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where G € O(K) and p; represents an interpolation path of a symmetric mean p.
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1 Introduction and preliminaries
A binary function p defined on [0, +00) is definitively classified as a mean if it satisfies the
following conditions:

1. For any A >0, the inequality (Ax) p (Ay) > A(x p y) holds.

2. The function p is continuous in both variables.

3. Ifx>zandy>w,thenxpy>zpw.

4. Ifx>y thenx>(xpy)>y.
These conditions define the properties that a mean must have. For example, if s € [0, 1], the
weighted geometric mean is defined as xf;y = x'~y*. When s = %, this reduces to the geo-
metric mean, represented as xtfy. We say a mean p is symmetric if it satisfies the condition
xpy =y px for all positive numbers x and y. If p is a symmetric mean, then a parameter-
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ized mean p;, where 0 < ¢ < 1, is referred to as an interpolational path for p if it adheres
to the following criteria:

L. xpoy=xxp12y=xpy,andxp1y=y;

2. (xppy) p(xpgy) = x pria y for all p,q € [0,1];

3. The mapping ¢ € [0,1] — x p, y is continuous for each fixed x and y;

4. Each component of the mean p is increasing for ¢ € [0, 1].
For example, the power means are defined as follows:

1
xpy = (x ;y) (rel-1,1)

The interpolational paths associated with these means can be expressed as:

xpry = (A -t)x" + ty’)% (¢ €[0,1]).

In particular, xp;,y = xV,y = (1 — A)x + Ay is the weighted arithmetic mean, apo;b =

1=4b* is the weighted geometric mean and xp_y,y =aliy = (1 - A)x~! + )»y’l)f1 is

athb=a
the weighted harmonic mean. It is well-known the inequality x!, y < xfi;y < xV,y, where x
and y are positive numbers and X € [0, 1]; see [30] and the references therein.

Let O(K) denote the C*-algebra comprising all bounded linear operators defined on a
complex Hilbert space (IC, (-, -)). Within O(K), the identity operator is represented as Ix.

A functional Hilbert space is defined as the Hilbert space of complex-valued functions
onaset ® C C, in which the evaluation functionals 1. (%) = h(¢), for ¢ € ®, are continuous
on the space K. In accordance with the Riesz representation theorem, there exists a unique
element k, € IC such that for every function f € K and for all « € ©, the following holds:
Sl = {f, k).

The function k, defined on the Cartesian product ® x © by k(w, k) = k.(w), is referred
to as the reproducing kernel of the space IC (see [1, 4, 6, 16, 29] and associated references).
It has been demonstrated that &, (w) can be represented in the following manner:

k»((w) = Z mln(w)

n=1

for any orthonormal basis {/,},>1 of IC (refer to [34]), it is established that the reproducing
kernel of KC? is represented by the following function

kew)=> Eegw" =(1-kw)", keQ={weC:lw<1).

n=1

Let &, = Hlliﬁ represent the normalized reproducing kernel associated with the space K.
For a specified operator G € O(K), the Berezin symbol of G is defined as the bounded

function G on © given by the expression
Gic) = (Ghe(w), ke (w)), k€ ©.

A significant property of the Berezin symbol is that for any operators G,H € O(K), if
Ev”(/c) =H (k) holds for all k € ©, then it follows that G = H (this holds particularly when
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K consists of analytic functions; see Zhu [35]). For additional information, please refer to
the works cited in [3, 7-10, 12—-14, 17, 19-33].

The mapping from G to Gis injective [15]. Furthermore, the Berezin set and the Berezin
number (often referred to as the “radius”) of an operator G are respectively defined as

follows:
Ber(G) = {G(x): k € ©}
and

ber(G) = sup |G(x)| .

Kke®

The Berezin norm of an operator G € O(K) is defined by

1Gller = sup |(Ghes k)|
K,E€®

For an operator G € O(K), the Crawford Berezin numbers are defined as follows [18, 25]:
UG) = inf |G(k)| and C(G)= inf ‘(G/?K,/}g ) ’ .
Ke® K,E€®
In a recent paper [28], the authors defined the ¢-Berezin norm on O(K) as follows:

1Gly, .. = sup {t|<Gi<K,i<E>| +(1—t)|(G*lA<K,IA<5)}}.
K,E€@

The ¢-Berezin norm constitutes a valid norm on O(K). This indicates that the ¢-Berezin
norm is applicable to well-established functionals associated with Hilbert spaces, such
as Hardy and Bergman spaces. Furthermore, the ¢-Berezin norm adheres to a series of
inequalities, which enhances its utility and relevance in the context of functional analysis

as follows
ber(G) < [|Gllum, o < IGllber for £ [0,1].
We define a new norm based on means as follows.

Definition 1 Let G belong to O(K), and let p, represent an interpolational path of a sym-
metric mean p. We confidently define the mean-Berezin norm as follows:

IGlla,, = :guep@H(}(G/?K,iw) or (((G*/}K,/}QD} for 0<t<l1.

It is evident that for the special case where p, = V, for 0 <t < 1, we have || - ”Mp(l—t) =

I - |, - Furthermore, it follows from the relationship |(G/A(,{,/A<K){ = |(G/A(,<,/A<,()| Ot f(G*/},(,
/A<K)| that we have:

ber(G) = sup {\(GIQK,IQA I}

Kke®

=SUP{}(G@k’&k>|Pt{(Cﬁik,kkﬂ}

(C]
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< sup |G k)| o1 (G k)| = 1Glly,, forall 0=r=<1 (1)

K,£€®

and
1Glu,, = sup {[(Gheke)] o1 [(G7he ke
K,E€0

< (IGlIber) p: (I1Gllper)

= ||Gllper forall 0 <¢<1.

Therefore, ber(G) < [|Gllum,, < [Gllber forall Ge O(K)andall0 <t <1.

Example 2 In the context of the Hardy-Hilbert space, denoted as #2(Q), which is estab-
lished over the unit disk Q = {w € C: |w| < 1}, the following definition applies:

H(@={g:Q—>C:gw)=) &w"and Y |&]” < oo}

n=0 n=0

It is possible to associate H%(Q) with the sequence space /*(N) due to the correspondence
established by:

gw) =Y EW" o (Eo,61,6,. ).

n=0

The reproducing kernel of the Hardy space H*(Q) is defined by the function k,(w) =
Yook W =(1- ©w)~!, where « is an element of Q. The norm of the kernel is computed

as follows:
ke ll* = (ke ki) = k() = (1 —Kx) " = (1= [>T},

for any k belonging to the unit disk Q. Additionally, on /2(N), we consider the unilateral
right shift operator. Thus, for any « € QQ, we have

‘(Uk (), ke (z)>‘ Uk (2), ks (2))]

1
Wi Il I I

AT ||||k§|| < ( “ ) (iog >>‘
" ks ||||ks|| e a g
"~ Tkelllke ||||ks|| (0177 AEE. )

3wt

ki ik 1145

1
ke llke <|1 KE| '$'>
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and similarly ’<LI*IA<K (2) ,lA(g (z)>‘ = Wlllks“ (ﬁhd); see [5]. Moreover, it follows from

U is an isometry, that we have || Uk || = ||kc||*> = 1. Then, by the monotonicity of p;, we
obtain that

1 =sup |k| =sup ’fl(x)‘
keQ keQ

< U,

sup {I(U/?K,/?g>| pe |<u*i<K,/}g)|}

K,E€®

| (=) ~ (=)
cse0 L\ IKellllke 11111 —&&| ki Ik 1111 = %]

= [UlIper

< sup HLH}K || =1
keQ

for t € [0,1]. Hence I1UNa,, =1 for any ¢ € [0,1].

Example 3 We consider the Hardy-Hilbert space, H2(Q), defined over the unit disk Q =
{y € C: |yl < 1}. For every y € Q, we define the operator G, : H*(Q) — H*(Q) by G,(g) = yg
for all g € H2(Q). Then, we have
1 =ber(G,)
< 1Gy I,

sup {|<Gyi<mi<é>| Pt |(G;IA<K,/A<5>|}

K,£€Q

=sup{(m¢1—|s|2 el )pt (¢1—|K|2 1—jep— L )}
S T—xe] T—xe]
< sup{(¢1—|xw1—|s|2 el )}

A T

=||Gy”ber~

In this paper, we present a novel quantity derived from the definition outlined above
and establish significant results related to it. Furthermore, we pinpoint several inequalities
associated with the Berezin number and the Berezin norm. The main concepts explored
in this paper are firmly grounded in the influential works of [5, 11], and [28].

2 Main results

The following well-established lemmas are vital for substantiating our results.

Lemma 4 [26,27] If G € O(K) is a self-adjoint operator such that its spectrum is included

in an interval ] and « € ©, then for a convex function h : ] — R, we have

h((Ghe, ke)) < (WG, k).
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Lemma 5 [24] If G € O(K) and k,1: [0,00) — R are non-negative continuous functions
such that k(s)l(s) = s for s > 0, then

(Gl ke) 2 < (KE(G ke, ki) (PG ke, ke)
forallk,& € ©.

We begin our study by thoroughly analyzing the fundamental properties of the mean-

Berezin norm, a clear consequence of its definition.

Proposition 6 Let G € O(K) and p;, ks be interpolational paths of symmetric means p
and k. Then

(1) 1Glla,, = 1G* lag,

2) 1Glm,, = 1Glm,, = 1Glibers

(3) 1AGlla,, = [MIGllu,, forall x € C;

(4) Ift €10,1], then ||Gllm,, =0 ifand only if G = 0;

(5) If pr < ks, then |Gllm,, < |Glla,, forall s,t €[0,1];

6) 11Gllay, = 1Glla,,_,, forall t €10,1].

In Proposition 6, we have established that the norm || - ||y, (for 0 < < 1) fulfills the
criteria of a semi-norm, with the exception of the triangle inequality, which may not hold.
Notably, for the interpolational paths M,, (0 < ¢ < 1), which have the following prop-
erty:

(x+y)p(z+w) = (xp2) + (yow) forallx,y,z,w >0, (X0
we can state the following proposition.

Proposition7 Let G,H € O(K) and p; (¢ € [0,1]) be an interpolational path of symmetric
means p, which has the property (). Then

1G + Hllam,, < 1Glm,, + 1Ham,, -
Proof Let k,& € ©. Then, we have

(16 + ke, )] ) e (146" + Yk e

< (\(G/}K,/}g)| + |<H/2K,/2§>|) P (/(G*/}K,/}§>| +|(H K ke )
(by the property (3) of means)

= (1Gke ke ) o1 (1(G Trke) + (14, K1) oo (10 R
(by the property ()

<11Gllu,, + IHllu,,-
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Therefore,

1G + Hll,, = sup {((G + Dk ko)) o1 (|(G" + R ) )

K,£€0

=< 1Gllm,, + 1HIla,, - O

Remark 8 Assume that G,H € O(K). It is trivial, the weighted arithmetic means p; =
V: (0 <t <1) have the property (X). Then, we have

Gy, + 1H g, = I1G + Hllmg, -

We will now explore an equivalent characterization of the mean-Berezin norm and the
Berezin norm.

Theorem 9 Let G € O(K) and p; (t € [0,1]) be an interpolational path of symmetric
means p. Let

(1) 11Glm, = IGllver, and

(2) There exists sequences {k,} and {&,} in © such that

lim |(Gky,, ke,)| = lim [(G*ks,, ke,)| = IGIber-

n—00 n—00

Then, the statements (1) and (2) are equivalent.

Proof Assuming that (1) is valid, according to the definition of the supremum, it follows
that there exist sequences {«,,} and {&,} within the set ® such that

1Glx,, = lim [(Ghe,, ke,)| ot [(G ke, s, ) |-

Hence,
1Gllyer = 1Gll,,
= lim ([(Ghe,o s, )| o1 [(G K, K,
= (1im |(Ghe, ks,)[) or lim (|(G"Fe, ki, )
< (1Ger) 91 (1 Gller) = | Gller
whence,

Gllber = ( 1im [(Ghe,oke,)|) oo lim (|(G" k)] ).

n—00

For ¢t = 0, we have ||Gl|lper = lim,_ \(G/?Kn,/}gnﬂ and for t = 1, we have ||G|lper =
lim, o | (G*/A%,, IAQ”) ‘ Therefore,

1G lber = lim [(Ghe,. ke,)| = lim [{G ke, ke, ).

Page 7 of 16
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Now, let us consider the case where (2) holds. If

IGllber = lim [(Ghky,,ke,)| = lim [(G ke, ke,)],
n— 00 n—00
then by the definition of the mean-Berezin norm, we have

1Gla, = lim (|(Ghe,os,)

Pt |(G*I;Kn’/}‘§n)i)
= (1im [(Ghe,ok)]) o0 ( lim (G, Ks,)])

n—00

= (IIGllber) ot (IIGIber)
:”Cmbﬂ'

Therefore, [|Gllax,, = |Gllber- H

In the following theorem, we establish bounds for the norm | - ||, -

Theorem 10 Let G € O(K) and 0 <t < 1. Then,

max{(||Gllper)2:(C(G)), (C(G))p: ([ Gliver)}

< 11Gllm,,
) 1 1

<min { 1G*Gllpers ||GG*||§er} .
Proof Letk € ® and 0 < ¢ < 1. Then, it follows that

[(Gher k)| o2 [(Gherke)| = (TGP |(G ks ) .
Hence

1Glu,, = sup {[(Gheke)] o1 [(G e ke

K,E€0

> (C(G))pr |(G¥he ke |
= (C(G)p: | ke, Ghe))-

Taking the supremum over all vectors «,& € ©, we derive that
1Glla,, = (C(G)p:(1|Gllver).

In a similar fashion, we can assert that
I1Gllx,, = (1Glber)or(C(G)).

By combining these two inequalities, we confidently arrive at the first inequality. For the
second inequality, employing the Cauchy-Schwarz inequality leads us to

|(Ghie, ko) |* < [(Ghe, Ghi) || (ke k)| = [{G* G, k)| < ber(G*G) = |G Gllpe
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and

(G ke ke) | < (G, Gk || the K )| = (GG e, )| < ber(GG™) = GG per-
By the monotonicity of p;, we have

Gl = sup {[(Gherke)] o |(Grke)}

K,E€®
. 1 1
Smln{llG*Gllﬁer, IIGG*Ilﬁer}. O
In the following result, we will explore some special cases of Theorem 10.

Corollary 11 Let Ge O(K),s€[-1,11and 0 <t <1. Then

< 11G a1,

\% (L= DG, + 1C5G) \/ (1-C5G) + tGIL..
2 ’ 2

In particular,

’

{ (1= )| Gliper + £C"(G) (1 - OC(G) + | Gllper
max 2 2

} < 11G g, -

and

max{ IGILPTHG) CO-2G) |G,
2 2

, } <Gl

Proof Let p; represent the interpolational paths of the power means p;, for s € [-1,1] and
0 <t <1, as established in Theorem 10. From this foundation, we derive the first inequal-
ity. Furthermore, upon considering the means V, and f; (where 0 < ¢ < 1) as outlined in
Theorem 10, we are able to obtain the second and third inequalities, respectively. O

Theorem 12 Let G € O(K), and let p be a mean dominated by the arithmetic mean V.
Additionally, let 0 <, B <1 suchthato + B =1. Then

1 1 1
16l = 5 [||a|G|2 +BIGR|Z + |-G+ —ﬁ)IG*IZIIZe,} .

In particular,

1
IGI3, <5 [1GI* +1G*

-2 |2Hber'

Proof Let k,& € ©. Then, applying Lemma 5, we have
(|(Ghe, ko)) o ([(G7her e )

< <\/ (1GPk i)y <|G*|2<1-a>/%g,/2§>) p </ <|G*|2ﬂl?K,kK>\/<|G|2<1—ﬂ>&,/25>)
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< <\/ (16, k) <|G*|212§,/2$><1-a>) p (\/ (1G* 2k, k)8 <|G|212§,&><1-ﬂ>)

(by Lemma 4)

(\/ <|G|2/2K,/2K>a\/ (1G*[2ke, kg) - + \/ <|G*|2/2K,/2K>ﬂ\/ <|G|2i<g,/?g><lfﬂ>)
[(«(16P R ko) + (1 - a)(IG" e, e )?)

+ (BUG Pho k)t + (- pUIGIRe k) )

(by the inequality u“v'™* < au + (1 —a)v)

[(l16Pka k) + BUG* P k) )

N =

+ (A -(16* Phe ko) + (1= BUIGPRe k)P ) |

hJIH

(
<5 | (@16Pk ko + OGP )
(

+ (-6 ki) + 1= B)(IG kg;ks))j]

(by the concavity of h(x) = V/x)

-5 [(((aIGIZ cpl6 Pk k) s (- wieR - f,)|G*|2),QE,,;€>>;]
% [”“'G'Z +BIGP| L, + 1 - @lGP + (1 —/3)|G*|2||ée,},
whence
3 | I+ BIG P, + [ -6 + - pIGP,

> sup [<|(G/A(,(,/A<g)|)p (|(G*/A<K»IA(§>|>]

K,£€®

= 1Glla,-

Hence, we derive the first inequality. For the second inequality, settingo = 8 = % yields the
desired result. O

Theorem 13 Let G € O(K) and let p be a mean that is dominated by the arithmetic mean
V. Consider two non-negative continuous functions f1, f», g1, and g, defined on the interval
[0, 00). It is established that fi(¢)g1(¢) = t and f,(¢)g2(¢) = ¢t for all t > 0. Then

1
1GI, < g (IRUGD + GAG D], + 1FUGD +&2UGD] ) -

In particular,

1
Gl = 5y 1G> +1G*P0-"]

where 0 <r <1.
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Proof Assume that «,& € ©. Then by using Lemma 5, we have

|(Gheke)| =/ |(F20GDk ko | (€206 D, )|

and

(G k)| = @21 D k) [ | (201G K|

Therefore,

PN ~ A 2
(G e) | p[(G s ) )

2
< <\/|(ﬁ2(|G|)/}K,1}K)|\/|<gf(|G*|)/2g,/25>| p \/I<g§(|G*I)I?K,/?K>I\/I(&Z(IGI)&JQI)

=

Hence,

»-I> I

2
[\/|<f1<|G|>kK,k I\/|<g1<|G ke, )| + /| @21G* ke, ) |\/|(}3(|G|)ks,k§>|:|
(by p<V)

< 2 ([1206Dke ko) | + @G Dk k) ) (| @RAG ke, e + [ (21 GDs, ke )
(by the Cauchy-Schwarz inequality Vab +Ved < Ja+cVb+d)

4>|»—t

(121G + GG ke ko) | + | (@HG" ) + (G Ee. e |

| =

(by the arithmetic-geometric mean inequality)

(120G + GU1G D ,op + 1£UGD + g1 1GD ) -

Oolb—l

A A nA A 2
1613, = sup {(IGho kol 6" )|
KE€O

1
= 5 (RUGH + &G D ey + UG D + &1 1GD ey

We establish the first inequality confidently. For the special case, we choose f1(£) = g1(¢) = ¢
and fo(¢) = go(¢) = £ (with 0 < r < 1), which effectively leads us to the desired result. [J

3 Some applications

In this section, we first explore our definition of the Volterra integration operator within
the Hardy space H2(Q).

Remark 14 Assume H%(Q) is the Hardy space, which Q = {w € C: |w| < 1} and V :
H2(Q) — H*(Q) is the Volterra integration operator defined by V(f) = fo f(t)dt for f €
H*(Q). Then for every k(z) = Y oo ¥"'2" = (1 —kz)~!, we have V(2") = n— forn=0,1,.

and

[(Vke(2), ke (2)) | =

<V(<1— |x_|2>%>,<1— |s_|2>% >’
1-kz 1-¢&z
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=1k -EP)?

1 1 o Zn+1 o0 —
==l - g2 (D" —— ) &'
n=0 n+ n=0
0 —peptl
1 1 K"&
=(1=Ikl®2(1=1£1%)2
(1 -k ?)2( |§|)§n+1

Similarly, | (V*ke(2), ke ()] = |(ke(2), Vs (@) = (A= P2 A= 16 [552

fore,

ber(V)

= sup | |(Vk.(2), k@)
keQ

~ 1—|K|2 o |K|2(n+1)

‘fi&{( i )X(; el

B lic|? —

=sup In(1 - |x|*)
keQ |K|

~0.49084

<1IVlm,,

= sup {[(VE@&e@)] o1 [(V'he(2) k@)

K,£€Q
= sup {((1—|x|2>%(1—|5|2)% Zf”s”“)
K5€Q n=0

[e.¢]

E: n+1

n=

(( — k?)2(1 - [€]%)2

il
S| o)

n+l n+l
fsup{<1—|x|2)5<1 |s|>z( "0'”‘5' pp il )}

= sup

-k -] )2(
KE€Q

E€Q &1
—In(1-|«&) -In(1- IKSI)) }

sup
k,E€Q

t

- k)2 - |5|2>%<

lic| 3

sup

1 1
—(1-|k[»2(1 - £ )21n(1—|K$|)( )}
k,E€Q

el el

2\ % 2N 11
< sup 1 —(1-1[e[)2(1 - 1§12 In(1 - [k&|)max § —, — p p =~
K,E€Q il I
=0.540261
< IVllber

=1.
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For the special case p; = V% , by the standard calculus we have

sup {—(1—|x|2>%(1—|5|2)%1n<1—|xs|)(

1 2
— ) } ~ 0.495558.
kE€Q

+ —_—
3|kl 3l&]
Therefore,

ber(V) >~ 0.49084 < || Viamy, S 0.495558 < ||V ||per = 1.

2
3

Moreover, for the special case p; = ﬁ% , we have

sup {—(1—|x|2>%<1—|s|2>%1n<1—|xs|>(

) } ~ 0.49489.
K,5€Q

|K|1/3|E|2/3
Hence,

ber(V) = 049084 < ||V [lar,, < 0.49489 < ||V [lper = 1.
3

Thus, this example demonstrates that || - [|a,, serves as an estimate between the Berezin
number and the Berezin norm on the Hardy space H2(Q).

Remark 15 Stampfli [32] demonstrated that unitary operators on any Hilbert space
can be characterized as invertible contractions with contractive inverses. Specifically, this
means that an operator G € O(K) satisfies ||G|| < 1 and ||G™}| < 1. Sano and Uchiyama
[31] proved that an invertible operator G on K is unitary if and only if w(G) <1 and
w(G™!) < 1. However, it is not generally true that an invertible operator G € O(K) is uni-
tary if ber(G) < 1 and ber(G™!) < 1. In [22], the authors established a characterization
for unitary operators in terms of Berezin numbers, showing that an invertible operator
G € O(K) is unitary if and only if ber(GG*) < 1 and ber(G* ' G™!) < 1. In [7], the authors
proved a characterization of the unitary operator, replacing GG* with G*G. Consequently,
using our definition and the inequality (1), we have an invertible operator G € O(K) is
unitary if and only if |GG*|ls, <1 and ||G*’1G’1||Mpt <1, (0 <¢<1)if and only if

IG*Gllm,, <1and |[G'G* My, <1,(0<t<1).

In the following remark, we will explore our definition of a bounded weighted shift op-
erator on the Bergman space.

Remark 16 Let Q = {w € C: |w| < 1} be the open unit disc and Hol/(Q) denotes the set of
all holomorphic functions in Q. The Bergman space on the unit disc Q is defined [29] by

AX(Q) = {f € Hol(D): f If(2)|*dV(z) < oo} ,
Q
where dV is the normalized area measure on Q. A?(Q) has the orthonormal basis {e,,}%%,,

where e,(z) = v/n + 12" for all n > 0. For f,g € A%(Q) the inner product can also be ex-
pressed as

1 _
(f’g) = Z T 1)"71/'1';1’
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where f(z) = Y 02  2,2" and g(z) = Y oo, a2". The space A*(Q) is a reproducing kernel
Hilbert space and the reproducing kernel for A2(Q) is

1 i —n,_Nn
kw(z):m:n;(ml)w 2, zweQ.

For the function f(z) = ), A,z", which is an element of A%(Q), we consider the bounded
weighted shift operator on A%(Q) defined as

o0 o0
T (Z o+ 1)»,,2”) = Zamlknzn,
n=0 n=0

where the weights {o,};°, is a bounded sequence, see [2]. Let L be a positive real number
such that |o,| < L foralln=0,1,.... We have

[(Tki(2), ke (2))] = (1 = )1 - [€]7) <v (Z(n + 1>E"z"> Y n+ 1>§”z">
n=0 n=0

= (1= kM)A - 1) <Z<n + D'z (n+ 1)§”z">

n=0 n=0

= (L= kA= [EP)| Y 01+ Datya"g™!

n=0

Similarly, |(T*k,(2), ks (2))| = (1 = k)1 = |E%) |02 (1 + 1)@pr €167 |. Hence,

1T llug,

= sup {[(Th(2) k(@) o | (TR, K|}

k,E€Q
= sup [((1—|K|2)(1—|5|2) Z(nn)amlz”s“)
1 EEQ n=0
pi ((1 — kYA = (&)Y 0+ D E” )}
n=0

< sup {((1 —lkeP)A=[ERLY o+ 1) [eg™ ! |>

kEeQ n=0
pr ((1 —lkeP)(A=[EMLY (n+1) |f”“s"|>}
n=0
= sup {((1— )1 - |§|2>LL> pr ((1— e )(1 - |s|2)LL>}
ckeQ (1- k&2 (1- kD2

= sup {(1 — i) - |€|2); (x| ot lél)}
ECQ (1- k&)

< sup {(1—|K|2)<1—|s|2>#max{|x|,|g|}}
= s A= cE?

Page 14 of 16
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=L sup
k,E€Q

{(1 — kA - €1

Gl max{|x|,|s|}}.

2 2
It follows from su%[%m%“ﬂ, |§|}} =~ 1 that
K,Ee

ITlls,, <L  for0O<t<1. @

Note thatifa, = a forallz =0,1,..., then ber(T) = |«/|, see [2]. In this case, it follows from
the inequalities (1) and (2) that [|T||»,, = |«| for 0 <¢<1.
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