)︂2

≤
(︃√︂⃓⃓⟨f 2

1 (|G|)k̂κ , k̂κ⟩
⃓⃓√︂⃓⃓⟨g2

1 (|G∗|)k̂ξ , k̂ξ ⟩
⃓⃓
ρ

√︂⃓⃓⟨g2
2 (|G∗|)k̂κ , k̂κ⟩

⃓⃓√︂⃓⃓⟨f 2
2 (|G|)k̂ξ , k̂ξ ⟩

⃓⃓)︃2

≤ 1
4

[︃√︂⃓⃓⟨f 2
1 (|G|)k̂κ , k̂κ⟩

⃓⃓√︂⃓⃓⟨g2
1 (|G∗|)k̂ξ , k̂ξ ⟩

⃓⃓
+
√︂⃓⃓⟨g2

2 (|G∗|)k̂κ , k̂κ⟩
⃓⃓√︂⃓⃓⟨f 2

2 (|G|)k̂ξ , k̂ξ ⟩
⃓⃓]︃2

(by ρ ≤ ∇)

≤ 1
4

(︂⃓⃓⟨f 2
1 (|G|)k̂κ , k̂κ⟩

⃓⃓
+
⃓⃓⟨g2

2 (|G∗|)k̂κ , k̂κ⟩
⃓⃓)︂ (︂⃓⃓⟨g2

1 (|G∗|)k̂ξ , k̂ξ ⟩
⃓⃓

+
⃓⃓⟨f 2

2 (|G|)k̂ξ , k̂ξ ⟩
⃓⃓)︂

(by the Cauchy-Schwarz inequality
√

ab +
√

cd ≤ √
a + c

√
b + d)

≤ 1
8

[︂⃓⃓⟨(f 2
1 (|G|) + g2

2 (|G∗|))k̂κ , k̂κ⟩
⃓⃓

+
⃓⃓⟨(g2

1 (|G∗|) + f 2
2 (|G|))k̂ξ , k̂ξ ⟩

⃓⃓]︂

(by the arithmetic-geometric mean inequality)

≤ 1
8
(︁⃦⃦

f 2
1 (|G|) + g2

2 (|G∗|)⃦⃦ber +
⃦⃦

f 2
2 (|G∗|) + g2

1 (|G|)⃦⃦ber

)︁
.

Hence,

∥G∥2
Mρ

= sup
κ ,ξ∈Θ

{︃(︂⃓⃓⟨Gk̂κ , k̂ξ ⟩
⃓⃓
ρ
⃓⃓⟨G∗k̂κ , k̂ξ ⟩

⃓⃓)︂2
}︃

≤ 1
8
(︁⃦⃦

f 2
1 (|G|) + g2

2 (|G∗|)⃦⃦ber +
⃦⃦

f 2
2 (|G∗|) + g2

1 (|G|)⃦⃦ber

)︁
.

We establish the first inequality confidently. For the special case, we choose f1(t) = g1(t) = tr

and f2(t) = g2(t) = t1–r (with 0 ≤ r ≤ 1), which effectively leads us to the desired result. □

3 Some applications
In this section, we first explore our definition of the Volterra integration operator within
the Hardy space ℋ2(ℚ).

Remark 14 Assume ℋ2(ℚ) is the Hardy space, which ℚ = {w ∈ ℂ : |w| < 1} and V :
ℋ2(ℚ) → ℋ2(ℚ) is the Volterra integration operator defined by V (f ) =

∫︁ z
0 f (t)dt for f ∈

ℋ2(ℚ). Then for every kκ (z) =
∑︁∞

n=0 κnzn = (1 – κz)–1, we have V (zn) = zn+1

n+1 for n = 0, 1, . . .
and

⃓⃓⟨V k̂κ (z), k̂ξ (z)⟩⃓⃓ =

⃓⃓
⃓⃓
⃓

⟨︄
V

(︄
(1 – |κ|2)

1
2

1 – κz

)︄
,
(1 – |ξ |2)

1
2

1 – ξz

⟩︄⃓⃓
⃓⃓
⃓
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= (1 – |κ|2)
1
2 (1 – |ξ |2)

1
2

⃓⃓
⃓⃓
⃓

⟨︄
V

(︄ ∞∑︂
n=0

κnzn

)︄
,

∞∑︂
n=0

ξ
nzn

⟩︄⃓⃓
⃓⃓
⃓

= (1 – |κ|2)
1
2 (1 – |ξ |2)

1
2

⃓⃓
⃓⃓
⃓

⟨︄ ∞∑︂
n=0

κn zn+1

n + 1
,

∞∑︂
n=0

ξ
nzn

⟩︄⃓⃓
⃓⃓
⃓

= (1 – |κ|2)
1
2 (1 – |ξ |2)

1
2

⃓⃓
⃓⃓
⃓

∞∑︂
n=0

κnξn+1

n + 1

⃓⃓
⃓⃓
⃓ .

Similarly,
⃓⃓⟨V ∗k̂κ (z), k̂ξ (z)⟩⃓⃓ =

⃓⃓⟨k̂κ (z), V k̂ξ (z)⟩⃓⃓ = (1 – |κ|2)
1
2 (1 – |ξ |2)

1
2

⃓⃓
⃓∑︁∞

n=0
κn+1ξn

n+1

⃓⃓
⃓. There-

fore,

ber(V )

= sup
κ∈ℚ

{︂⃓⃓⟨V k̂κ (z), k̂κ (z)⟩⃓⃓
}︂

= sup
κ∈ℚ

{︄(︃
1 – |κ|2

|κ|
)︃ ∞∑︂

n=0

|κ|2(n+1)

n + 1

}︄

= sup
κ∈ℚ

{︃(︃ |κ|2 – 1
|κ|

)︃
ln(1 – |κ|2)

}︃

≃ 0.49084

≤ ∥V∥Mρt

= sup
κ ,ξ∈ℚ

{︂⃓⃓⟨V k̂κ (z), k̂ξ (z)⟩⃓⃓ ρt
⃓⃓⟨V ∗k̂κ (z), k̂ξ (z)⟩⃓⃓

}︂

= sup
κ ,ξ∈ℚ

{︄(︄
(1 – |κ|2)

1
2 (1 – |ξ |2)

1
2

⃓⃓
⃓⃓
⃓

∞∑︂
n=0

κnξn+1

⃓⃓
⃓⃓
⃓

)︄

ρt

(︄
(1 – |κ|2)

1
2 (1 – |ξ |2)

1
2

⃓⃓
⃓⃓
⃓

∞∑︂
n=0

κn+1ξn

⃓⃓
⃓⃓
⃓

)︄}︄

= sup
κ ,ξ∈ℚ

{︄
(1 – |κ|2)

1
2 (1 – |ξ |2)

1
2

(︄⃓⃓
⃓⃓
⃓

∞∑︂
n=0

κnξn+1

⃓⃓
⃓⃓
⃓ ρt

⃓⃓
⃓⃓
⃓

∞∑︂
n=0

κn+1ξn

⃓⃓
⃓⃓
⃓

)︄}︄

≤ sup
κ ,ξ∈ℚ

{︃
(1 – |κ|2)

1
2 (1 – |ξ |2)

1
2

(︃∑︁∞
n=0 |κξ |n+1

|κ| ρt

∑︁∞
n=0 |κξ |n+1

|ξ |
)︃}︃

= sup
κ ,ξ∈ℚ

{︃
(1 – |κ|2)

1
2 (1 – |ξ |2)

1
2

(︃
– ln(1 – |κξ |)

|κ| ρt
– ln(1 – |κξ |)

|ξ |
)︃}︃

= sup
κ ,ξ∈ℚ

{︃
–(1 – |κ|2)

1
2 (1 – |ξ |2)

1
2 ln(1 – |κξ |)

(︃
1
|κ| ρt

1
|ξ |
)︃}︃

≤ sup
κ ,ξ∈ℚ

{︃
–(1 – |κ|2)

1
2 (1 – |ξ |2)

1
2 ln(1 – |κξ |)max

{︃
1
|κ| ,

1
|ξ |
}︃}︃

≃

= 0.540261

≤ ∥V∥ber

= 1.
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For the special case ρt = ∇ 2
3

, by the standard calculus we have

sup
κ ,ξ∈ℚ

{︃
–(1 – |κ|2)

1
2 (1 – |ξ |2)

1
2 ln(1 – |κξ |)

(︃
1

3|κ| +
2

3|ξ |
)︃}︃

≃ 0.495558.

Therefore,

ber(V ) ≃ 0.49084 ≲ ∥V∥M∇ 2
3
≲ 0.495558 ≤ ∥V∥ber = 1.

Moreover, for the special case ρt = ♯ 2
3

, we have

sup
κ ,ξ∈ℚ

{︃
–(1 – |κ|2)

1
2 (1 – |ξ |2)

1
2 ln(1 – |κξ |)

(︃
1

|κ|1/3|ξ |2/3

)︃}︃
≃ 0.49489.

Hence,

ber(V ) ≃ 0.49084 ≲ ∥V∥M♯ 2
3
≲ 0.49489 ≤ ∥V∥ber = 1.

Thus, this example demonstrates that ∥ · ∥Mρt serves as an estimate between the Berezin
number and the Berezin norm on the Hardy space ℋ2(ℚ).

Remark 15 Stampfli [32] demonstrated that unitary operators on any Hilbert space 𝒦
can be characterized as invertible contractions with contractive inverses. Specifically, this
means that an operator G ∈ 𝒪(𝒦) satisfies ∥G∥ ≤ 1 and ∥G–1∥ ≤ 1. Sano and Uchiyama
[31] proved that an invertible operator G on 𝒦 is unitary if and only if w(G) ≤ 1 and
w(G–1) ≤ 1. However, it is not generally true that an invertible operator G ∈ 𝒪(𝒦) is uni-
tary if ber(G) ≤ 1 and ber(G–1) ≤ 1. In [22], the authors established a characterization
for unitary operators in terms of Berezin numbers, showing that an invertible operator
G ∈𝒪(𝒦) is unitary if and only if ber(GG∗) ≤ 1 and ber(G∗–1G–1) ≤ 1. In [7], the authors
proved a characterization of the unitary operator, replacing GG∗ with G∗G. Consequently,
using our definition and the inequality (1), we have an invertible operator G ∈ 𝒪(𝒦) is
unitary if and only if ∥GG∗∥Mρt ≤ 1 and ∥G∗–1G–1∥Mρt ≤ 1, (0 ≤ t ≤ 1) if and only if
∥G∗G∥Mρt ≤ 1 and ∥G–1G∗–1∥Mρt ≤ 1, (0 ≤ t ≤ 1).

In the following remark, we will explore our definition of a bounded weighted shift op-
erator on the Bergman space.

Remark 16 Let ℚ = {w ∈ ℂ : |w| < 1} be the open unit disc and Hol(ℚ) denotes the set of
all holomorphic functions in ℚ. The Bergman space on the unit disc ℚ is defined [29] by

A2(ℚ) =
{︃

f ∈ Hol(D) :
∫︂

ℚ

|f (z)|2dV (z) < ∞
}︃

,

where dV is the normalized area measure on ℚ. A2(ℚ) has the orthonormal basis {en}∞n=0,
where en(z) =

√
n + 1zn for all n ≥ 0. For f , g ∈ A2(ℚ) the inner product can also be ex-

pressed as

⟨f , g⟩ =
∞∑︂

n=0

1
n + 1

λnμn,
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where f (z) =
∑︁∞

n=0 λnzn and g(z) =
∑︁∞

n=0 μnzn. The space A2(ℚ) is a reproducing kernel
Hilbert space and the reproducing kernel for A2(ℚ) is

kw(z) =
1

(1 – wz)2 =
∞∑︂

n=0

(n + 1)wnzn, z, w ∈ℚ.

For the function f (z) =
∑︁∞

n=0 λnzn, which is an element of A2(ℚ), we consider the bounded
weighted shift operator on A2(ℚ) defined as

T

(︄ ∞∑︂
n=0

√
n + 1λnzn

)︄
=

∞∑︂
n=0

αn+1λnzn,

where the weights {αn}∞n=0 is a bounded sequence, see [2]. Let L be a positive real number
such that |αn| ≤ L for all n = 0, 1, . . . . We have

⃓⃓⟨Tk̂κ (z), k̂ξ (z)⟩⃓⃓ = (1 – |κ|2)(1 – |ξ |2)

⃓⃓
⃓⃓
⃓

⟨︄
V

(︄ ∞∑︂
n=0

(n + 1)κnzn

)︄
,

∞∑︂
n=0

(n + 1)ξ
nzn

⟩︄⃓⃓
⃓⃓
⃓

= (1 – |κ|2)(1 – |ξ |2)

⃓⃓
⃓⃓
⃓

⟨︄ ∞∑︂
n=0

(n + 1)αn+1κ
nzn+1,

∞∑︂
n=0

(n + 1)ξ
nzn

⟩︄⃓⃓
⃓⃓
⃓

= (1 – |κ|2)(1 – |ξ |2)

⃓⃓
⃓⃓
⃓

∞∑︂
n=0

(n + 1)αn+1κ
nξn+1

⃓⃓
⃓⃓
⃓ .

Similarly,
⃓⃓⟨T∗k̂κ (z), k̂ξ (z)⟩⃓⃓ = (1 – |κ|2)(1 – |ξ |2)

⃓⃓∑︁∞
n=0(n + 1)αn+1 κn+1ξn

⃓⃓
. Hence,

∥T∥Mρt

= sup
κ ,ξ∈ℚ

{︂⃓⃓⟨Tk̂κ (z), k̂ξ (z)⟩⃓⃓ρt
⃓⃓⟨T∗k̂κ (z), k̂ξ (z)⟩⃓⃓

}︂

= sup
κ ,ξ∈ℚ

{︄(︄
(1 – |κ|2)(1 – |ξ |2)

⃓⃓
⃓⃓
⃓

∞∑︂
n=0

(n + 1)αn+1κ
nξn+1

⃓⃓
⃓⃓
⃓

)︄

ρt

(︄
(1 – |κ|2)(1 – |ξ |2)

⃓⃓
⃓⃓
⃓

∞∑︂
n=0

(n + 1)αn+1 κn+1ξn

⃓⃓
⃓⃓
⃓

)︄}︄

≤ sup
κ ,ξ∈ℚ

{︄(︄
(1 – |κ|2)(1 – |ξ |2)L

∞∑︂
n=0

(n + 1)
⃓⃓
κnξn+1 ⃓⃓

)︄

ρt

(︄
(1 – |κ|2)(1 – |ξ |2)L

∞∑︂
n=0

(n + 1)
⃓⃓
κn+1ξn ⃓⃓

)︄}︄

= sup
κ ,ξ∈ℚ

{︃(︃
(1 – |κ|2)(1 – |ξ |2)L

|ξ |
(1 – |κξ |)2

)︃
ρt

(︃
(1 – |κ|2)(1 – |ξ |2)L

|κ|
(1 – |κξ |)2

)︃}︃

= sup
κ ,ξ∈ℚ

{︃
(1 – |κ|2)(1 – |ξ |2)

L
(1 – |κξ |)2 (|κ|ρt |ξ |)

}︃

≤ sup
κ ,ξ∈ℚ

{︃
(1 – |κ|2)(1 – |ξ |2)

L
(1 – |κξ |)2 max {|κ|, |ξ |}

}︃
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= L sup
κ ,ξ∈ℚ

{︃
(1 – |κ|2)(1 – |ξ |2)

(1 – |κξ |)2 max {|κ|, |ξ |}
}︃

.

It follows from sup
κ ,ξ∈ℚ

{︂
(1–|κ|2)(1–|ξ |2)

(1–|κξ |)2 max {|κ|, |ξ |}
}︂

≃ 1 that

∥T∥Mρt ≤ L for 0 ≤ t ≤ 1. (2)

Note that if αn = α for all n = 0, 1, . . . , then ber(T) = |α|, see [2]. In this case, it follows from
the inequalities (1) and (2) that ∥T∥Mρt = |α| for 0 ≤ t ≤ 1.
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