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Csinxy= �'A� )%��$: � ��� �
H* C��
 �:�- x= �� Cx+ y > �= &��$: ��
 ���1�
0�1�2� ��� ��
 Cex + yez= ��

���% !�� �� �'�
!)� 0��
 ���:��5� ��-�� �! ��� �
H* 	��!�����  
 )"�
!
�:
 �� :��5� Y# ^� 0��
 ,< 	�E:
 ,!�� ���W+ �:��5� F� ��-�� 	
�� f��

0�12���)� {�,�, . . . ,��} &��9 �� 
� �s  
 ���� );'$�
��
 	
�� �2'� U��1� f�� ��
 �-�� !� � )B'T �E:
 !
�;% �� )%��9 �!
�� 
� � � s �'� )�'�N !
�:
 �� :��5� Y# ^� 0�11�)� !����
 ��� �
H*  
 ��A1�

0�12���)� {x : x ∈ IR , � ≤ x ≤ �} &��9
0�� ��)� 
� �� &��$: �! x� − � = � 	��� �
H*  


0x� − � = � Gx ∈ IR �� 	
 
 �� - �
0x� − � = � �� x ∈ IR !�
! !�4� - P

� ���!�� )V�
 f �
 0�1�2� �
H* &��$: �! �� �� !�-)� ���6� ��! )�� ��
��= &
��$:  
 !����
 �� ,
�%)� !�-)� ��! �� ,�1z�� 0��
 ���! )��! f �

Cx �� 	
 
 ��= 0!�� L��$% �
H* �� 
� ��� �
H* C�� 	
 x !�
! !�4�= � Cx �� 	
 

���* � 2�'+!�'% 
� C �� 	
 x !�
! !�4�= � C∀x= !��� �� � ���* � �
'(� �'% 
�

universal quantifier�

existential quantifier�



P� ����� ��� ��������

0�12���)� C∃x= !��� ��
&��9 �� ,
�%)� 
� J�+ ��
H* �! �'T
 	��!���  
 !����
 ��

∀x ∈ IR x� − � = �

∃x ∈ IR x� − � = �

&��9 �� ��
∀x(x ∈ IR =⇒ x� − � = �)

∃x(x ∈ IR ∧ x� − � = �)

0�-��
/'89!
�:
 �� :��5� G�S� �V�: )��� C�1� )�!�: 
� y Gx= 	��� �
H* 0����

0�'2��1� )�?1� &��9 ��
� �W�< ��'1� L��$% �
H* �� ����� F�� �� 
� �-��
)�!�: 
� y Gx= 	����
H* p(x, y) � /'89!
�:
 �� :��5� ZZ �'1� |�+ 0��

0�-�� C�1�
�1� )�!�: 
� )8'89!�: G /'89!�: �� - �

∀x ∃y(x, y ∈ ZZ ∧ p(x, y))

�1� )�!�: 
� /'89!
�:
 ���� �� �2� )8'89!�: - P

∃x ∀y(x, y ∈ ZZ =⇒ p(x, y))

�1� )�!�: 
� )8'89!�: �� �2� /'89!�: F� - p

∃x ∃y(x, y ∈ ZZ ∧ p(x, y))

�1� )�!�: 
� )8'89!�: /'89!�: �� - O

∀x ∀y(x, y ∈ ZZ =⇒ p(x, y))

0�'2��1� `?1� ,�� �� 
� �� 	���
H* 0����
0�2� )����* !�: )�'�N !�: �! �� �'� - �

∀x, y ∃z((x, y ∈ IR , z ∈ /Q) ∧ x < z < y)

0��
 )V
��� /'89 !�: �! �'� )�'�N !�: �� - P



��� PP

∀x ∈ IR ∃m ∈ ZZ m ≤ x < m + �

0!�
! )�'�N a
�4 �! �^�
�N x� − � = � �� V!�;� - p

∀x ∀y ∀z ((x� − � = y� − � = z� − � = �) =⇒ (x = y ∨ x = z ∨ z = y))

0 �'�! )� �
�� )����!���
� )�H4 � )B� 	���
H* }'�� ,�1�

���! 
� ��8� ���
�T= �� ��
 )1;� C!�
! ���! 
� �W��2�
 �� �� ���
�T= ��
H*
}'�� . . . � C!�
! ���! 
� �2N ���
�T= � C!�
! ���! 
� )B: ���
�T= � C!�
!
�� C!�
�� ���! 
� )B: ���
�T= �� C!�
�� ���! 
� ��8� ���
�T= ��
H* �'T
 ��
H*
�� �2� )��2�
= �%!�� ,�'� �� 0�-��)� . . . � � C!�
�� ���! 
� �2N ���
�T=

c] C!�
�� ���! 
� �
 ���
�T

∼C!�
!���!
��W��2�
�������
�T=≡C!�
�����!
��
���
�T���2�)��2�
=

��
 ���1�
∼ (∀x p(x)) ≡ ∃x ∼ p(x)
∼ (∃x p(x)) ≡ ∀x ∼ p(x)

0�'2��1� 
� L$� @�^� 	���
H* }'�� 0����
0��

�) ∃x, y ∀z ((x, y ∈ IR , z ∈ /Q) =⇒ z �> x ∨ z �< y)

�) ∃x ∈ IR ∀m ∈ ZZ m �≤ x ∨ x �< m + �

�) ∃x, y, z ∈ IR x� − � = y� − � = z� − � = � ∧ x �= y �= z

�� �����
D��
 �B_ �� ��
H* �
�� - �

v∃x, y(x, y ∈ lN , x + y = �) - <
v∀x∃y(x ∈ IR , y ∈ IR , x < y) - a

v∀x∀y((x ∈ IR , y ∈ IR) =⇒ x < y) - n
0∀x(x ∈ IR =⇒ x� ≥ �) - !

D��
 ���!�� F'�
�� � ���! �� 	���
H*  
 F'�
�� - P
v∀x∃y(x ∈ lN , y ∈ lN ∧ xy = �) - <



Pp ����� ��� ��������

v∀x ∈ lN ∃y ∈ lN x + y = � - a
v∀x ∈ lN ∃y ∈ lN x − y = � - n

0∀x ∃y (x, y ∈ lN ∧ x − y = �) - !
0�'2��1� 
� �� 	���
H* )1;� - p

∀x ∀y ∃z ((x, y ∈ /Q , z ∈ IR − /Q , x < y) =⇒ x < z < y)

∀x ∈ ZZ ∼ ∃y ∈ ZZ x < y < x + �

∼ (∀a, b, c((a, b, c ∈ ZZ , a|bc) =⇒ a|c))
∼ ∀x ∈ lN ∃y ∈ lN x + y = �

∀x, y ∈ IR x < y �� x = y �� y < x

0�'2��1� `?1� ,�� �� 
� �� 	���
H* - O
0�2'� L��� )��2�
 �'� - <

0!�
�� !�4� G�-�� ,< �E: 	�E: F% 	���:��5� ���% �� 	
�:��5� - a
0!�- r �W�< a�( L9�N �� �2� );'$� !�: F� );'$� !�: �� 	
 
 �� - n

0�2� ���* !�: F� )�'�N !�: �! �� �'� - !
0��
 )V
��� /'89 !�: �! �'� )�'�N !�: �� -�

0!�
! !�4� ,<  
 ��*�H� );'$� !�: F� )�'�N !�: �� 	
�� - �
0�'2��1� 
� �� 	���
H* }'�� - q

0∀a, b ∈ IR (a + b)� = a� + �ab + b� �<
0∃x ∈ IR x� < � �a

0∀a, b((a, b ∈ ZZ , a > b) =⇒ a� > b�) �n
0∀x∃y(x, y ∈ lN , x + y = ��) �!

0∃M ∈ IR ∀x ∈ IR | sin x| < M ��
��
H* F� �� L��$% �� ���� ��"� 
� )������ �� ��� �� 	������
H* 	
�� - r

!�- ���!
x < y �<

x� + �x + � = � �a
|x − y| ≥ |x| − |y| �n{

x + y + z = �

x − y = �
�!
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����� ��� ��

(p ⇐⇒ q) )��- �! �� (p =⇒ q) )��- U'��% &��9 �� &�'(��� �! ���E� ��6'�
0!�- )���� q =⇒ p � p =⇒ q )���! ���� p ⇐⇒ q L"- �� 	���E� �! 0�1�2�

L�: �� f�� ��  
 )"� �� K# ��;� p =⇒ q L"- �� �� )����E� &�$g
 	
��
0!�-)�

�'��2� &�$g
 
� &�$g
 ��
 0!�-)� �5'�� q )���! Gp )���!  
 !����
 �� - �
0�1��*)�

c": &�$g
 
� &�$g
 ��
 0�'��)� ∼ p )���! �� ∼ q ,!�� |�+ ���! �� - P
0�1��*)� }'��

XBT ,���� 
� &�$g
 3�� ��
 0!�- �51� }��1% �� q ,!�� |�+ ���!�� - p
0�1��*

0x < � �I�< x� + �x + � < � �*
 �'�! ,�6� 0����
(x + �)(x + �) < � c] x� + �x + � = (x + �)(x + �) �'�
!)� - � ��
@�N �� �! �� x < −� �� x < −� �� �5'�� �! x + � < � �� x + � < � �� ��
 ���1�

0x < �

��
 ���1� 0x + � ≥ � , x + � ≥ � �I�< x ≥ � �*
 - P ��

x� + �x + � = (x + �)(x + �) ≥ �

�� !�-)� �5'�� x� + �x + � < � �� ��
  
 �* ,< x ≥ � �*
 - p ��

x� < −�x − � < �

0��
 }��1% ��
 �� x� < � c]
0�1-� � U��� 	���
H* �
�� �� )V� % � ���� ��
 �"�� )��- 	���E� �!

0!�- !
! )%�8'(�% ���'E� ��
 &�$g
 �� M4
� �� �1�)� a�5�
 &���(
� q � p ��
H* �!  
 !����
 �� K# ��;�G�-�� (p ∧ q) =⇒ r L"- �� �'E� �*
 - �

0���'*)� �5'�� 
� r J�+ f�� ��  
 )"�
0x > � �I�< x > � � x� > � �*
 x ∈ IR �� 	
�� 0����



Pq ����� �
 

��
 �� �4�% �� x < −� �� x > � �* ,< x� > � � 
�SV! x ∈ IR ���'* 0��
0��
 ���! x > � ��
 ���1� �-��)� ���!�� x < −� ��
H* ��
 x > � ��

� p =⇒ r 	���
H * )���! � �� � �-� � (p ∨ q) =⇒ r L"- � � � 'E� �*
 - P
0!�- )���� q =⇒ r

(x > � �� x < −�) =⇒ x� > � 0����
x < −� �*
 0x� > � 	��2��� �'+�� ,!�� �$^� �� �4�% ��x > � �*
 0��

0x� > � ��
 ���1� (−x)� > � L$� ��2� �� �4�% �� −x > � �* ,<
� p =⇒ q 	���'E� )���!� �� � �-� � p =⇒ (q ∧ r) L"- �� � 'E� �*
 - p

0���- ���g �! �� p =⇒ r

x > −� � x < � �* ,< |x| < � �*
 0����
�* ,< x < � �*
 0−� < � ≤ x < � c] |x| = x �* ,< x ≥ � �*
 0��

0� > � > x > −� �5'�� �! −x < � 
ZV |x| = −x

r )���! �� q )���! p )���!  
 ���� G�-�� p =⇒ (q ∨ r) L"- �� �'E� �*
 - O
0���'*)� �5'�� 
� 	�I�! )���! )"� ,!�� |�+ ���!�� �� K# ��;� 0!�- �5'��

0����
∀x, y ∈ IR xy = � =⇒ x = � �� y = �

a�( �

x
�! 
� xy = � �'+�� 0��
 ,��
� 	
�
! x c] x �= � ���'* 0��

0y = � �� ��
 �5'�� � �'1�)�
�� p =⇒ (q =⇒ r) ,!�� @!�;�  
 �-�� p =⇒ (q =⇒ r) L"- �� �'E� �*
 - q

0�'1�)� !����
 (p ∧ q) =⇒ r

0����
∀x ∈ IR |x| > � =⇒ (x > � =⇒ x > �)

)���! ��
 )+�� 0��
∀x ∈ IR (|x| > � ∧ x > �) =⇒ x > �

0x > � ��
 ���1� |x| = x c] x > � ,�7 0���'I� �5'�� 
�
��� % ) �H4 � )B� 	���
H * !�� � � &� $ g
 � � M4
� ) %�8 '(� % � � 
� \S� ��


0�'�!)� �
�� )���� !��� �� 	�WV�^� F�� �� 
� 3�(�� 0�'1�)�
~ �'1� ���g - �



��� Pr

∀a, b ∈ IR (a − b)(a + b) = a� − b�

&��9 ��
 �! 0�-�� 
�SV! a, b ∈ IR �'1� |�+ 0��

(a − b)(a + b) = a�+ � ab− � ba − b� = a� − b�

~�'�! ,�6� - P
∃M ∈ IR ∀x ∈ IR sin� x ≤ M

��
 ) +� � 0−� ≤ sin x ≤ � � 1 �
!) � sinx M �� %X �� ; % � � �4� % � � 0��
0!�- ��+�* �A� �! M = �

0�2� )�'�N !�: F� )�'�N !�: �! �� �'� �'1� ���g - p
x < z < y �* ,< z =

x + y

�
�*
 0x < y � x, y ∈ IR �'1� |�+ 0��

0�'1� )���� 
� ∀x ∈ IR Gx� < � ��
H* )���! - O
x� = � > � G x = � 	
 
 �� 
�� 0�2'� ���! �
H* ��
 0��

L"- �� )����E� !� 	
�� )B� ��� ��0�1��* }�� @�^� 
� x = � @�^� ��
 �!
0�-�� �
���� ∼ p(x) �� �'��'� 	��� 
� x ���� G∀x p(x)

D ��
 ���! ∃x ∈ IR x� + � = � ��
H* ��< - q
0x� + � >

�= � Gx ∈ IR �� 	
�� 
�� G�'T 0��
��
 �! 0 a ≤ x G x > � �� 	
� � � � �-� � 	
� �� * � � a ≥ � �' 1 � |�+ - r

0a = � &��9
�� }��1�� ��
 � a >

a

�
> � ��
 � �� 1 � a > � c] a �= � �'1� |�+ 0��

0��
 �V��2�|�+
�'�! ,�6 � 0 �0�0a (k, k + a) = � G a ∈ ZZ �� 	
� �� k ∈ ZZ �' 1 � |�+ - m

0 k = ±�
0�-��)� ���! H'� a = k 	
�� c] 0��
 �
���� a �� 	
 
�� �?�
� ,�7 0��
�! 0k|�0�0a(k,�k) c] k|�k � k|k � � ) ��5 �<  
 �0�0a(k,�k) = � ��
 � �� 1 �

0k = ±� c] k|� �5'��
�������

0�'1� �'';% 
� �� 	���
H* f �
 - �
0a ± c

�≡ b ± d �* ,< a
�≡ b � c

�≡ d �*
 a, b, c, d ∈ ZZ �� 	
 
 �� �<



Pm ����� �
 

0a
c

�≡ b

c
�* ,< a

�≡ b � � �= c ∈ ZZ � a, b ∈ ZZ �*
 �a
�� x, y ∈ IR !�
! !�4� �n

{
x + y = �

�x − y = �

x, y ∈ IR �� 	
 
 �� �� 	
z ∈ IR !�
! !�4� �!
{

x + y + z = �

x − y = �

z ∈ IR �� 	
 
 �� �� x, y ∈ IR !�
! !�4� ��
{

x + y + z = �

x − y = �

�� �2� x, y ∈ IR F� z ∈ IR �� 	
 
 �� ��
{

x + y + z = �

x − y = �

�� 	�� �
H* r, q, p ��
H* ���� 	
 
 ���'�! ,�6� )- �
 @��4 F���� �< - P
�1�2� ���!

p =⇒ (q =⇒ p) �i
((p =⇒ (q =⇒ r)) =⇒ ((p =⇒ q) =⇒ (p =⇒ r)) �ii

((∼ p) =⇒ (∼ q)) =⇒ (p =⇒ q) �iii
	
� � )���� � G ��' � ,� �� �� J�+ �iii � �ii � �i 	�� �
H* 
 !� � ��
� ��W 1 % �a

0�'�! �[
�
�� 	���
H*
p =⇒ p �i

∼ q =⇒ (q =⇒ p) �ii
(∼ p =⇒ p) =⇒ p �iii

(p =⇒ q) =⇒ ((∼ p =⇒∼ q) =⇒ (q =⇒ p)) �iv
((p =⇒ (q =⇒ r)) =⇒ (p =⇒ q)) =⇒ ((p =⇒ (q∨)) =⇒ (p =⇒ r)) �v

(p =⇒ (p =⇒ q)) =⇒ (p =⇒ q) �vi



��� Po

p =⇒ (q =⇒ (p =⇒ q)) �vii

p =⇒ (∼ (∼ p)) �viii

G �� ' � ,� �� �� �< � � 2 � �iii � �ii � �i 	� � �
H * 
 !� � � �
� �� W 1 % �n
0�'1� )����
� �� 	�W4��1��
��$�:


∼ (∼ p) �ii
·· · p

∼ p �i
·· · p =⇒ q

p =⇒ (q =⇒ r) �iv
·· · q =⇒ (p =⇒ r)

p =⇒ q �iii
∼ (q =⇒ r) =⇒ (∼ p)
·· · p =⇒ r

0�'2��1��� 	�� �
H* 	
�� )����� �n � �a 	�� ��2��1��� �!
(p =⇒ q) =⇒ (∼ p =⇒∼ q) �i

((p =⇒ q) =⇒ p) =⇒ p �ii
∼ (p =⇒ q) =⇒ (q =⇒ p) �iii
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0�1��*B,A ��:��5��!�8��#�� 
� A ∩ B0{x|x ∈ A � x ∈ B} )1;� A ∩ B �ii
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~�* ,< G�1-�� �:��5� �! T � S �*
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�� ���6� �'E�
0!�-)� �
Z*
� �1�
�T �� ����% ,
�1: �� ��

0�1��* B �! A  
 �&�?�� F� 
� A × B  
 �:��5� �� �� 0�
�����
0��
 lN �! ZZ  
 �?�
� F� R = {(a, b) : a ∈ lN , b ∈ ZZ , a|b} 0����

0��
 IR �! IR  
 �?�
� F� R = {(x, x + �) : x ∈ IR}
�
���� R ��?�
� b � a �'� �1��*)� (a, b) ∈ R � �-�� B �! A  
 �?�
� F� R �*

b �� R ��?�
� �8% a ��!�- )� ���* aRb 	
�� &���
 )��* 0aRb �12���)� � ��


0!�-)� ���* H'� R �8% a ����% b �'1z�� 0!�-)� !
! �$2�
�'1�)� X��;% 0����

∀a, b ∈ IR aRb ⇐⇒ b = [a] �'89 ǱH4 !��� [ ]

 
 �1%��$: ,< 	�E:
 )T�� � ��
 IR × IR �! �?�
� F� R

�/�R� �/�R� − �/�R − � − �R − � �R�

&��9 �� �� �-�� IR × IR �! �?�
� F� R �'1� |�+ 0����
∀a, b ∈ IR aRb ⇐⇒ [b] = [a] �'89 H�4 !��� [ ]

0��
 �- X��;%
D !�-)� !
! �$2� 	!�: �7 �� R �?�
� �8% �xq !�: - �

0�/�Ry ⇐⇒ [y] = [�/�] = �⇐⇒ � ≤ y < � 0��
0��
 R �8% 	!
�:
 �7 ����% −�/� - P

relation�



1��� Os

0xR − �/�⇐⇒ [x] = [−�/�] = −�⇐⇒ −� ≤ x ≤ −� 0��
0R ⊆ A × A �*�� �1��* A �! �?�
� F� 
� R 0�
�����

0�-�� A = {�,�, . . . ,��} �'1� |�+ 0����
0xRx Gx ∈ A �� 	
 
 �� �� �'2��1� ,�17 A �! 
� R ��?�
� - �

Gx, y ∈ A �� 	
 
 �� �� �'2��1� ,�17 
� A �! R ��?�
� - P

(x, y) ∈ R =⇒ (y, x) ∈ R

Gx, y, z ∈ A �� 	
 
 �� �� �'2��1� ,�17 
� A �! R ��?�
� - p

(xRy , yRz) =⇒ xRz

- � ��

R = {(�,�), (�,�), (�,�), (�,�), (�,�), (�,�), (�,�), (	,	), (
,
), (��,��)}

- P
R� = {(�,�), (�,�), (�,�), (�,�)}
R� = {(�,�), (�,�)}
R� = {(�,�), (�,�), (�,	), (	,
), (
,��), (�,�), (�,�), (	,�), (
,	), (��,
)}

- p
R� = {(�,�), (�,�), (�,�), (�,�), (�,�), (�,�)}
R� = {(�,�), (�,�)}
R� = {(�,�), (�,�), (�,�)}


�
! ,��H�� 
� J�+ @�^� �'9�T �� �� �� �'2��1� IR �! �?�
� F� 0����
0�-��

�'1�)� X��;% 0��
∀a, b ∈ IR aRb ⇐⇒ |a| = |b|

|�+ ��! �'9�T 	
�� 0aRa c] |a| = |a| ,�7 G�-�� 
�SV! a ∈ IR �*
 @�N
a, b, c ∈ IR �*
 0bRa �"1�
 �5'�� |b| = |a| 
ZV |a| = |b| c] aRb � a, b ∈ IR �'1�
�'9�T 
ZV0aRc �5'�� �! � |a| = |c| c] |b| = |c| � |a| = |b| �I�< bRc � aRb �

0��
 �
���� H'� ���
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A �! 
� R ��?�
� 0�
� ����
0aRa G a ∈ A �� 	
�� �*�� �1��* ��%� 	�� - �

0 bRa �* ,< aRb �*
 a, b ∈ A �� 	
�� �*�� �1��* �@��#
 - P
0 aRc �* ,< bRc � aRb�*
 a, b, c ∈ A �� 	
�� �*�� �1��* �2�	#
 - p

�������
!�-)� X��;% �'17 lN �! R ��?�
� - �

mRn ⇐⇒ �|m� − n�

0!�
! 
� 	�;% � )����% G)��";�
 �
�T �?�
� ��
 �� �'�! ,�6� �<
D��
 R �8% 	!
�:
 �7 ����% s �a

0!�-)� !
! �$2� 	!
�:
 �7 �� R ��?�
� �8% � �n
�'�! ,�6 � 0� 1-� � A �� :��5� �! )��"; �
 �� ? �
� �! R′ � R �' 1 � |�+ - P

D ��� �7 R − R′ 0�-��)� )��";�
 �'9�T 	
�
! R ∩ R′ � R ∪ R′

0�'1� )���� 	�;% � )����% �
�T 	
�� 
� P �� V��2� - p
�'�!)� �
�� 0�-�� A �! �?�
� F� R �'1� |�+ - O

R−� = {(b, a) : (a, b) ∈ R}

�* ,< �-�� A �!�I�! ��?�
� F� R′ �*
 �� �'�! ,�6�

(R ∪ R′)−� = R−� ∪ R′−� (R ∩ R′)−� = R−� ∩ R′−�

D ��
 	�;% R−� ��< G�-�� 	�;% �'9�T 	
�
! R �*
 - q
0�'�! �
�� )���� !��� )����% � )��";�
 �
�T 	
�� 
� L$� ����% - r

�'1� |�+ - m

(a, b) ∼ (c, d) ⇐⇒ ab

a� + b�
=

cd

c� + d�

�
�T �?�
� ��
 �'�! ,�6� 0�-�� IR × IR − {(0, 0)} �! �- X��;% �� ?�
� F�
0�'��'� 
� ���
! �?�
� (�,�) �� �� 	
�:
 0!�
! 
� 	�;% � )����% G)��";�


reflexive�

symmetric�

transitive�
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	�;�� � )����% G)��";�
 �*�� �1��* �25��.A 
� A �! R �� ?�
� 0	
� ����
0�-��

 
 )��WV�^� �8�9 F� ��?T �� :��5� �! 	 
�% �� ?�
� � �W^B^� �! ���6% �� ?�
�
�'9�T 	
�
! 
�� G�2'� 	 �
�� ���:��5� �! ⊆ �� ?�
� 0�1�2� 	 �
�� �� ?�
�

0��
 	 �
�� H'� L$� \S� @�^� ���T< 0�-��)�� )����%
0�1�!)� ,�6� �≡� )�6W1�� �� �∼� �
�B'%� !��� �� K# ��;� 
� 	 �
�� ��?�
�

�� :��5� 0a ∈ A � �-�� A �! 	 �
�� �� ?�
� F� ∼ �'1� |�+ 0�
�����
0�1��� ���'
 
� a ��1��* a�25��.A &6 #%� 
� [a] = {x : x ∈ A , x ∼ a}

0[a] ⊆ A �� !�-)� ��! �'1z�� 0[a] �= φ 
ZV a ∈ [a] c] a ∼ a �� )��5�<  

0�'��'� �� 	 �
�� ��?�
� �! 
� 	 �
�� 	�����! 0����

∀a, b ∈ IR aRb ⇐⇒ [a] = [b] �'89 ǱH4 !���[ ]

0�-�� 
�SV! a ∈ IR �'1� |�+ 0��

[a] = {x : x ∈ IR , [x] = [a]} = {x : [a] ≤ x < [a] + �} = ([a] , [a] + �)

0�'��'� �� 	 �
�� ��?�
� �! 
� 	 �
 �� 	�����! 0����
∀a, b ∈ ZZ aRb ⇐⇒ �1-�� ����'��� F� 	
�
! � �� �'2�% �! b, a

0��
 P �� G� Gs !
�:
 
 )"�p �� !�: F� �'2�% �����'��� �� �'�
!)� 0��
c] a

�≡ b �* ,< �1-�� ����'��� F� 	
�
! p �� �'2�% �! b � a �*
 �'1z��

∀a, b ∈ ZZ aRb ⇐⇒ a
�≡ b

0�'��'� 
� [�] � [�] G[�] ��
 )+�� J�+ &�8'(�% �� �4�% ��

[�] = {x : x
�≡ �} = {�k : k ∈ ZZ}

[�] = {x : x
�≡ �} = {�k + � : k ∈ ZZ}

[�] = {x : x
�≡ �} = {�k + � : k ∈ ZZ}

equivalence relation�

equivalence class�

generator�
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�* ,< G�1-�� a, b ∈ A � A �! 	 �
�� ��?�
� F� ∼ �*
 0�
�����
[a] ⊆ A � [a] �= φ - �

0��
 �
���� [a] ∩ [b] = φ � [a] = [b] 	���
H*  
 )"� �W1% - P
0��
 �- &�$g
 Y# $� -� 0 �����

�* ,< y ∈ [a] �*
 ,�1�
 0x ∈ [b] � x ∈ [a] c] x ∈ [a] ∩ [b] �'1� |�+ - P
c] y ∼ b �� !�-)� �5'�� x ∼ b �� )��5�<  
 � y ∼ x c] a ∼ x ,�7 � y ∼ a

0[b] ⊆ [a] ���6� `��� �� 0[a] ⊆ [b] �5'�� �! y ∈ [b]

0[a] ∩ [b] �= φ �� ��
 /(
� [a] = [b] �*

!�-)� ��-�� H'� �� L"- �� J�+ �� 'E� P ��
H* 0�
��'��(

[a] = [b] ⇐⇒ [a] ∩ [b] �= φ

�� 
� A 	 �
�� 	�����! �� :��5� �* ,< G�-�� A 	�� 	 �
�� �� ?�
� F� ∼ �*

0�1�!)� ,�6� A/∼

&��9 ��
 �! G�-�� A 	�� 	 �
�� ��?�
� F� ∼ �'1� |�+ 0�
�����
v��
 A ��:��5� �� � )W% XV�S� A/∼ �E: �� - �

v��
 )W% A/∼ H����� �E: �! �� .
��-
 - P
0��
 A ��:��5� ��
�� A/∼ 	�E:
 3���4
 - p

��-
Z*�1�
�T ��W: �� �� &�$g
 � ��
 ��< L$� �� 'E� �! P � � &�$g
 0 �����
0!�- )�

H' � C�1�)�  
�+
 
� A �� :��5� A/∼ 	�E:
= ,�' � � � &���
)��* J�+ �� 'E�
��
���1�0��<)�

 
 	
� :� � 5 � A � 
� S V! 	
� :� � 5 � A � ' 1 � |� + 0 
�� � � �
� !�- A �#�'�! A 	�E:
 �� 'B� 3���4
 �� )�2� �� �-�� A )W% �'_ 	���:��5��� 
0�1��* A ��:��5� �5���� F� 
� A &��9 ��
 �! 0�-�� )W% A �E: �! �� .
��-


0�'1�  
�+
 
� A = {�, ∗,�,�} ��:��5� 0����
0��

A� = {{�}, {∗}, {�}, {�}}
A� = {{�, ∗}, {�,�}}

partition�



1��� OO

A� = {{�, ∗,�}, {�}}
A� = {{�,�}, {�}, {∗}}

,
�%)� XB�S� 	�� 
�+
 �:��5� F� 	
�� !�-)� ��! @�^� �! �� ,�1z��
0�-��

	 �
�� ��?�
� F� F�� �� ,
�%)� �� �- ��!  
�+
 X��;%  
 L$� &�8'(�% �!
�� ,
�%)� )1;� ��
 ���!H'� UB?� ��
 c": 0�T�� �:��5� 	
��  
�+
 F�
	�E:
 	 �
�� 	�����! �� 	��� �� !�� X��;% 	 �
�� �� ?�
� F�  
�+
 F��

0��<)� ��! �� �� �� 'E� �! F�� �� UB?� ��
 0�1-�� 
�SV!  
�+

�� ? �
� F� ,
� %)� A ��� % 0�-� � A  
� +
 F� A � ' 1 � |�+ 0!
�� ���

0!�� X��;% A �! 	 �
��
�'1�)� X��;% 0 �����

∀x, y ∈ A x ∼ y ⇐⇒ �1-�� A 	�E:
  
 )"� �� `B;��y, x

 
 )" � � � `B ; � � x c] ��
  
� +
 A ,�7 0�-� � 
�S V! x ∈ A �' 1 � |�+
,!�� )����% &�$g
 	
�� 0��
 )��";�
 ∼ ��?�
� ��
 ���1� x ∼ x 
ZV 0��
 A 	�E:

��
 �5'�� 0�1�2� A 	�E:
  
 )"� �� `B;�� x, y ��
 ���1� x ∼ y � x, y ∈ A ���'*

0y ∼ x c] G�1-��)� �E: ,��� �� `B;�� H'� x � y ��
�9�1: GB,C ∈ A F� 	
 
 �� �* ,< y ∼ z � x ∼ y � �1-�� x, y, z ∈ A �*


ZV 0 B = C �� ��!)� �5'�� A ,!��  
�+
 0y ∈ B ∩ C c] 0y, z ∈ C � x, y ∈ B

0��
 	 �
�� J�+ ��?�
� c] 0x ∼ z ��
 ���1� 0x, z ∈ B = C

�* ,< ��
��< L$� �� 'E� �! �� �1-� � )��W���� ∼ � A GA �*
 0$
�����
0A/∼ = A

0a ∈ B �� B ∈ A !�
! !�4� 0a ∈ A c] [a] ∈ A/∼ ���'* 0 �����

x ∈ [a] ⇐⇒ x ∼ a ⇐⇒ x, a ∈ B ⇐⇒ x ∈ B

0[a] ∈ A 
ZV B = [a] c]
��!)� ,�6� �� ��
H* 0 !�
! b �1��� 	�E: B �* ,<0�-�� 
�SV! B ∈ A �*


0B = [b] ��

x ∈ B ⇐⇒ x, b ∈ B ⇐⇒ x ∼ b ⇐⇒ x ∈ [b]
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�������
�'1� |�+ - �

a ∼ b ⇐⇒ a − b ∈ ZZ for all a, b ∈ /Q

0�'��'� 
� [
m

n
] 	 �
�� �� ��! 0��
 /Q 	�� 	 �
�� ��?�
� F� ��
 �� �'�! ,�6�

0��
 ���
H* ���% �� 	 �
�� ��?�
� F� ⇐⇒ �� �'�! ,�6� - P
~ �'1�)� X��;% A = {�,�,�, . . . ,��} �'1� |�+ - p
a ∼ b ⇐⇒ a

�≡ b for all a, b ∈ A

	 �
�� ��?�
���
 F�� �� 
� A 0��
 A 	�� 	 �
�� ��?�
� F� ∼ �'�! ,�6�
0�'1�  
�+


0��
 	 �
�� ��?�
� F� IR − {0} 	�� �� ��?�
� �'�! ,�6� - O

a ∼ b ⇐⇒ ab−� ∈/Q

0�'��'� 
� [
√
�] � [

�

�
] G[�]

,< 	 �
�� 	�����! �� �'1� X��;% ,�17 
� IR × IR �! 	 �
�� �� ?�
� - q
0�1-�� �x + �y = � �� 	 
�� ��?T

0
�SV! a, b ∈ A � �-� � A � � ,��� �� � 	�;�� �?�
� F� R �'1� |�+ - r
�! 
 )��";�
 �'9�T c] 0aRa 	�;% ���1� � bRa �I�< aRb �*
 &��9 ��
 �!

0�'��'� 
� J�+ @K���
 @�"-
 0!�-)� �5'�� 	�;% � )����% �'9�T

1!���  53)�	 6�

��
 0A = B �I�< B ⊆ A � A ⊆ B �*
 0���'I� �A� �! 
� ���:��5� �! ⊆ �� ?�
�
0��
 �
���� H'� )V��;� ≤ ��?�
� 
��� �� )�'�N !
�:
 ��:��5� �! �'9�T

� �< aRb � bRa �� 	��� � � a, b ∈ A � �-� � A �! �?�
� F� R �*
 0��/0
0a = b

&��9 �� ZZ ��:��5� 	�� 
� R ��?�
� 0��
 )�1� a
�4 02�/+

aRb ⇐⇒ a|b



1��� Or

0−� �= � )V� −�R� � �R − � c] −�|� � �| − � �� �'�
!)�0 �'1� )� X��;%
�BC�$DE @��#
 ��F 
� R 0�-�� A �! �?�
� F� R �'1� |�+ 0�
	����

�*�� �1��*

∀a, b ∈ A (aRb , bRa) =⇒ a = b

0�1�2� ,����� !�] ���:��5� �! ⊆ � )�'�N !
�:
 �! ≤ ��?�
�

� 	�;�� G)��";�
 �*�� �1��* ��4�+ ����� 
� A �! R ��?�
� 0�
� ����
0�-�� ��1�

(A,R)= �� C)�H4 U%�� (A,R)= 	�W��'� G�-�� A �! )�H4 U'%�% F� R �*

0!�'*)� �
�� !����
 !��� CU%�� 
#ǱH4

@�^�0!�-)� !����
 ≤ !���  
 G�:��5� F� 	�� )�H4 U'%�% ��?�
� 	
�� K# ��;�
0!�- )� ��+�*��"� )�H4 U'%�% ���B�
�7 �� ��!)� ,�6��� 

X��;% A = {�,�,�,�,�,��} �� :��5� 	�� �� &���� �� ≤ ��?�
� 0����
~ ��
 )�H4 U%��G �-

a ≤ b ⇐⇒ a|b

�'1� )� !����
 A �9�1: �'� ��?�
� \���� 	
���� )�T�!�
!��� 


!�- )� U%���� 	�WB"- �� J�+ ��:��5� �� ��! )� ,�6��
!��� ��


antisymmetric�

partial order�
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� ≤ � ≤ � ≤ ��

� ≤ � ≤ � ≤ ��

� ≤ � ≤ � ≤ ��

)�H4 U%���!���� �:��5��! ⊆ �� ? �
�� )� ' �N!
�:
�! ≤ �� ? �
� � ' �
! )�
S �� :��5��! �� )%��9�! x = y �� y < x �� x < y �* ,< x, y ∈ IR �*
0�1�2�
)�H4 U' %� %�� ? �
��! ��
 c] 0 S �= T � T �⊂ S � S �⊂ T�� �+� � ,
� % )� T �
) V�!� � �2 �� � � ,
� % )� ≤ �8% 
� )� ' �N!�:�!�� �I �! &�� $ : � �0� 1 %�� � � �

0!�� �2���� ,
�% )�� ⊆ �8% 
� �:��5��!��
a, b ∈ IR �� 	
���*�� �1��* �B�$G(AE HG��
 
� A 	�� R ��?�
� 0�
�����

0 bRa �� aRb G
0��
 �$%�� )�'�N !
�:
 �! ≤ ��?�
� 0����

�*�� �1��* U%�� Y# � �� )B� U'%�% 
� (A,R) 0�
� ����
0�-�� )�H4 U%�� (A,R) - �

0�-�� �$%�� A 	�� R ��?�
� - P
�� �-� � ,� 17 B ⊆ A � )�H4 U%�� (A,R) �' 1 � )� |�+ 0�
� ��� �

0�1��* )� A �! �'5� F� 
� B &��9 ��
 �! G �-�� )B� U%�� (B,R)

0�1�2� �'5� {�,�,�,��} � {�,�,�,��} � {�,�,�,��} L$� @�^� �!
0�'1�)� @���� �;� 	�WB�+ �� 
� )B� � )�H4 	�W$'%�% �� M4
� ��6'� &�8'(�%

6������
0��
 )�H4 U'%�% H'� R−� G�-�� )�H4 U'%�% R �*
 �� �'�! ,�6� - �

)" �� ' 5 � �! 0��
 ) �H 4 U ' %� % lN �! ,!� � !� : �� ? �
� � ' �! ,� 6 � - P
�� :��5� )�T�!�
!�� � F��� � 0� ' 1 � )+�; � lN  
 )�� 1 � � � � 	�I �!� )�� 1 � �

0�'2��1�
� ,< 	���'5� ���%� !�� U%��
� {�,�,�,�,	,
,��,�	,��,��}
0!�-)� X��;% �� L"- �� IR2 	�� ≤ ��?�
� - p

(a�, a�) ≤ (b�, b�) ⇐⇒ a� ≤ b� , a� ≤ b�

,�6� �'17 �� 0�-��)�� �$%�� �� ��
 IR2 	�� )�H4 U'%�% F� ≤ �'�! ,�6�
0��
 IR2 �! �'5� F� {(x,mx) : x ∈ IR} ��:��5� �� �'�!

connected�



1��� Oo

0��
 )�H4 U%�� (P (A),⊆) �� �'�
!)� G�-�� A = {a, b, c, d} �'1� |�+ - O
0�'2��1� P (A) �! �'5� O

1��% ���� n 7�

�'�
�T
� ,< X��; % o L�+�!0 ���
� � 
� U%�� )�� % n X��; %��� \S� ��
�!
�*
� �1�!)� ,�6� (a�, a�, . . . , an) �� 
� U%�� )��% n �'��* )� ��+�51�
�!0!��<

�* ,<G�1-�� �:��5� n GAn G. . . GA�

A� × . . . × An = {(a�, a�, . . . , an) : a� ∈ A�, . . . , an ∈ An}

0�1�!)� ,�6�
n∏

i=�

Ai !��� �� 
� A� × . . . × An K# ��;�0 !�- )� X��;%

0!�� X��;% H'� �� :��5� 
�SV! !
�;% �� 	
�� 
� a�EB9�N ,
�%)� ��< 0��/0
D �- ��
�T �7 ,< 	�E:
 ,�"�
 &��9 �!

0�'�2'� ��� ��
 ��5�
 �� �!�� �(�N &���"�
 �� )V� 0��
 �$^� @
�� ��
 a
�4
H'� 
� �:��5� 
�SV! !
�;% �� a�EB9�N a�S��
 L9
 F�� �� �;� 	�WB�+ �!

0�'1�)� X��;%



� ���

����

M��%  
 )�W� �
�T cd� 0!!�*)� )+�;� M��% �� �?�
�  
 )9�T 3�� L�+ ��
 �!
0!�'*)� �
�� �;V�?� !��� 	��Z]��";� � ��� � �-� �1���

8)�� 9��:� �6

�� ,�1z�� 0���'I� �A� �! x ≥ � )��� 
� y� = x� + � Gy = x + � 	���V!�;�
)%��9 �! ��<)� ���� y F� �W1% � F� x �� 	
 
 �� @�
 �V!�;� �! !�-)� ��!
y ��! �V!�;� �! � �1��* x  
 );��%
� y @�
 �V!�;� �! 0�2'� �'17 ��! �V!�;� ��
U%�� n� �� 
� ���V!�;� ��
 a
�4 L$� L�+ �1���� �'�
�S� �*
0�2'� x  
 );��%

~ �* ,< �'�! ,�6�
� S = {(x, x+�) : x ∈ IR, x ≥ �} ��:��5� y = x+� �V!�;� a
�4 �:��5�
T = {(x,±√

x + �) : x ∈ IR, x ≥ �} ��:��5� y� = x+� �V!�;� a
�4 �:��5�
G !�
�� ��
�� @�
 ��V�� �� )$%�� n� �!�'� S !�-)� ��! S �! �� ,�1z�� 0�-��)�
@�
 	�� ��V���� ��
 (�,−

√
�)(�,

√
�) L"- �� )��E:
 	
�
! T �� )%��9 �!

0 ���
!��
��
x ∈ A �� 	
 
 �� �*�� G ��
 B �� A  
 �M��% F� F ⊆ A × B 0 	
	����

function�

Ot
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0 y = z �* ,< G (x, z) ∈ F � (x, y) ∈ F � y, z ∈ B �*

 
 M �� % F � F = {(�,�)(�,−�)(�,−�)(�,−�)} � :� � 5 � 0 �� � �
h = {(�,�)(�,−�)(�,�)(�,�)} �:��5�0�-��)� {�,−�,−�,−�} �� {�,�,�,�}

0�2'� M��%
f : A −→ B !���  
 f = A × B !��� 	�5� K# ��;� M��%  
!�� !����
 L'V! ��
�V�N ��
 �! 0!�-)� !����
 y = f(x) � � x −→ y �[Y:  
 (x, y) ∈ f 	�4 ���
�� �-�� y ∈ B F� �W1%� F� x ∈ A �� 	
���*�� ��
 M�� % F� f : A −→ B

~ x, x
′ ∈ A �� 	
�� �* �� ��
 M��% F� f : A −→ B �I�! &��$: ���� � y = f(x)

x = x
′
=⇒ f(x) = f(x

′
)

Df ��
� f �� 1�
! �1��* �1�
! �� 
� B � f �� 1�
!
� AG �-�� M��% F� B �� A  
 f �*

0 �1��* )� f ��?��( 
� y = f(x) � x −→ f(x) �[Y: �'17 �� 0 �1�! )� ,�6�

�*�� �1�2� ��
�� g : C −→ D � f : A −→ B M��% �! 0 �
	 ����
A = C - �

0∀ x ∈ A = C f(x) = g(x) - P
f(�

�
) = �

�
�∈ ZZ 
�� �2'� M��% F� f(x) = x���?��(�� f : IR −→ ZZ 0 ����

0��
 M��% F� f(x) = |x| ��?��(�� f : ZZ −→ ZZ 0 ����
	
�3�.�

0�'2��1� 
� B �� A  
 M�
�% ���% B = {∗,�} � A = {�,�} �*
 k�
�?�
� �'�! ,�6� 0�-�� f : [�,�] −→ IR M�
�% ��� L��- X �'1� |�+ kP
h : t −→ t� M��% 	 �
 �� ���!  
 �E: �17 0��
 X 	�� 	 �
 �� �?�
� F� �� 

0�'2��1� 
�

∀f, g ∈ X fRg ≡ f(
�

�
) = g(

�

�
)

D ��
 M��%�� ��
� � 
 F� �
�� kp

f : ZZ −→ lN

x �−→
{

x x > �

|x| + � x ≤ �

g : ZZ −→ ZZ

x �−→
{

x x > �

−x + � x ≤ �
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h : ZZ −→ lN
x �−→ |x|

,�6� f(x + y) = f(x) + f(y) �� �-�� M��% F� f : IR −→ IR �'1� |�+ kO
�'�!

f(�) = � �<
f(−x) = −f(x) �a

∀n ∈ ZZ f(n) = nf(�) �n
∀m

n ∈ /Q f (m
n ) = m

n f (1 )�!
d(x, y) = |x−y|

�+|x+y| �� ? ��( � � M �� % F� IR � � IR × IR  
 d � ' 1 � |�+ kq
�'�! ,�6�0�-��

d(x, y) ≥ � �<
x = y �*
 ��+��*
 d(x, y) = � �a

d(x, y) = d(y, x) �n
d(x, y) < d(x, z) + d(z, y) �!

;<= ;!>� ;<= �6

�� :� � 5 � S ⊆ A � � -� � M �� % F � f : A −→ B � ' 1 � |� + 0 	
� � � � �
� �1�
�T f M��% !�� 
� f(A) 0�1��* f M��% �8% S �I� 
� f(S) = {f(x) : x ∈ S}

0�1�!)� ,�6� Rf �� Imf !��� ��
�1�2� �W� �� &�"�G J�+ X��;%�! 0 ��4(

f(x) ∈ f(S) �* ,< x ∈ S �*
 k�
x /∈ S )V� f(x) ∈ f(S) ��
 �"�� kP

0 y = f(x) �� �-�� 	
 x ∈ S F��*
 ��+��*
 y ∈ f(S) kp

&��9 ��
�!���'I� �A� �! 
� f : ZZ −→ lN
x �−→ |x| + �

M��% 0 ����

image�
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f({�,−�}) = {�} f(ZZ) = lN

M��% 0 ����

f : lN −→ lN

x �−→
{
� n� x

� !�+ x

���'I� �A� �! 
�
f({�,�}) = {�,�} f({�,�,�,�,
, . . .}) = {�}

f(lN ) = {�,�} f({�,�,�,	, . . .}) = {�}

�1�
! �� �� M��% !�� �
��� c] Imf �= lN !�-)� ��! J�+ @�^� �! �� ,�1z��
0�2'� ��
��

�� :� � 5 �� * ,< T ⊆ B � M �� % F � f : A −→ B � *
0 �
� � � � �
0�1��* f �8% T �I� I�F 
� f−�(T ) = {x ∈ X : f(x) ∈ T}

~���'I� �A� �! 
� f : ZZ −→ lN ∪ {�}
x �−→ x�

M��% 0 ����

f−�({�}) = {�,−�} f−�({�,�}) = {}

f−�({�,
}) = {�,−�,�,−�} f−�({�,�}) = {�,−�}

~����<)� f−� !���  
 ,!�� !����
 ��W� 	
�� 
� L�{ &�"�
0x ∈ f−�(T ) ⇔ f(x) ∈ T - �

f−�(T ) !��� 	�4 �� �* ,< �-�� T = {a} �1��� �E: F% �:��5� T �*
 - P
f−�(a) = {x ∈ X : f(x) = a} &��9 ��
 �! � 1 1 �)� !� � ��
 f−�(a) !�� �  


~ �'17���
x ∈ f−�(a) ⇔ f(x) = a

0�2'� M��% F� �
��� f−� !�-)� ���6� @�^� �! �� ,�1z�� - p
�* ,< C,D ⊆ Y GA,B ⊆ X � M��% F� f : X −→ Y ���'* 0 �
�����

f(A) ⊆ f(B) �I�< A ⊆ B �*
 - �

pre-image�
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f−�(C) ⊆ f−�(D) �I�< C ⊆ D �*
 - P
F� 	
� � y = f(x) &��9 � �
 �! �-� � y ∈ f(A) � ' 1 � |� + - � 0 �� � ��

0y ∈ f(B) c] f(x) ∈ f(B) 
ZV � x ∈ B c] A ⊆ B ,�7 0x ∈ A

� 5 ' � � �! � f(x) ∈ D c ] f(x) ∈ C � * ,< � -� � x ∈ f−�(C) � *
 - P
x ∈ f−�(D)

G A,B ⊆ X � M��% F� f : X −→ Y �*
 0 �
�����
f(A ∪ B) = f(A) ∪ f(B) ��
f(A ∩ B) ⊆ f(A) ∩ f(B) �P

@�N 0x ∈ A ∪ B F� 	
� � y = f(x) c] y ∈ f(A ∪ B) ���'* - �0 ��� ��
�* ,< x ∈ B �*
 � y ∈ f(A) ∪ f(B) �5'�� �! � f(x) ∈ f(A) �* ,< x ∈ A �*


0y ∈ f(A) ∪ f(B) �5'�� �! � f(x) ∈ f(B)

~ &��9 ��
 �! y ∈ f(A) ∪ f(B) �'1� |�+ c";�
c ] y = f(x) � � 	
 x ∈ A ⊂ A ∪ B !�
! !� 4� � * ,< y ∈ f(A) � *


y ∈ f(A ∪ B)

c ] y = f(x) � � 	
 x ∈ B ⊆ A ∪ B !�
! !� 4� � * ,< y ∈ f(B) � *

y ∈ f(A ∪ B)

0!�- )� ��-
Z*�1�
�T �W: �� - P
G C,D ⊆ Y �M��% Gf : X −→ Y �*
0 �
�����

f−�(C ∪ D) = f−�(C) ∪ f−�(D) ��
f−�(C ∩ D) = f−�(C) ∩ f−�(D) �P
f−�(C − D) = f−�(C) − f−�(D) �p

f(x) ∈ C �*
 0f(x) ∈ C ∪ D �* ,< x ∈ f−�(C ∪ D) �'1� |�+ - � 0 �����
� * ,< f(x) ∈ D � *
� x ∈ f−�(C) ∪ f−�(D) �5 ' � � �! � x ∈ f−�(C) � * ,<

0x ∈ f−�(C) ∪ f−�(D) �5'�� �! � x ∈ f−�(D)

x ∈ f−�(C) �*
 &��9 ��
 �! x ∈ f−�(C) ∪ f−�(D) �' 1 � |�+ 0c";�
� * ,< x ∈ f−�(D) � *
� x ∈ f−�(c ∪ D) c ] f(x) ∈ C ⊆ C ∪ D � * ,<

0x ∈ f−�(c ∪ D) c] f(x) ∈ D ⊆ C ∪ D

0!�- )� ��-
Z*�1�
�T �W: �� p � P &�$g
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0!
! �'�;% ,
�%)� H'� 
�SV! !
�;% �� 	
�� 
� L$� �'E� �!
�6�����

0Imf ��
 a�B?� G�k > �� f(x) = x − �

k
[kx] �*
 - �

� f(x) = x� + � 	���? ��( � � IR �! IR  
 M �� % �! g � f � ' 1 � |� + - P
0�'��'� 
� f−�(g−�([−�,�])) 0�1-��g(x) = x + �

0�'��'� 
� f−�({−�,�}) �* ,< f(x) = |x| �*
 - p
�'17 ��0�'1� RS6�
� ,< !��� �1�
!0��
 M��% F� �� �! ∗ �� ?�
� � �< - O

0�'��'� 
� ∗−�(�)

∗ � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

	
�� 	 
�+
G�� ��:��5� �'1� ���g 0�-�� M��% F� f : X −→ Y �'1� |�+ - q
0��
 X

{f−�(y) : f−�(y) �= φ , y ∈ Y }

�� ?�
� F��� �� :��5� �'1� ���g 0�-�� M��% F� f : X −→ Y �'1� |�+ - r
0��
 X 	�� 	 �
 ��

{(a, b) ∈ X × X : f(a) = f(b)}

f−�( ZZ )G�-�� n ∈ lN �� 	
�� f(n) = (−�)n[
n

�
] ��?��(�� f : lN −→ ZZ �*
 - m

D��
 M��% f−� �V�N ��
�!��< 0 �'��'� 
� f−�(lN )�
�'�! ,�6� 0B ⊆ Y � A ⊆ X � M��% F� f : X −→ Y ���'* - o

f(A ∩ f−�(B)) = �a� f(f−�(B)) = f(X) ∩ B �<�
f(A) ∩ B

�* ,< f−�(B) = f−�(C) �*
 0B,C ⊆ Y � M��% f : X −→ Y �'1� |�+ - t
0B = C G��- �
�� �8%

(iv) Gf(X) = Y (iii) GX = Y (ii) Gf(X) ⊂
�= Y (i)

0X ⊂
�= Y



qq �
+� < =+�(6

~�* ,< B ⊆ Y � A ⊆ X � M��% F� f : X −→ Y �*
 - �s
0A ⊆ f−�(f(A)) �a� f(f−�(B)) ⊆ B �<�

0�2'� �
���� �
��� �a� � �<� �! 	��2% �� �'�! ,�6� @�^� F� ��
~ �* ,< A,B ⊆ X � M��% F� f : X −→ Y �*
 �� �'�! ,�6� @�^� F� �� - ��

f(A ∩ B) �= f(A) ∩ f(B)

��
 �"���'�! ,�6� @�^� F���0�-�� S ⊆ A � M��% F� f : A −→ B �*
 - �P
0 x /∈ S )V� f(x) ∈ f(S)

��) � �-� 8)�'� �6

�-�� M��% F� f : A −→ B �'1� |�+ 0 	
� ����
f(x�) = f(x�) �*
 x�, x� ∈ A �� 	
�� �*�� �1��* �J4 &? J4 
� f M��% ��

0x� = x� �* ,<
0f(A) = B �*�� �1��*)� �!�? 
� f M��%�P

��� � F� �� F� �� )%��9 �! �1�
�T �J4 &? J4 �K�$� �� �'%!� 
� f M��% �p
0�-��

��� )V� ��
 F� �� F� f(n) = n� + � ��?��( �� f : lN −→ IR M��% 0 ����
0 �2'�

F� � � F� f(x, y) = (sinx, cosy) �� ? ��(� � f : IR� −→ IR� M�� % 0 �� � �
� � ) �� 5 �<  
 � ' 1 7 � � (�,�) �= (π,�) ) V� f(�,�) = f(π,�)
� � � 2 ' �

0�2'� ��� f c] f(x, y) = (�,�) �� (x, y) ∈ IR� !�
��!�4�
F� b ∈ B �� 	
� �� *
 �� + � � *
 ��
 �� � f : A −→ B M �� % 0 �
�� ���

0f(a) = b �� �-�� a ∈ A

0!�- )� ��-
Z*�1�
�T �W: �� 0 �����

injection�

surjection�

bijection�

correspondence�
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U'��% 0�1-� � M�� % �! g : B −→ C Gf : A −→ B �'1� |�+ 0�
�����
G x ∈ A � � 	
� � � � � �
 ) ; �� % G � 1 �! ) � ,� 6 � gof � �Y : � � � �
� g�f

gof(x) = g(f(x))

Dgof = A K# �
 
�� ��
 M��% F� gof

,!�� M��% 0 f(x) = f(x
′
) �* ,< ��
 M��% f ,�7 G x = x

′ � x, x
′ ∈ A �*
 �#'��g

gof(x) = gof(x
′
) ��
���1� g(f(x)) = g(f(x

′
)) �� ��!)� �5'�� g

� 1-� � M �� % �� h : C −→ D Gg : B −→ C Gf : A −→ B � *
 0�
�� ���
ho(gof) = (hog)of �*,<

� �1-� �)� M�� % D �� B  
 hog G C �� A  
 gof �� !�-)� �ANY� 0��� ��
x ∈ A �� 	
�� @�N 0�1�2� D �� A  
 );�
�% ho(gof), (hog)of ��
���1�

(hog)of(x) = (hog)(f(x)) = h(g(f(x))) = h(gof(x)) = ho(gof)(x)

� !�-)� !
! ,�6� IA �� A |���� �� :��5� �� ����(A M��% 0�
�����
0 IA(x) = x ��?��(�� IA : A −→ A M��%  
 ��
 &��$:

�-�� M��% F� f : A −→ B �'1� |�+ 0 
�����
gof = IA �*�� �1��* f M��% �LM C' 	
 
� g : B −→ A M��% ��

foh = IB �*�� �1��* f M��% �N%�� C' 	
 
� h : B −→ A M��% �P

�-� M��% ��
 �� ��
 /(
� ���'I� �A� �! f : lN −→ ZZ
x �−→ x + �

M��% ����

~ �1�2� f �7 ��";� �� M�
�% �� !�-)� ��! )�N
� �� 0��


gi : ZZ −→ lN

x �−→
{

x − � x ≥ �

i x < � i = �,�,�, ...

��";� M��% ��
 0!�
! �7 ��";� ���W�)� M��% ��
 �-)� ���6� �� ,�1z��

ZV foh = I ZZ �I�< �-�� f ��
� ��";� ��
�S� h : ZZ −→ lN �*
 
�� !�
�� ��
�

identity�

left-inverse�

right-inverse�



qm �
+� < =+�(6

x ∈ ZZ �� 	
��
x = foh(x) = f(h(x)) = h(x) + �

�2'� M��% h �� ��
 /(
� ���
0 �-�� )� h(x) = x − � ��?��(��G h : ZZ −→ lN c]
0�1�2'� X��;% L��� . . . , h(−�), h(−�), h(�), h(�) 
�� 

M��% 0����

f : lN ∪ {�} −→ lN ∪ {�}

m �−→



m

�
n� m

m − �

�
!�+ m

~ �1�2� f M��% ��
� 	�W��";� �� M�
�% � �����

gi : lN ∪ {�} −→ lN ∪ {�}

gi(m) =

{
�m + � m �= i
�m m = i i = �,�,�, ...

M��% ��
 ���
 0!�
! ��
� ��";� ���W�)� M��% ��
 �� !�-)� ��! L$� @�^� �1���
0���
Z*)� �1�
�T ��W: �� ����% ,
�1: �� 
� ,< &�$g
 !�
�� �7 ��";�

�7 ��";� f �*
 ��+ � �*
 ��
 F� �� F� f : A −→ B M��% 0!
�����
0�-�� ��-
!

�*
 b ∈ B �� 	
�� 0a ∈ A � �-�� F� �� F� f : A −→ B �'1� |�+ 0�����
�'1� X��;% xb ��
��
� g(b) 0b = f(xb) �� �2� )���"� xb ∈ A F� �*,< b ∈ Imf

0��
 f �7 ��";� g : B −→ A M��% 0 �'�!�
�� g(b) = a �* ,< b /∈ Imf �*
�
� * ,< f(x) = f(x

′
) � � -� � f � 7 �� " ; � g : B −→ A � *
 c " ; �

0��
 �-� f c] x = x
′ 
ZV � g(f(x)) = g(f(x

′
))

0�-�� ��-
! ��
� ��";� �*
 ��+ ��*
 ����� f : A −→ B M��% 0$
�����
|�+ G g : B −→ A M��% X��;% 	
�� 0�-�� ��� f : A −→ B �'1� |�+ �����
ab 	��2� 
� g(b) 0 f(xb) = b �� �2� ab ∈ A F� &��9 ��
�!�-�� b ∈ B �'1�
M��%0�1�)� J�9 J�+ 	��2%�! �� ��
 )���ab  
 )"� ab �� )��4 0�'�! )� �
��

0 ��
 f ��
� ��";� g
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g(b) ∈ A �* ,< 
�SV! b ∈ B � �-�� f ��
� ��";� g : B −→ A �*
 c";�
0����� f c] f(g(b)) = b �

�
� 3�.�
B � � A  
 ) ��� � M �� % 0 B = {�,	,
} � A = {�,�,�,�} � ' 1 � |�+ - �

0�'2��1� 
� ,< �7 � ��
� 	�W��";� � ��-��
,< �7 � ��
� 	�W��";� � ��-�� A �� B  
 )"� �� F� M��% L$� ����%�! - P

0�'2��1� 
�
G S ⊆ B � � 	
� � � � 	��? �� -� � M �� % F � f : A −→ B � ' 1 � |� + - p

0 ����� f �'�! ,�6� f(f−�(T )) = T

G S ⊆ A � � 	
� � � � 	�� ? �� -� � M �� % F � f : A −→ B � ' 1 � |� + - O
0 ��
 F� �� F� f �'�! ,�6� f−�(f(S)) = S

0�'2��1� �7 � ��
� ��";� f(x) = ex ��?��( �� f : IR −→ IR M��% 	
�� - q
f(x) = ex �� ? �� ( � � f : IR −→ (0,+∞) M �� % 	
� � 
� L $ � � �� � % - r
)� ��! �� �2���� ��
  
 	
 �5'�� �70�'1� �2���� 
� ����% �! �� cd�0�'1��
�"%

D����<
� * ,< � 1 -� �� ��! ) ; �
� % g : B −→ C � f : A −→ B � *
� ' �! ,�6 � - m

0 ��
 ���! );��% gof : B −→ C

��/> ?'@:% 8)�� 66

� ��
� ��";� 	
�
! �*�� �1��* �4OF C' 	
 
� f : A −→ B M��% 0	
�����
0�-�� �7

0�-�� ���! �*
 ��+ � �*
 ��
 ��Z] ��";� f : A −→ B M��% 0�
�����
0!�- )� ��-
Z*�1�
�T �W: �� 0�����

�� h : B −→ A Gg : B −→ A � M��% F� f : A −→ B �'1� |�+ 0�
�����
0g = h &��9 ��
�! �1-�� f �7 � ��
� 	�W��";� U'%�%

x ∈ B �� 	
�� 0�����

h(x) = h(fog(x)) = (hof)og(x) = IA(g(x)) = g(x)



qt 
�.; >(?@� =+�6

g�*���1��* f : A −→ B M��% �C' 	
 
� g : B −→ A M��% 0�
� ����
0�-�� f �7���
���";�

�� ��81� ,< ��";� �* ,<G�-�� ��Z] ��";� f : X −→ Y �*
 0�
� �'��(
0 ��
!�+

0 !�- )� ��-
Z*�1�
�T �W: �� 0�����
F� f−� : Y −→ X �* ,< �-�� ���! f : X −→ Y �'1� |�+  
�����

0f−�of = IX Gfof−� = IY � ��
 ���! M��%
� �
 	
� � 0��
 M �� % F� f−� : Y −→ X � � � ' �!)� ,�6 � 
� � �
 0�� � ��
0y ∈ Y �' 1 � |�+ 0f−�(y) �= φ Gy ∈ Y �� 	
� � �� �' 1 �)� ��� g 
� � �
��A1�
c] y = f(x) � � 	��� � � �2� X �! x � 1 �� � 	�E:G f ,!� ��� � � � �4� %� �
� * ,< x�, x� ∈ f−�(y) �*
 )+��  
 0φ �= f−�(y) ⊆ X ��
� �� 1 �� x ∈ f−�(y)

F� f−�(y) ��
���1� x� = x� c] ��
 F� �� F� f ,�7 � f(x�) = y = f(x�)

0��
 	�E: F% �:��5�
	
 x �* ,< y ∈ Y �*
 0 fof−� = IY , f−�of = IX �� �'�!)� ,�6� ,�1�


� f−�(y) = x c]0y = f(x) �� 	��� �� �2� X �!
fof−�(y) = f(f−�(y)) = f(x) = y = IY (y)

0 fof−� = IY ��
���1�
� f−�(y) = x �* ,< y = f(x) �*
 x ∈ X �� 	
�� @�N

f−�of(x) = f−�(f(x)) = f−�(y) = x = IX(x)

0 f−�of = IX ��
���1�
��";� f−� : Y −→ X �I�< �-�� ��Zd��";� f : X −→ Y �*
 0!
��'��(

0��
 f

66�����
0�1�)� �
���� lN � lN × lN �'� F� �� F� 	���1% �� M�
�%  
 F'�
�� - �

f(m,n) = �m(�n + �) (a f(m,n) = �m−�(�n − �) (<
f(m,n) = �m−��n (! f(m,n) = �m−��mn−� (n

inverse function�
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�*
 f(f−�(T )) = T �* ,< T ⊆ B � �-�� F� �� F� f : A −→ B M��%�*
 - P
0�-�� ��� f �*
 ��+ �

0�-�� 	��1: n �� :��5� F� Y � 	��1: m �� :��5� F� X �'1� |�+ - p
D ��
 ��� �7 Y �� X  
 F� �� F� M�
�% !
�;%

�� �'�! ,�6� @�^� F� �� 0A,B ⊆ X � M��% F� f : X −→ Y �'1� |�+ - O
�*�� f(A−B) = f(A)− f(B) �� �'�! ,�6� cd� 0f(A−B) �= f(A)− f(B)

0�-�� F� �� F� f

0�1V!�;� �� ��"N
 �'�! ,�6� 0�-�� M��% F� f : A −→ B�*
 - q
0��
 � - � f �<

0∀X� , X� ⊆ A f(X� ∩ X�) = f(X�) ∩ f(X�) �a
0∀X� , X� ⊆ A f(X� − X�) = f(X�) − f(X�) �n

0∀X ⊆ A f(A − X) = f(X�) ⊆ B − f(X) �!
0∀X ⊆ A f−�(f(X)) = X ��

�� �'�! ,�6� 0�-�� M��% F� λa : lN −→ lN
n �−→ n + a

Ga ∈ lN �'1� |�+ - r

λa+b = λaoλb

0�1V!�;� �� ��"N
 0�-�� M��% f : A −→ B �*
 - m
0��
 ��� f �<

0∀X ⊆ A B − f(X) ⊆ f(A − X) ⊆ B − f(X) �a
0∀Y ⊆ B f(f−�(Y )) = Y �n

8!�'� � A�AB� 76

M��% 0A ⊆ Y � X ⊆ A � �-�� M�� % F� f : A −→ B �'1� |�+ 0	
� ����
g = f |

X
&��9 �� � �1��* X �� f ���8% 
� g(x) = f(x) �� ?��(�� g : X −→ B

0�12���)�
0� 1 �� * f M ' �� %
� h(x) = f(x) G x ∈ A� � 	
� �� � h : Y −→ BM �� %



r� =#	(6����A6

f |
ZZ

: ZZ −→ A M��% ZZ �� f ���8% 0���'I� �A� �! 
� f : /Q −→ /Q
x �−→ [x]

M��% 0����

0�-�� )� f |
ZZ
(x) = [x] ��?��( ��

~�1�2� f M'��% �� M�
�%

g� : IR −→ /Q

x �−→
{

[x] x ∈ /Q
x x /∈ /Q

g� : IR −→ /Q

x �−→
{

[x] x ∈ /Q
� x /∈ /Q

g� : IR −→ /Q

x �−→
{

[x] x ∈ /Q
� x /∈ /Q

. . .

0�-�� ,
�%)� f 	
�� 	!�� 	�W;'��% �� ��
 /(
�
�! ��	
�� ��< �� ��
 ��
 �-�� �'�� ��- ��{ �� ,�1� �% ��
 �"�� �� )V
���
� @
��� ��
 	
�� �'1� );� 0!�
! !�4� B �� A  
 M��% F� B � A )W% �'_ �� :��5�
�� ,��2% �V F�� �� o L�+ �! �� 0�'��'� )S��] !�-)� >�?� �� �! �� )V
�� �

0�'�!)� ���] @
��� �! ��
 �� G��
 a�S��
 L9
 @!�;�
�� B �� A  
 � - � M��% ,
�% )���< �1-�� )W% �'_ �� :��5� �!B � A �*
 0��/0

D �-�� A �� B 

�
� 3�.�

F� �� F� f |
X

�* ,< X ⊆ A ��-�� F� �� F�M��% F� f : A −→ B �*
 - �
0 ��


0 �2'� �
���� ,!�� ��� 	
�� L$� ����% �� �'�! ,�6� @�^� F� �� - P
� *
 &�� 9 � �
 �! A ⊆ C�� -� � �� � f : A −→ B M �� %� ' 1 � |� + - p

0 ����� g �* ,< �-�� f M'��% g : C −→ B

0 �2'� �
���� ,!�� F� �� F� 	
�� L$� ����% �� �'�! ,�6� @�^� F� �� - O
lN � � ZZ  
 F �� �F � M �� % F �� ZZ � � lN  
 F �� �F � M �� % F � - q

D�'2��1� lN �� IR � IR �� lN  
 F� �� F� M�
�%�'�
�%)���<0�'2��1�
���-�� M��% F� d : X × X −→ IR�'1� |�+ - r

d(x, y) ≥ � G x, y ∈ X �� 	
�� �i
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y = x �*
 ��+��*
 d(x, y) = � G x, y ∈ X�� 	
�� �ii
d(x, y) = d(y, x)G x, y ∈ X�� 	
�� �iii

d(x, y) ≤ d(x, z) + d(z, y) G x, y, z ∈ X �� 	
���iv
x, y, x

′
, y′ ∈ X �� 	
�� �� �'�! ,�6�

|d(x, x′) − d(y, y′)| ≤ d(x, y) + d(x′, y′)

���-�� M��% F� h : p(S) −→ p(S)� �:��5� F� S �= φ �'1� |�+ - m
A ⊆ h(A) �ii h(φ) = φ �i

h(A ∪ B) = h(A) ∪ h(B) �iv h(h(A)) = h(A) �iii
��
 �� �
�T 	
�
! T = {G : h(S − G) = S − G} &��9 ��
�!

φ, S ∈ T �I
0��
 T �E: T 	�E:
  
!
�;%�� 3���4
 �II

0��
 T �E: T 	�E:
  
 )��1��!
�;% �� .
��-
 �III
Lθ = {(x, y) : y = θx x, y ∈ IR} �S = {Lθ : θ ∈ IR}�θ ∈ IR�'1� |�+ - o

0 ��
 ���! );��% f(θ) = Lθ ��?��(�� f : IR −→ S �'�! ,�6� �i

� f−�(L−�, L�) � (L−�, L�) � * ,< (La, Lb) = {Lθ : a < θ < b} � *
 �ii

0�'1� RS6� IR, IR2 	��
�� �-�� T ⊆ p(Y ) � M��% F� f : X −→ Y �'1� |�+ - t

φ, Y ∈ T �i
�-�� T �E: T 	�E:
  
!
�;%�� 3���4
 �ii

�-�� T �E: T 	�E:
  
!
�;%�� .
��-
 �iii
0�-�� )� �iii � �ii � �i �
�T 	
�
! {f−�(G) : G ∈ T} ��:��5� �'�! ,�6�



� ���

��� �����  ����

)� ' � N !
� :
 � I � �!  
 	!� � �# � $ 2 � U V� ? � 	� ; � 	� W B� + � L�+ � �
 �!
� �G� ��
! !� 4� ) � ' � N !
� :
 � I � �! � ; V� ? � �W4 f�� �! 0� ' �!) � � [
�
 
�
):�(�� L9
 f�� a��� ��
 �! 0)1�T�� f�� � ):�(�� L9
 f��  
 ��
&��$:
f�� 
 3Y�
��A1� ���1�
�% )� ,
�1��Y: � �'�! )��
�� )���� � �;V�?�!���
�

0�11� �;4
�� )(���H'V��< �� &�'(��� )��$� 	�W���� �� )1�T��
�'�
!)� )�'�N !
�:
 �I��! ����! L$�  
 ��
��z�< �'1�)� );� �2S�
=�I �! &�� $ : � �� � C� % O � % �! �! = b�� ; � � B �4 �V�N � �
�! G � �� ' I � � �!� �

0�-�$� �
���� ��
 �"��GC�× � = �

�����C-�& �7

G 	�� )��%�!�9(� F� 
� ∗ 0�-�� )W%�� �� :��5� G �'1� |�+ 0�
	 ����
�-�� M��% F� ∗ : G × G −→ G �*�� �1���

F� � � �? ��( � � ∗ 0� �� 'I � �A � �! 
� G = {�,�,�,�} �:��5� 0�� � �
��
 G 	�� )��%�!L�:

operation�

rp
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∗ � � � �

� � � � �

� � � � �

� � � � �

� � � � �

/Q 	�� )��%�! L�: F� ∗(a, b) = ab �� ?��( �� ∗ : /Q × /Q −→ /Q M��% 0����

�� G �2'�

∗(−�,
�

�
) = −��

� /∈/Q

�� c��%�� a�( �'17 ��0��
 )��%�!L�: F� m × n 	�W2��%�� M�4 0����
0 ��
 L�: F� n × n 	�� c��%���:��5� 	��

&��9 ��
 �! G�-�� ,< 	�� )��%�!L�: F� ∗ � )W%�� 	
�:�5� G �'1� |�+
G a, b, c ∈ G �� 	
 
 ���*�� ��
 ��Z]���- G 	�� ∗ ��

a ∗ (b ∗ c) = (a ∗ b) ∗ c

a ∗ e = e ∗ a = a G a ∈ G �� 	
���*�� ��
 ∗ � )^1T�)���� �E: e ∈ G �P
a ∈ G ��1��� �,��
� a

′ ∈ G G�-�� ∗ L�: )�����E: e ∈ G �'1� |�+ �p
�*�� ��


a ∗ a
′
= a

′ ∗ a = e

a ∗ b = b ∗ a Ga, b ∈ G �� 	
���*�� ��
 )��5��4 G 	�� ∗ )��%�! L�: �O
���- {�,�,�,�} �:��5� 	�� ∗ �� !�-)� ���6� @�
 @�^� �! ��! )�� ��
∗ �'1z�� 0��
 � !�T � �1 �� � � �� �1 �� � � � � � G �)^ 1T� �E: � � � �Z ]

0!�
! H'� )��5��4 �'9�T
��";� M�
�% ���% �� :��5� S(A)� )W%�� 	
 �:��5� A �'1� |�+ 0����
	
�
! ��G ��
 S(A) 	�� L�: F� M�
�% U'��% &��9 ��
�!0�-�� A �� A  
��Z]
IA : A −→ A )���� M��% �� !�- )� �ANY�0�-�� )�H'� 	��Z] ���- �'9�T
f ∈ S(A) M��%�� ,�7 |�+���1�G�I�! b�� 
0�1� )����

� S(A) )���� ��1: \��
) 1 ; �G ��
 f ��"; � f−� : A −→ A �5 ' � ��! ��
 �- |� +� �Z ] ��" ; �

0!�
�� 	��Z] }��;% �'9�T M�
�% U'��% L�:���
0 fof−� = f−�of = IA



rq ���6�C �)'

�7�����
�'1� |�+ - �

G =

{[
a b
c d

]
: ad − bc �= �

}

)���� �E: 0��! )� G 	�� )��%�!L�: F� L'"6%�W2��%�� a�( �� �'�! ,�6�
0�'��'� 
� �E: �� ,��
�� � L�: ��


	
�� 
� L$� ����% - P

G =

{[
a b
c d

]
: ad − bc = �

}

0�'1� �
�"%
��:��5�	�� ��Z] }��;% )��%�!L�: F� ∗ �� �'1� L��� ,�17 
� �� @��4 - p

0��! L'"6% {a, b, c, d}

∗ a b c d

a a b c �

b b d � c
c c a d b
d d � � a

�'1� `'�8%0 G = {x, y} �'1� |�+ - O
D!�� X��;% ,
�%)� G 	�� )��%�!L�: �17 �<

G	��Z]���- �
�T 	
�
!�� !�� X��;% ,
�%)� G 	�� )��%�!L�: �17 �a
0�1-�� ,��
� �E: � )���� �E:

0�'1� �
�"% 	�E: q � O Gp �:��5� 	
�� 
� L$� ����% - q
�E: 0��
 �- X��;% �� @��4 `$� {e, x, y, z} �� :��5� 	�� ∗ L�: - r

0�'��'� 
� �E: �� ,��
� � )����

∗ e x y z

e e x y z
x x e y z
y y z e x
z z y x e
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�'1�)� X��;% m,n ∈ lN �� 	
 
 �� - m

m ∗ n = m + n + mn m o n = m� + n� m � n = m + �n

�'';% 0�1�! )� )��%�!L�: F� L'"6% lN 	�� ∗ � o G�  
 F� �� �� �'1� `'�8%
0 ��
 	��Z] }��;% �� 	��Z]���- �'9�T 	
�
!F'�
�� �'1�

�- X��;% �� @��4 �� S = {a, b, c, d, e} �� :��5� 	�� ∗ )��%�! L�: - o
��


a b c d e

a a b c b d
b b c a e c
c c a b b a
d b e b e d
e d b a d c

�'1� �$��8�
��� ��!��� L9�N J�+ @��4  
 !����
 ��

[(a ∗ c) ∗ e] ∗ a , b ∗ d , a ∗ (b ∗ c) , (a ∗ b) ∗ c

D�-�� )���Z] }��;% �� ��Z]���- ∗ )��%�!L�: ��< ���'1� `'�8%
	�� � �Z ] ���- ) �� %�!L�: F� ∗� � � ' 1 � L �� � 	��� 
� � � @��4 - t

0����� X��;% {a, b, c, d} ��:��5�

∗ a b c d

a a b c d
b b a c d
c c d c d
d � � � �

�<!<D C�A&� �4�:% �7

L�: �! 
��� �� �-�� � � � �E: �! L�
�N L��- �� 
� IR �� :��5� 0	
�����
0�1��� )�)�'�N !
�:
 ,
�'� �1� J�9 �� ��
�- �! �� · � +
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0��
 ��Z]���- IR 	�� · a�( L�: - �′

0��
 · a�( L�: )���� �E: � - �′

F� a ∈ IR − {0} �� 	
�� - �′

ay = � �� �2� y ∈ IR − {0}
0��
 )��5��4 IR 	�� · a�( L�: - �′

� �:�(�� L9

0��
 ��Z]���- IR 	�� + L�: - �

0��
 + L�: )^1T�E: s - �
F� a ∈ IR − {0} �� 	
�� - �

a + x = � �� �2� x �= a ∈ IR − {0}
0��
 )��5��4 IR 	�� + L�: - �

p �:�(�� L9

∀a, b, c ∈ IR a.(b + c) = ab + ac

a�( L�: )���� �E: �W1% � � M�4 L�: )^1T �E: �W1% � 0�
�����
0��


��
 �! 0�-�� M�4 L�: �� �$2� 	�I�! )^1T �E: �′ �'1� |�+ 0�����
&��9

�+ �
′ = � )^1T �E: �′

�+ �
′ = �

′ )^1T �E: �

0� = �′ �� ��
 �5'��
0�1�2� ��"� y � x �′ � p �:�(�� L9
 �! 0�
�����

0ay′ = � � ay = � �� �1-� � IR − {0} �E: �! y′ � y �' 1 � |�+ 0��� ��
&��9 ��
�!

y′ = y′� = y′(ay) = (y′a)y = �y = y


� y G�′ �:�(�� L9
 �! � −a �� 
� ,<� �1��* )� a �� 1��� 
�xGp �:�(�� L9
 �!
0�1�!)�,�6� a−� �� 
� ,<� �1��* )� a ,��
�

Ga ∈ IR − {0} �� 	
�� 0�
�����

−(−a) = a , (a−�)−� = a

0!�- )� ��-
Z*�1�
�T ��W: �� 0�����
&��9 ��
 �! 0�1-�� a, b, c ∈ IR �'1� |�+ �bZN �'�
��� 0�
�����

0a + b = a + c =⇒ b = c - �
0ab = ac =⇒ b = c �* ,< a �= � �*
 - P
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a + b = a + c =⇒ (−a) + (a + b) = (−a) + (a + c)
=⇒ (−a + a) + b = (−a + a) + c =⇒ b = c

0a� = � Ga ∈ IR �� 	
�� 0 
�����
0 a� = � c] a�+ � = a� = a(�+ �) = a�+ a� ,�7 0�����

0!�
�� ,��
� IR �! � 0!
� �'��(
a, b ∈ IR �� 	
�� 05�5���

b − a = b + (−a)
b

a
= ba−� (a �= �)

0a(−b) = (−a)b = −ab Ga, b ∈ IR �� 	
�� 0$
�����
0�����

ab + a(−b) = a(b + (−b)) = a� = �

�1�
�T ��W: �� ��! 	��2% &�$g
0a(−b) = −ab 
ZV 0��
 ab �� 1��� a(−b) c]
0�-�� )�

(−a)(−b) = abGa, b ∈ IR �� 	
�� 0%
��'��(
0b = � �� a = � �* ,< ab = � �*
 0	&
�����

bZN �'�
�� ���1 � 
ZV ab = � = a� �* ,< G�-�� a �= � �'1� |�+ 0�����
0b = �

0−(a+b) = −(a)+(−b)�(ab)−� = a−�b−� a, b ∈ IR ��	
�� 0		
�����
0!�- )� ��-
Z*�1�
�T ��W: �� 0�����

)V
 � �11� )� !����
 �+ � 	
�� � ��T ��
  
� �+ � 	
�� � ��T ��
  

0�T<

)���
 ��
  
 !����
 0���
! IR �! 
� . . . � O Gp GP G� !
�:
 �� V� $ �! ��
 � �� 1 �
@�^� ,
�1: �� 0�1�)� �9YT 
� �� 	�W%��$: ��T

x + x + x = (x + x) + x = x(�+ �) + x = �x + x = (�+ �)x = �x

�7�����
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(x + y + �z) − �(x − y) − �(z − x)

0 a + � �= a G a ∈ IR �� 	
���'�! ,�6� kP
0!�
! ��"� a
�4 IR �! a + x = b �� V!�;� a, b ∈ IR �� 	
���'�! ,�6� kp

a
�4 ax = b �� V!� ; � � * ,< a �= � � *
 a, b ∈ IR � � 	
� �� ' �! ,�6 � kO
0!�
!��"�

1!���  &','% *'.� �7

J�9 �� ��
�- �! � �1�
H5� �� IR− � {�} � IR+ �� :��5� �� �� 
� IR �� :��5�
~�'1�)� �'2�% �1�)�

0∀ x ∈ IR − {�} x ∈ IR+ ⇐⇒ −x ∈ IR− �<
0∀ a, b ∈ IR+ a + b ∈ IR+ , ab ∈ IR+ �a

0!��� ,�'� H'� �� L"- �� ,
�%)� 
� �<� ��2�
x ∈ IR− �� � x ∈ IR+ 	���
H*  
 )"� �W1% � )"� x ∈ IR − {0} �� 	
�� �<

0�-��)� ���!
� ∈ IR+ 0	
�����

� �� � �<� � �� 1 � 0 � ∈ IR− c] � �= � ,�7 � /∈ IR+ � ' 1 � |� + 0�� � ��
}��1% �� � ∈ IR+ ∩ IR− c] � = (−�)(−�) ∈ IR+ �a� ���1� � −� ∈ IR+

0��

−� ∈ IR− 0�
��'��(

0C��
 )�1� x =�1��* �-�� x ∈ IR− �*
 � C��
 �$^� x= �1��* x ∈ IR+ �*

�'1�)� X��;% IR �! 
� �� ��?�
� ,�1�


∀ a, b ∈ IR a > b ⇐⇒ a − b ∈ IR+ ���

�
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∀ a, b ∈ IR a ≥ b ⇐⇒ a > b �� a = b

�-�� �� L"- �� 
� U'%�% �:�(�� L9
 ,
�%)� ��� ��
H* F�� ��
−x > � � x = � Gx > � 	���
H*  
 )"� �W1 % � )"� x ∈ IR �� 	
�� �<�

0��
 ���!
0xy > � � x + y > � �* ,< x > � � y > � �*
 Gx, y ∈ IR �� 	
�� ���

0��
 )B� U'%�% IR �� ≤ ��?�
� 0�
�����
�� ?�
� ≤ ��
 ���1 � 0a ≤ a c] a = a Ga ∈ IR �� 	
�� �� )��5�<  
 0�����
�! 0a �= b � b ≤ a � a ≤ b � ' 1 � |�+ ,!� � �� 1 � &� $ g
 	
� � 0��
 )��"; �

� b − a > � c] 0 a − b > � � b − a > � �5'�� �! 0b < a � a < b &��9 ��


0��
 }��1% ��
 � −(b − a) > �

�"N � a ≤ c �� b = c �� a = b �*
 0b ≤ c � a ≤ b � a, b, c ∈ IR �'1� |�+
�:�(�� L9
 ���1� c − b > � � b − a > � �* ,< b < c � a < b �*
 0��
 �
����
�� ��! )� ,�6� ��
� a < c ��
���1�� c − a > � c] (b − a) + (c − b) > � �a�

0 ��
 	�;�� ≤ ��?�
�
 
 )"� �W1% � )"� a − b 	
�� �* ,< a, b ∈ IR ���'* ,!�� �$%�� &�$g
 	
��
a > b @�N �� �! �� ��
 �
���� −(a − b) > � �� a − b = � �� a − b > � 	���
H*

0a < b �� a = b ��
a, b, c ∈ IR �� 	
�� 0�
�����

0a ± c ≥ b ± c �I�< a ≥ b �*
 - �
0ac ≥ bc �I�< c > � � a ≥ b �*
 - P
0ac ≤ bc �I�< c < � � a ≥ b �*
 - p

0 �

a < �

b �* ,< a > b � a, b > � �*
 - O
0!�- )� ��-
Z*�1�
�T ��W: �� 0�����

0 a < a + � G a ∈ IR �� 	
�� 0�
� �'��(
�'1�)� X��;% G�1-�� a, b ∈ IR �'1� |�+ 0 
�����

[a, b] = {x ∈ IR : a ≤ x ≤ b}
[a, b) = {x ∈ IR : a ≤ x < b}
(a, b] = {x ∈ IR : a < x ≤ b}
(a, b) = {x ∈ IR : a < x < b}
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0�'1� LN 
� �� 	���V!�;��� - �

(i) �x + � > �x − � (ii)

{
�x − � < x + �

x < −�x − �

0−� < −� �n� � > � �a� � > � �<� �'1� ���g - P
0�'2��1� 
� �'E� ���T< &�$g
 - p

0 a−� > � �* ,< a > ��*
�'�! ,�6� - O
0 a−� > b−� > � �* ,< � < a < b �*
�'�! ,�6� - q

0 a < a+b
�

< b �'�! ,�6� - r
a

b
+

b

a
≥ � �1-�� )�1��� �$^��!�� �� b, a !�:�!�� 	
 
 �� �'�! ,�6� - m

	�
���� 	
�� )+��� � K ��-����
���� �6'�� L�{ 	�W���2����'1� ���g - o
�'1� �';� F����!
� 	��2%

x� + y� + z� ≥ xy + yz + zx �<
x�y� + y�z� + z�x� ≥ xyz(x + y + z) �a

�
��� ���'1� ���g - t
(a�� + a�

� + a�
�)(b�

� + b�
� + b�

�) ≥ (a�b� + a�b� + a�b�)

0�'1� �'';%
� 	��2% 	�
���� 	
�� )+��� � K ��-
0 ��
��"7�� a  
 \;��� �� �2� 	!�: a�� �'� �'�! ,�6�G a > � �*
 - �s
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�T 	
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! �� �-�� S ⊆ IR+ 	���:��5� ���% ��:��5� W �'1� |�+
0∀ S ∈ W � ∈ S - �

0∀ S ∈ W x ∈ S =⇒ x + � ∈ S - P
0{�,�,�, . . .} ∈ W ��:��5� 
�� W �= φ 0�-��

&�� 9 � � � !
! ,� 6 � lN � � 
� �� 	 � G � ��� �� �� :� � 5 � 0	
�� � � �
0�1��� );'$�!�: F�
� lN �E:�� 0�11�)� X��;% lN =

⋂
S∈W

S

natural number�
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0n + � ∈ lN Gn ∈ lN �� 	
�� � � ∈ lN 0�
�����
0� ∈ lN )1;� � ∈

⋂
S∈W

S c] � ∈ S GS ∈ W �� 	
�� 0�����

c] n + � ∈ S GP ��- � �� 1 � � n ∈ S GS ∈ W �� 	
� � � * ,< n ∈ lN � *

n + � ∈ lN 
ZV n + � ∈

⋂
S∈W

S

lN = {�,�,�, . . .} 0�
�����
{�,�, . . .} ∈ W ,�7 )+��  
 0{�,�, . . .} ⊆ lN L$� �� 'E� �� �4�% �� 0�����

0lN ⊆ {�,�, . . .} c]
��
 ��
 L$� �� 'E� �4�% L��� �5'�� 0�1��* )V
��� );'$� !�: �! 
� n + � � n

0!�
�� �
�� 	�I�! );'$� !�: G)V
��� );'$� !�: �! �� �'� ��
�! !��2�
 &��9 �� 
� ���� 	���
�� �� !�� ��
 )�!�� ,
��! 	�W� ��  
 )"�
0!��+
)� 	�;� �
�� ��! )� ���( )"� �� �*
 �� 	��� �� G��!
!)� �
�� �� ��1�
��
 � �
 0� �!� � +
)� ���
� � ��� % G�
� � �' V�
 � � ,! � ��( � � �� � ��
! !� � � � �# � �N

0��
 )(��� 	
����
 L9
  
 	
�5'��
K# �
 �� 	��� �� �-�� T ⊆ lN �'1� |�+ ���:�4� ��#%� 9=� � 0�
�����

0T = lN &��9 ��
�!0 n + � ∈ T �* ,< n ∈ T �*
 n ∈ lN �� 	
�� �#'��g � ∈ T


ZV T ⊆ lN |�+ ���1� 0N ⊆ T c] 0T ∈ W GW X��;% �� �4�% �� 0�����
0T = lN

��� �
H* P (n) � n ∈ lN �'1� |�+ �)(��� 
����
 L9
 �� 5'��� 0�
��'��(
�*
 0�-��

0�-�� ���! P (�) - �
H ' � G��
 ���! p(n) )��� P (n) =⇒ P (n + �) ��
H * Gn ∈ lN �� 	
� � - P

0�-�� ���!
0��
 ���! n �� 	
 
 �� H'� P (n) �* ,<

0���'I� �A� �! T = {n : P (n) ��
 ���! } GL$� �� 'E� �! ��
 )+�� 0�����
0mn ∈ lN � m + n ∈ lN �I�< m,n ∈ lN �*
 0 
�����

c] m ∈ lN ,�7 0�-� � m + n ∈ lN 	�� ��
H * P (n) � ' 1 � |�+ 0�� � ��

ZV m + n ∈ lN c] 0�-�� ���! P (n) ���'* 0��
 ���! P (�) 
ZV m + � ∈ lN

axiom of induction�
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0��
 ���! H'� P (n +�) �5'�� �! m + (n + �) ∈ lN ��
 ���1� (m + n) + � ∈ lN

0 ���
Z* )��1�
�T ��W: ��
� mn ∈ lN &�$g

��:��5� 0 �,−�,−�,−�, . . . /∈ lN �� !�-)� ���6� lN X��;% �� �4�% ��

ZZ = {. . . ,−�,−�,−�,�,�,�,�, . . .}

/'89 !�: �! a�( � M�4 �� !�-)� ��! )�N
� �� 0�1��� /'89 !
�:
 ��:��5�
0�� ����%�lN ⊆ ZZ �� ��
 � ��
 /'89 !�: F�

�'17
�� ��
 � � x !�: �
n ,
� %G n ∈ lN � x ∈ IR �' 1 � |�+ 0!
���� �
!�- )� X��;%

x� = �

x� = x

xn+� = xn.x

x−n = (x−�)n G x �= � �� )%��9�!�
0 �1��* )�
����
 X���;% 
� J�+ X���;% ���6� X���;%


� �'+�� �*
 0� < � < m �* ,< 0���'*)� �A� �! 
�SV! m �= � ∈ lN ,�1�


0� <
�

m
< � �'1� a�( m ��";� �!

0��
 }��1% �� � = m · �
m

= m × � = � �* ,< �

m
= � �*


0��
 }��1% �� � = m · �
m

= m × � = m �* ,< �

m
= � �*


�5'� � . . . < −� < −� < −� < � < � < � < � < . . . �� ��
 � � �4� % � �
ZZ H4 �� 	!
�:
 )�'�N !
�:
 �!c] 0 �

m
/∈ ZZ G� �= m ∈ lN �� 	
 
 �� �� !�-)�

0���
! !�4� H'�
���* !
�:
 �� :��5� 
� /Q = {m

n
: m ∈ ZZ , n ∈ lN } �� :��5� 0$
�����

0�1���
0m
n

=
p

q
⇐⇒ m q = p n �* ,< m

n
,
p

q
∈ /Q �*
 0%
�����

��
���1� mn−�nq = pq−�nq 
ZV� mn−� = pq−� �* ,< m

n
=

p

q
�*
 0�����

0mq = pn

mn−� = pq−� ��
���1�� mqq−�n−� = pnq−�n−� �* ,< mq = pn �*
G c";V��
0m
n

=
p

q
c]
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0lN ⊆ ZZ ⊆ /Q 0	&
�����
0!�- )� ��-
Z*�1�
�T �W: �� 0�����

�* ,< m

n
,
p

q
∈ /Q �*
 0		
�����

m

n
+

p

q
=

mq + pn

nq
m

n
.
p

q
=

mp

nq

0�����
mq + pn

nq
= (mq+pn)(n−�q−�) = mqn−�q−�+pnn�q−� = mn−�+pq−� =

m

n
+

p

q

mq

nq
= (mp)n−�q−� = (mn−�)(pq−�) =

m

n

p

q

G� a�2N ��:�(�� @�9
 �! )�'�N !
�:
 a�( � M�4 
��� �� /Q 0	�
�����
0�1�)� J�9 p � P

0!�- )� ��-
Z*�1�
�T �W: �� 0�����
�;� 	�WB�+ �� ���] 	
�� D!�
! !�4� �1-�$� ���* �� )�'�N !
�:
 ��< 0��/0

0!�- �;4
��
�
� 3�.�

0��
 /'89 !�: F� /'89!�:�! a�( L9�N� M�4 L9�N �'�! ,�6� - �
m,n ∈ ZZ ��� x, y ∈ IR − {0} 	
���'1� ���g - P

xmxn = xm+n

(xm)n = xmn

xmym = (xy)m

�n = �

�� 	
���* ,<(�+ x) ≥ � �*
x ∈ IR �� 	
���'�! ,�6��)����� 	��2���� - p
0�'1� ,�'� 
� 	��2% 	�
���� 	
�� )+��� � K ��- 0 (�+ x)n ≥ �+ nx G n ∈ lN

!�- )� X��;% �'17
����
 ��
n∑

i=m

ai G n ≥ m �*
 - O

m∑
i=m

ai = am ,
n+�∑
i=m

ai = (
n∑

i=m

ai) + an+�
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0!�- )� ��-��H'� am + am+� + . . . + an &��9 ��
n∑

i=m

ai

n∑
i=�

i =
n(n + �)

�
�� �'�! ,�6� � <

n∑
i=�

i� =
n(n + �)(�n + �)

�
�� �'�! ,�6� � a

n∑
i=�

i� = (
n(n + �)

�
)� �� �'�! ,�6� � n

n∑
i=�

(ai − ai−�) = an − a� �� �'�! ,�6� � !

���'��'� ,�17
� ap, . . . , a�, a� ��

ip = a�i+a�i(i+�)+a�i(i+�)(i+�)+ . . .+api(i+�)(i+�) . . . (i+p−�)

0�'1� �$��8�
�
n∑

i=�

ip ��� ��2� F���� � �

�'��'�
� �� 	�� 3��5� - q
n∑

k=�

Ln(�+
�

k
)

n∑
k=�

�


k� + �k − �

n∑
k=�

tg−�
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 ����

f : {�,�} −→ X� ∪ X�

0 f(�) ∈ X� , f(�) ∈ X� �� �-�� ,
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 ��� ��
 �� a�S��
 L9
 0
∏
i∈I

Xi �= φ ��< �� ��
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 �� �- ��5�
 	!�� fY% 0
∏
i∈I

Xi �= φ L9
 ��
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���� a�S��
 L9
 �'1� |�+ 
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�� a�S��
 M��% F�
 �����

M��% ��0 �-�� lN ��6�% )W%�� 	���:��5��� ���% �:��5� F �'1� |�+ k�
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ZV G f(a) ∈ B c] G f(a) ≤ f(f(a))

� �-�� )�H4 U%�� (A,≤) �'1� |�+ 0<�0�C9 DE�� �F>( :�.��? �
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! �! �'� ko
0�'1� �
����

G A 	 �
 �� 	�� �? �
� �� ' B � �� :��5�� ' 1 � ��� g G A �� :��5� F��! kt
0 ��
!�;�� A 	�� 
�+
 �� 'B� ��:��5���

� �
� f(n, x) = n + x M�� % ~)��� 1�
�� 0lN × [�,�) ∼ IR �'�! ,�6 � k�s
� ���'I��A��! lN × [�,�)

,�6�0�-��!�;�� C  
 	
 �:��5��� �� A � C ∼ D � A ∼ B �'1� |�+ k��
0 ��
!�;�� D  
 	
 �:��5��� ��H'� B �'�!
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 �� 0	
� ����
0 �1��* );'$�

n �! 
� )� - m �*
 G �1-�� );'$� !�: �! m > n �'1� |�+ < ��7=�� ,&�
0!�
! !�4� )� - F�  
 \'� �� 	
�5N G �'�! �
�� �5N

Im ∼ In ⇐⇒ m = n 0�
�����
0Im ∼ In ��
 /(
� �� G �-�� m = n �*
 
 �����

���1� 0���'I� �5N 
� In � i�% 
� Im 	�E:
 0 m > n �'1� |�+ c";V��
0 Im �∼ In 
ZV G !�
! !�4� ��1: F�  
 \'� �� 	
�5N G ���5N L9


 
 	
�;?� �� A �� A = φ �*�� G �1��* ��A�$#
 
� A �:��5� 0�
�����
0 �1��* ��A�$#
�� 
� A &��9 ��
 �'_ �! 0 �-�� !�: �� );'$� !
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0 ��
 )��1�� �� G @�
!
�:
 ��:��5� 
 ����
0!�- �;4
�� r0P0m �� 'E� �� 
 ��

,< G �-�� )��1�� A �*
 G �� ��
 ��
 !�-)� ��+�* X��;% ��
 
 �� )$V�4 �5'��
0 A ∼ Ik �� �2� )���"� k F� �*

0 ��
 )��1�� In �:��5��� �� 0�
�����
	
�
! c ] ��
 �
� �
� � K� �  
 A ,�7 0 � -� � A ⊆ In � ' 1 � |� + 
 �� � ��
� A = {a�} �* ,< A − {a�} = φ �*
 0 a� = max A �'1� |�+ G��
���H���
0� �� ' *)� �A � �! a� = max A − {a�} G A − {a�} �= φ � *
 G ��
 )�� 1 � � 
Z V
� �
 � ' _ �! � ��
 ) �� 1 � � c ] A = {a�, a�} � * ,< G A − {a�, a�} = φ � *

� V� $ �! �� � � �
 � �
!
 �! 0� ' 1 �) � a� S � �
 a� = max A − {a�, a�} &�� 9

0 ��<)� ��! �� );'$� !
�:
  
 a� > a� > a� > . . .
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 � � � �� � 
Z V G � 1 � 2 � �  
 � � *�H � !
� :
 � �
 �� � % ,� 7
0 A ∼ Ik ��
���1� � A = {a�, . . . , ak} c] G A − {a�, . . . , ak} = φ

)��1�� A∪B �* ,< G A∩B = φ � )��1�� �:��5� �! B � A �*
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�����
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finite�
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g : In −→ B � f : Im −→ A � B ∼ In � A ∼ Im �' 1 � |�+ 
 ��� ��

�-�I� 0 �1-�� ���! );�
�%

h : Im+n −→ A ∪ B

x −→
{

f(x) x ≤ m
g(x − m) x > m

0 ��
 )��1�� A ∪ B 
ZV � ��
 �� �!
0 ��
 )��1�� C ∩ D �I�< G )��1�� D � )��1���� C �*
 0 
�����

�-�I� &��9 ��
 �! 0 �-�� ���! );��% G f : D −→ Ik �'1� |�+ 0�����

h : C ∩ D −→ Ik

x −→ f(x)

)��1�� 
ZV G ��
 ,
���� Ik  
 	
�:��5� �� �� C ∩ D c] 0 ��
 �k� )�-�I�
0 ��


0 ��
 )��1���� C − D �* ,< G �-�� )��1�� D � )��1���� C �*
 0!
� �'��(
C 
Z V G C = (C − D) ∪ (C ∩ D) ,�7 G �-� � )�� 1 � � C − D � *
 
 �� � ��

0 ��
 )��1��
0 ��
 )��1�� H'� C �* ,< G �-�� )��1�� D � C ⊂ D �*
 0$
� �'��(

}��1% �� ��
 )��1���� C − D = φ �* ,< G �-�� )��1���� C �*
 
 �����
0��


0�1�2� )��1���� IR � /Q � ZZ � lN 0%
� �'��(
0 !�- )� ��-
Z*�1�
�T ��W: �� 
 �����

0 ��
 )��1�� H'� A ∪ B �* ,< G �1-�� )��1�� B � A �*
 0	&
�����
)��1�� B −A 
ZV G B −A ⊂ B ,�7 0 A∪B = A∪ (B −A) �'�
!)� 0�����

0 ��
 )��1�� A ∪ B c] G ��

0 ��
 )��1���� Y �* ,< G �1-�� )��1���� X � X ⊆ Y �*
 0		
� ����

0 !�- )� ��-
Z*�1�
�T ��W: �� 
 �����
0��
 )��1�� �� IR − /Q 0	�
� �'��(

0 ��
 )��1���� {√p : @�
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0 ��
 )��1�� H'� A × B �* ,< G �1-�� )��1�� B � A �*
 �'1� ���g �a
Ga, b ∈ IR �� 	
 
 �� �� ���'I� �5'�� � ��
 )��1���� (�,�) �'1� ���g kP

0 ��
 )��1���� (a, b)

0 ��
 )��1���� B �� A �* ,< G �-�� )��1���� A × B �*
 kp
0 ��
 )��1�� H'� B �* ,< G �-�� )��1�� B �� �:��5� �� �� �*
kO

0��
 )��1�� H'� A �* ,< G �-�� )��1�� B � F� �� F� f : A −→ B �*
 kq
0��
 )��1�� H'� B �* ,< G )��1�� A � �-�� ��� f : A −→ B �*
 kr

)��1���� S = {(x, y) : x� + y� = �} ⊆ IR × IR �:��5� �'�! ,�6� km
0 ��
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0�-�� lN �� !�;�� �� )��1�� �*
 ��
���- S �:��5� 0	
�����
0 �1��* )��1���� 	
���-

T � * ,< G 
�� � - S � S ∼ T � *
 � � � �<) � ��! � � X �� ; %  
 � B 9� +Y �
0��
���-

0 ��
���- lN  
 M �:��5� �� �� 0�
�����
)��1���� M �*
 0 ��
���- X��;% �� �4�% �� �� �-�� )��1�� M �*
 
 �����

�'1�)� X��;% �� �?��( �� 
� f : lN −→ M M��% G �-��

f(�) = m� = min M
f(n + �) = mn+� = minM − {m�,m�, . . . ,mn}


Z V � mi < mj � * ,< G i < j � *
 i, j � � 	
 
 � � � �mi a� S � �
 � � � 4� % � �
G ��
 !�;�� M  
 	
�:��5� �� �� lN ��
���1� G ��
 �k� f c] G f(i) �= f(j)

0 M ∼ lN ����6��� �!��- �'E� ���1� G M ∼ M ⊆ lN ,�7 )+��  
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 )"� �� F� M��% �*
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0 ��
���- G 
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F� �� F� M��%G L$� �� 5'�� �� �1� T ⊆ S ��-��
���- S �'1� |�+ 
 �����
�� 	
�� g(x) = f(x) �� ?��(�� g : T −→ lN M��% 0 ��
 !�4�� f : S −→ lN

0 ��
���- T 
ZV � ��
 F� �� F� x ∈ T

0 ��
���- T �* ,< G �-�� F� �� F� f : T −→ S � 
���- S �*
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�����
0 T ∼ f(T ) ⊆ S 
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0 ��
���- T �* ,< G �-�� ��� g : S −→ T � 
���- S �*
 0 
�����
�k� f ��
���1� G gof = IT �� 	��� �� G f : T −→ S !�
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0 ��
���- T L$� �'E� ���1� c] G ��
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 ��
���- S ��:��5� 0!
� �'��(

0 ��
���- lN × lN 0$
�����
F � G f(m,n) = �m�n �� ? �� (� � f : lN × lN −→ lN � -� I � 
 �� � ��
c ] G �m�n = �m′

�n′ � * ,< G f(m,n) = f(m′, n′) � *
 
� � G � �
 F � � �
��� � �! �� n′ − n � m − m′ �� !�-)� �ANY� ��! )�� �� 0 �m−m′

= �n′−n

0 �1-�� ��9 �� �$^� ,��H��
���� 
ZV G ��
 }��1% �� �|�m−m′ c] �|�n′−n �* ,< G �-�� n′ − n > � �*

�� �4�% � � ,�1�
 0m = m′ , n = n′ c] G m − m′ = � �5'�� �! � n′ − n = �
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���- lN × lN L$� �'E�
0 ��
���- H'� S × T �* ,< G �1-�� 
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�'�!)�

f : S × T −→ lN × lN
(s, t) −→ (g(s), h(t))

0 ��
���- S × T 
ZV � ��
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ZV ��
���- Xn

F : lN × lN −→ ⋃
n∈lN Xn

(m,n) −→ fn(m)

x ∈ Xn G n ∈ lN F� 	
 
 � � � * ,< G x ∈
⋃

n∈lN

Xn � *
 
� � 0 ���� � ); �� % F

c] fn(m) = x � � m ∈ lN F� !�
! !� 4� 
Z V G ��
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0f(n) = (−�)n
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0 S �= φ � �
� �� 1 � G � -� � ) �� 1 � �� � 	
� :� � 5 � S � ' 1 � |� + 
 �� � ��
|�+0��
 )W%� � S − {x�} m0P �� 5'� � � � �4�% � � G ���'*)� �A� �! 
� x� ∈ S

) W % � � S − {x�, x�, x�, . . . , xn} � 5 ' � ��!� !� � a� S � �
 
� xn ∈ S � ' 1 �) �
� :� � 5 � @� N 0 !�
!!� 4� xn+� ∈ S − {x�, x�, x�, . . . , xn} �� � �
 
 G � �


0 ��
 S  
 )��1���� 	
���- 	
�:��5� �� A = {x�, x�, x�, . . . , xn, . . .}
0 C − D ∼ C �* ,< G �-�� )��1�� D ⊆ C � )��1���� C �*
 0�
�����

G ��
 )��1���� C − D �� )��5�<  
 0 D = {x�, . . . , xn} �'1� |�+ 
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G �-��)� A = {xn+�, xn+�, . . .} �1��� )��1���� 	
���- �:��5��� F� 	
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ZV

�-�I�
φ : C − D −→ C

xn+i −→ xi i = �,�, . . .
x −→ x x �∈ A

0 ��
 �� �!
0 C ∪ D ∼ C �* ,< G �-�� )��1�� D � )��1���� C �*
 0�
�����
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 )��1���� C ,�7 0 D ∩ C = φ � D = {y�, . . . , yn} �'1� |�+ 
 �����
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 �! 0 ��
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���- �:�5��� 	
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ZV

�-�I�
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xn −→ yn
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x −→ x x �∈ A
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 �� �11�)� ,�'� J�+ �'E� �!
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 ��+� �*
 ��
 )��1���� C 0�
� ����
0 �-��

C − {x} ∼ C L $ � � ' E � � �� 1 � x ∈ C � � -� � ) �� 1 � �� � C � *
 
 �� � ��
G � �
 ) �� 1 � � A � * ,< G � -� � A ⊂

�= C � ) �� 1 � � C � ' 1 � |� + c " ; �0
� * ,< G � 1 -� � xk+�, . . . , xr ∈ C − A � ' 1 � |� + � A = {x�, . . . , xk} � �� ' *
k < r ,�7 0 C ∼ Ir � A ∼ Ik �� ��
 /(
� 0 C = {x�, . . . , xk, xk+�, . . . , xr}

0 A �∼ C 
ZV G Ik �∼ Ir c]
0 �'����)� ���%
 �� ,��2% �V  
 UV�4 !����
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� \S� ��


� )��1���� �:��5� F� A �'1� |�+ 
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F = {(f,X) | f : X × {�,�} ���	
�−→ X ,X ⊆ A}
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(f,X) ≤ (g, Y ) ⇐⇒ X ⊆ Y , g|
X×{�,�} = f

0 ��
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! �� ��
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D �1��� )��1���� 	
���- �:��5� �� 	
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ZV G ��
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 �����
M��% c] D × {�,�} ∼ D 
ZV G ��
 )��1���� 	
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0 F �= φ c] G (f,D) ∈ F ��
���1� � !�
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���'*0 !�- )� ��-
Z*�1�
�T �W: �� G��
 )�H4 U%�� (F,≤) �"1�
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���1� G X =
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i∈I

Xi �'1�)� X��;% G �-�� F �9�1:  
�'5� F� {(fi,Xi)}i∈I

G k ∈ {�,�} �� (x, k) ∈ X × {�,�} �*
 @�N 0 X × {�,�} =
⋃
i∈I

(Xi × {�,�})

 
 M�� % F� g(x, k) = fi(x, k) 0(x, k) ∈ Xi × {�,�} G i ∈ I F� 	
 
 �� �* ,<
0 ��
 ���! g �'�!)� ,�6� G �-��)� X × {�,�} −→ X

(x, k) ∈ Xi × {�,�} �� �1-� � I ��1: �! j � i � g(x, k) = g(x′, k′) ���'*
|� + ,
� %) � � �
 � ' 5 � F � {(fi,Xi)}i∈I ,� 70 (x′, k′) ∈ Xj × {�,�} �
c ] G (x, k) , (x′, k′) ∈ Xi × {�,�} 
Z V Xj × {�,�} ⊆ Xi × {�,�} � � !� �

0 (x, k) = (x′, k′) 
ZV � fi(x, k) = fi(x′, k′)
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� ≤ �?�
�

(f,X) ≤ (g, Y ) ⇐⇒ X ⊆ Y , g|
X×X
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