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/���*Y� +$<��L/� �]< �# v �7 o .� /<�
�V J��'g �7 �� v ∈ R
n ��>:< ��-� A���N7 �#

p ∈ Rn E��n�# ��>:< .� �̀ �@ �7 /<�
�V 1��P �7 �� JZ K�% �� �H #��# #�� 9�<
/	) c : R → Rn $�'H R�D �Gj �� +#�@ ��� �+2 �
@ �7 +K ��T7 �]< �#
Rn .� A��>:< 9�< c′(t) = (c′(t), · · · , cn(t)) 1��P ? � �# +��� � \�%�N<��& #
\_�� ����% �� JZ +$@�7/� ��	� /'='� �7 � ��� c(t)+c′(t) � c(t) ?�7 ��� ����
#�$4�� c(t)+c′(t) �7 c(t) .� �H /<�
�V 1��P �7 � E$���< c V�  % c′(t) ���� ����% � 
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�� p+ v �7 p .� J�
�V ��� /D�H �/Y� � �
@ �7 ��h� ? � A.�� Q$� ��]'� �7
�H ���� Rn ×Rn ���# / �0�. ?�'� ��	- ��g�	d� +K�'H ��P�� (p, v) ��. �7
$�K����% ��<Z Ǳ�Bg� � E$���< Rn ���� $�2, � �K�-#/� J�;< TRn #�	< �7 ��<Z

+_#�@ ��� !+2 �
@ �7a K���</� Rn  % ����
#�	< ? � �7 �]< �K�-#/� J�;< _p �# v ��#�7a vp #�	< �7 �� (p, v) ∈ TRn Xj �	*�
�Gj *D +K�-#/� [ �	< TpRn #�	< �7 �� v ∈ Rn �7 A�- (p, v) ��	- ��g�	d� �A��\L

+K�-# J�;< v F�O M �0'� �7 �� TRn .� �Bg �- �H ��� �407

i
2+2 �
@

ϕ : R
n × R

n → R
n � �h� �@�T< �TR

n � v .� �Bg ?���� �7 Q�hO A��7
A��>:< ϕ(v) �v ��	� ��#�7 �- Ǳ�.� �7 +K ��L/� �]< �# �� ϕ(a, b) = a ��>7�Y �7
A��g�	d� � . J��'g �7 �� ϕ−�(p) ��T # A�� .� +$@�7/� ���4�� JZ �7 v �H ���
�# 1��P �7 �n = � ���O A��7 �H m�D�L �]< �# J���/� Rn × Rn .� (�hn7
��� �� ϕ−�(p) �
' � A��7 ��� A�E9�T<� �
@ ? � +#�# J�;< ��<Z J���/� 2+2 �
@
/D�H �#�	< � $"� J���/� A��#�7 A�BD M �7 � . W �t �7 �� ��� ? � +K���'7 p �%

#�@ � �*� ���

(p, v)⊕ (p, w) := (p, v + w)

a� (p, v) := (p, av)
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+$<�@/� � �*� R×Rn � ⋃p∈Rn ϕ−�(p)×ϕ−�(p) �7 S���47 Gj 	g _� � ⊕ Q�	g�a
_+$'-#/� J�;< Q�	*� • � +�7 S���47 �� � � ⊕ Xj �	*�

�@�T< .� E�T<Z �p ∈ Rn � E#�7 � \�%�N<��& # /4@�T< f : Rn → Rm �L�
vp �→ ��>7�Y �7 Tf(p)R

m �7 TpRn .� />) /4@�T< �Df(p) : Rn → Rm />)
#��# A�A#�g ��r �j�-�� (��) �@�T< ? � +#�	< � �*� J���/� [Df(p)(v)]f (p)

�@�T< mK�-#/� J�;< f∗p #�	< �7 �� �@�T< ? � +�)�#�V K�-��) JZ b �;� �7 �H
J�� +K�-#/� J�;< f∗ #�	< �7 �� �- f∗p ��	- `�	4� .� �P�O TRn → TRm

�# �/'* a ��� � \V~ �*� � . ���L� # �$'H/� � �*� Tf(p)R
m �# A��#�7 f∗p(v)

�_$<�7��7 Rm �7 TRn .� ?
	� S�H��

TRn
f∗ � TRm

π

� �
π

Rn
f � Rm

π ◦ f∗ = f ◦ π

�0'� ? � +#�@/� �4)�� 9�< Df(p) A� � .� �
%7 �f A�� .� �0'� �< f∗ ? ��7�'7
� \�%�N<��& # 67�� g : Rm → Rk $�'H R�D +�N�< (�) ���O ? � �# f∗ � �*� ���#

K ��# �W4;� A�E��d<. E�$g�C �7�'7 ��d�4< �# m��� A�T #

D(g ◦ f)(p) = Dg(f(p)) ◦Df(p) _�+2 a

K ��# �� �*� �7�'7

g∗
(
[Df(p)(v)]f(p)

)
=

(
Dg(f(p))(Df(p)(v))

)
g(f(p))

��@�< J���/� � . 1��P �7 _�+2 a M	H �7 �� Q���D ? �

g∗(f∗(vp)) = (g ◦ f)∗(vp)

? ��7�'7

g∗ ◦ f∗ = (g ◦ f)∗

�d' � �� ��4"�� m$@/� /'*� /7 Gj ��H Q���D ? � �#�"< Tf(p)Rm �# f∗(vp) �s<�'�
+�@�#�7 �# �� A�E��d<. E�$g�C #$d� J��7 �jD�P f∗ .� E#�&4��

�2
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� �"�� ��]< �/7�H�f e ���� �7 {�"��� �# K�-�&� � (��) E���	- �eV ? � .�
c : R → /'='� �7 ��	� ��#�7 +Df SNO �7 �< K�'H/� J��7 f∗ ���� �7 �� /T'�
�
1��P �7 �� t �# c �7 ��	� ��#�7 +#�	< J��7 J���/� 9�< ��0&� ? � ���� �7 �� Rn

�H $@�7 c(t) = (t, f(t)) �
@ �7 /'='� ��L�a +K�'H/� � �*� c′(t)c(t) ∈ Tc(t)R
n

��#�	< �7 ��	� c) #�$4�� �# ��#�7 ? � mc′(t)c(t) = (�, f ′(t))(t) E�T<Z �f : R → R

��#�7 �H $�'H ��� _+#�@ ��� 5+2 �
@ .� _���a �	NC �7 +��� (t, f(t)) �# f
.� ��� 1��"g �j:�C# t ��]=� �# c ��#�	< �7 ��	�

c∗(�t) = [Dc(t)(�)]c(t)

= (c�
′
(t), · · · , cn′(t))c(t)

��� 5+2 �
@ .� _^a �	NC �7a ��� t �# R �7 ��	� ��
 ��#�7 �t = (t,�) �H
+��� Rm �# /'='� M g ◦ c E�T<Z �$@�7 � \�%�N<��& # g : Rn → Rm �L� +_#�@

.� ��� 1��"g t �# g ◦ c �7 ��	� ��#�7

(g ◦ c)∗(�t) = g∗(c∗(�t))

= g∗(t �# c �7 ��	� ��#�7)

+#�@ ��� ,+2 �
@ �7
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R�D +K ��L/� �]< �# �� i : M ↪→ RN AE$'<�;< � M A$*7−n ���	- $%&�'� Q�O
R
N �7 R

n .� i◦x−� 1��P ? � �# +K ��# p Q�O (x, U) 1�h4n� E�T4�# M $�'H
+��� Ti(p)RN .� A$*7−n / �BD � . (i ◦ x−�)∗(Tx(p)Rn) ��j4d�4< +��� n �� "�� �7
�L� ��� . m#��$< /T4N7 x /��h4n� E�T4�# �7 �BD � . ? � +##�L ��� �+2 �
@ �7

E�T<Z �$@�7 A�T # /��h4n� E�T4�# y

(i ◦ y−�)∗ = (i ◦ x−� ◦ x ◦ y−�)∗

= (i ◦ x−�)∗ ◦ (x ◦ y−�)∗

(y ◦ J���� �7 /	N�D����9 � (x ◦ y−�)∗y(p) : Ty(p)R
n → Tx(p)R

n ? ��7�'7 �
+��� x−�)∗x(p)

i

�+2 �
@

3+2 �
@ �# 1��P �7 �H �#�H ��� u=7 ? � �7 J���/� 9�< �T # /: �t �7
E�T<Z �$@�7 c(�) = x(p) �7 /	) c : (−ε, ε) → Rn �L� +K �E#�	< ��P�� �� JZ
�# ���	- K) �- � �#��# ���C i(M) �# �j��	� �H ��� RN �# /	) α = i ◦ x−� ◦ c
�α∗(��) = (i◦x−�)∗◦c∗(��) 1��P ? � �# +_w1�"x�a ��� �
@ ? � �7 9�< i(M)

��#�7 �- �E�G*7 +#��# ���C (i◦x−�)∗(Tx(p)Rn) �# A� α �- �7 ��	� ��#�7 ? ��7�'7 �
��	� ��#�7 �Tx(p)RN �# ��#�7 �- �� . m��� A� α M ��	� ��#�7 ��BD � . ? � �#
��g�	d� .� ��� 1��"g ���# �� A$*7−n A�BD � . �? ��7�'7 +$@�7/� c /	) �7
�� A$*7−n A�BD � . ? � +i(M) �# ���	- A�0	) �7 i(p) �# ��	� A�-��#�7 ��	-

+K�-#/� J�;< Tp(M, i) #�	< �7

�,
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�K�-# ��
;� K �#�C �� �P�O A�-�BD _A�9d�a `�	4� J�'H�

T (M, i) :=
⋃
p∈M

Tp(M, i) ⊂ i(M)× R
N ⊂ TR

N

�K�'H/� � �*� � . ��>7�Y �7 ϕ : T (M, i) →M A� �h� /4@�T<

ϕ(v) = p ⇔ v ∈ Tp(M, i)

�8��� �# �Q�O ? � �7 +#��# A��#�7 A�BD ��4)�� π−�(p) ��� �- �TRn ���O �# ���
+#�	< �4;�7 �C# /	H $ �7 �0����

/'='� +$ ��T7 �]< �# �� i : S� ↪→ R� A��4=� �@�T< � M = S� $%&�'�
+c′(θ) = (− sin θ, cos θ) � #�\L/� S� {�:< �� �%H .� c(θ) = (cos θ, sin θ)

i

�+2 �
@

up = (− sin θ, cos θ) K�'H/� � �*� A� p = (cos θ, sin θ) ∈ S� �- A�.� �7
�7�C k ∈ Z �7 θ + �kπ /'* �θ ��$:� � �0'�7 �7 A��#�7 ?�'� �- �H ��� ?@��a
1��"g Tp(S�, i) 1��P ? � �# +_#��$< #�� u�O ? � .� /%
;� /�� �$@�7/� J��7
KN�D����U	- ? ��7�'7 +#�@ ��� �+! �
@ �7 +up ^��B� ��	- ���@ A�BD .� ���

��
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�� � . ���L� # �H �K ��# �� f�(λup) = (p, λ) ��>7�Y �7 f� : T (S�, i) → S� × R�

�#.��/� � \�B �*�

T (S�, i) f� � S� × R�

�
�

��
π

�
�

�

�
π′

S�

A�-��� �� π′−�(p) �
;7 A�-�g�	d� �L� +π′(a, b) = a �H π′ ◦ f� = π /'* 
A��#�7 A�BD ��4)�� M _/*�"t �
@ �7a A��� �- 1��P ? � �# �K�'H � �*� π′

E�G*7 m#�7/� �-��� �7 �� �-��� f� �H ��� /'*� ? � �7 ���L� # A� \�B �*� +#��#
o� �h� A��7 />) KN�D����9 � M �A��� �- �7 f� A$=� �H ��� ��� ?@��

+$@�7/�

i

�#�H �<�@ #�@/	< �� A� �H �� ��+2 �
@

�# +$ ��T7 �]< �# �� i : S� ↪→ R� A��4O� �@�T< � M = S� $%&�'� Q�O
p� �;� f� �@�T< A�0�Lk � �7 f� : T (S�, i) → S� × R� �@�T< }�- ����O ? �
��#�7 �- A�.� �7 E�T<Z �$@�7 �4@�# #�� /4@�T< ?�'� �L� ��� . +#��$< #�� X�7 �#
.� A�� �#�L {f−�(vp)|p ∈ S�} A�-��#�7 ��g�	d� /4N �7/� �R� �# v �= � �7�x
�-��#�7 ? � � �#�@/� E#�# �"N< A��#�7 S� .� �>:< �- �7 �H �$@�7 �&P�< A�-��#�7
?�'� �H #��#/� J�gq� Af���V�� .� _���@#a A���BC +$''H/� ����� �4���V �
@ �7
+_##�L ��� �+2 �
@ �7 �#�H �<�@ #�@/	< �� A� �H ��a ��� ?
	� ��r /4�*Y�
T (M, i) → /"��'� �@�T< 9�< ���O JZ �# #�	< 1�"x� J���/� �H �N- 9�< �T # Q���
�JZ ��]< /��g�Y�� � � ���@# A���BC .� E#�&4�� J�$7 ��� m#��$< #�� M × R�

J��7 �7 +$ ��T7 �]< �# M ���%�� ��� A��4O� �@�T< �� i : M ↪→ R� �@�T<
�@�T< � �h� M �$@ � �*� M �hD �# �H R� .� (�hn7 A��g�	d� � . ��4:�C#

�3
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��>7�Y �7 f : [�;�π]× (−�;�) → R�

f(θ, t) =
(
� cos θ + t cos(θ/�) cos θ

,� sin θ + t cos(θ/�) sin θ, t sin(θ/�)
)

��#�7 �M .� p = (� cos θ,� sin θ,�) ��>:< �- �# +���

vp := (−� sin θ,� cos θ,�) = f∗
(
(�,�)(θ,�)

)
���� ���# f∗((�,�)(θ,�)) ^��B� ��	- E���7�# S%>� ?�	- +��� ��	� M �7

+��� E$@ E#�# J�;< ?�� �>:< {�>) �7 �I+2 �
@ �# �H

i

�I+2 �
@

�H $�'H ���

f∗((�,�)(θ,�)) =
[
Df(�,�)(�,�)

]
(�,�,�)

=
[
∂f

∂t
(�,�)

]
(�,�,�)

= (�,�,�)(�,�,�)

�
<Z Q�O �

f∗((�,�)(�π,�)) =
[
∂f

∂t
(�π,�)

]
(�,�,�)

= (−�,�,�)(�,�,�)

(� cos θ,� sin θ,�) {�:< ��	- �7 ?�� �>:< A�-��#�7 �H�O �7 �#�C 9L�- �H ��� /'*� J�$7 ? �
f∗((�, λ(θ))(θ,�)) �
@ �7 A��#�7 �- E�T<Z �$@/� ?�'� �L� ��� . mK�4N�< �4���V 1��P �7 �
�&P ���n� � �	- �# $ �7 67�� ? � +��� �4���V /*7�� λ : [�;�π] → R �H #�7/�
A���BC �H �J�7�NO .� /<��� ��$:� �� �BC �7 �'7a �H �λ(�π) = −λ(�) ��G*7 � $@�7
�7 ��4���V ��>7 ?�� �>:< A�-��#�7 ^�n4<� J#�7 Q�=� +$@�7/� Q�=� _��� E#��

��
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E#�7 KN�D�����	- M × R� A��7 T (M, i) .� /4@�T< }�- �H $-#/� J�;< p�Y�
T (M, i) �H $�Z [�V A�T # ���O �S���� ? � �7 +#��$< #�� �$@�7 9�< ��� �7 ��� �

+�N�< M × R
n ��"@

���N7 /*Y�� �]< .� T (M, i) ��4)�� �$@�7 E$'<�;< i : M ↪→ RN �L� �Q�O ? � �7
/;n7 �/'* a π−�(U) E�T<Z �$@�7 M �7 /��h4n� E�T4�# (x, U) �L� ���� E#��
F�����	- �
@ �7 � ��� �7 ��� 1��P �7 Xj �	*� �� _#��# ���C U A�� �H T (M, i) .�
�A� p ∈ U �- Ǳ�.� �7 �6C�� �# +�@�T< J���/� U × R

n A�� �7 F�����	- �
@ �7
�7 (M, i) ���

mp(x(p)Rn) := (i ◦ x−�)∗x(p)(Tx(p)Rn)

� �*� K�<���/� �? ��7�'7 +��� E$@ 6Y� /N �< �PG) �0 �7 mp �H ���� �7��7
K�'H

f : π−�(U) → U × R
n f(mp(vx(p))) = (p, v)

S�� T (M, i) A�-�"' ? � +��� /0 $7 �j*Y�� T (M, i) �Q�	*� /'D J�7. �7
�#��T7 W%*� �-��4)�� .� K0� � ��97 E#�*�� ��D A�E#��<�) �7 T (M, i) �H #�@/�

8*���- AB� )!)

ξ = (E, π,B,⊕,�) /	 �� Kd'V M _$� =�>−n��� � a $�"%−n$����% ���
�H ���

+_K���</� ξ  8 	�F $�2, � 0�� $�2, S���47 �� �0<Za $'4N- �BD B � E _�

+��� B A� � �7 �4���V /4@�T< π : E → B _!

�
@ �7 / �04@�T< � � ⊕ _2

⊕ :
⋃
p∈B

π−�(p)× π−�(p) → E

� : R× E → E

�(R × π−�(p)) ⊆ ?�'s	- � ⊕(π−�(p) × π−�(p)) ⊆ π−�(p) �H �$'4N-
��� A$*7−n A��#�7 A�BD M π−�(p) ��� �- �0<Z ��>��� �7 � π−�(p)

��
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���C�7 � . p�@ �7 &��% 0L	�% �C"D�� ?�H �H A��<�L �7 m_R �� '��. J�$�� �7a
����

t : π−�(U) → /	N�D�����	- � p .� A� U /T �N	- �p ∈ B �- Ǳ�.� �7
A�-�BD KN�D����9 � M A� q ∈ U �- Ǳ�.� �7 �H #��# #�� J�'� U × R

n

+��� {q} × Rn �7 π−�(q) .� A��#�7

��g�	d� � . �- Ǳ�.� �7 ���� /*Y�� /t�@ ���� �# �J#�7 /0 $7 �j*Y�� {�@ J��
A �7 ξ|A /DGH �7 ξ = (E, π,B,⊕,�) R� �&� FGH .� ��H#�) ��>7 �A ⊂ B

FGH �7 ��4:�C# J��7 �7 +$��� J���/�

ξ|A :=
(
π−�(A), π)π−�(A), A,

⊕|⋃
p∈A

π−�(p)×π−�(p),�|R×π−�(A)

)

FGH ����# ?�	- �7 � m��� /<X�t $O .� [�7 A��9L#�	< ? � �H #�@/� �]OG�
v, w ∈ A�-��#�7 A��7 +K�-#/� J�;< �0'� E �7 /4O � � �π : E → B 1��P �7 ��
+K�-#/� J�;< av � v+w �7 S���47 �� �(a, v) � ⊕(u,w) �P�'g �a ∈ R � π−�(p)

π : X × �7 X × Rn #�) .� ��� 1��"g �A��=&P−n FGH .� Q��� ? �� E#��
� �*� /0 $7 ��4)�� {x} × Rn ��� �- �7 �H �o��&���� ?���� A�� � �h� Rn → X

J�;< εn(X) #�	< �7 � E$���< X $#� 0L	�% $� =�>−n ��� �� ? � +##�L/�
+��� εn(Rn) ���# TRn ��	� FGH +K�-#/�

+$@�7/� .�� K- ε�(S�) �7 T (S�, i) FGH �$ #�L �]OG� Gj "C �H ��t J�	- eV
ξ� = π : R��&� A��#�7 FGH �# ���� /'D pG>P� M �d' � �# $3�� VK ����
_ξ� ∼= ξ� K�N �</� �a K�8�L . �� K- /���P �# �� ξ� = π� : E� → B � E� → B

1��P �7 �� π−�
�

(p) ��� �- �H ##�L �D� J�'� h : E� → E� /	N�D�����	- �H
.�� K- FGH +K���</� A. �� K- �� h �@�T< +$'H � �h� π−�

�
(p) A�� F����9 �

/'*� ? � �7 ���# �0DGH #��� �# J#�7 /0 $7 {�@a +K���</� /0 $7 �� εn(B) �7
_+��� /0 $7 ξ|U �H #�@/� �D� p .� U /T �N	- M p �>:< �- Ǳ�.� �7 �H ���

�I
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i

��+2 �
@

FGH M .� A�E#�� Q��� Q�O ? � �7 �$'4N�< /0 $7 T (M, i) � T (S�, i) A�0DGH
�# �_T (M, i) �<a ���7�� ���< #�) �#�	< p�>� J���/� 9�< � q p�@ �7 /0 $7 ��r
�# �� �#�@ �4D�L �]< �# S� A�� A$*7−� A��#�7 FGH M J��'g �7 �H /���P
��)�� J���/� [�,�]×R A� � .� (�,−a) �7 (�, a) A��L /
 �7 �� M +$ ��T7 �]<
A��7 �� π �@�T< +#��Z ��$7 J���/� [�,�] �7 � �7 � A��L /
 �7 �� S

� �
<Z Q�O
��+2 �
@ +K�'H/� � �*� π{(�, a), (�,−a)} = {�,�} 1��P �7 � < t < �

$�'H R�D +$-#/� J�;< �� S
� .� {�,�} ��>:< /
 #9< �# M J#�7 /0 $7 �j*Y��

M .� a�% M �� /*7�� ?�'�a $@�7 π ◦ s = IdM �7 �4���V /*7�� s : S� → M

J�� +��� ��]< s̄ = −s̄(�) �H s̄ : [�,�] → R �4���V /*7�� �7 67�� ? � +_$'��</�
�7 $ �7 �/'* a #�@ �&P / � �# s o�7 /4N �7 eV �##�L �&P / � �# s̄ /4N �7
M �j*C�� �H $-#/� J�;< ? � +_##�L �&P s(θ) ∈ π−�(θ) A� θ ∈ S

� M A�.�
+��� /0 $7 ��r /DGH

i

�!+2 �
@

��
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J#�7 KN�D����	- �7�;� +$@�7/� J#�7 F����9 � �7�;� A.�� K- �H ��� ?@��
A�04@�T< .� �& M .� ��� 1��"g ξ� �7 ξ� .� /DGH �@�T< ��+��� ?�'�

�H A��<�L �7 �f : B� → B� � f̃ : E� → E� �H �(f̃ , f) J�� �4���V

���� � 9�B �*� � . ���L� # _�

E�
f̃ � E�

π�

� �

π�

B�

f � B�

+��� />) A� p ∈ B� �- A�.� �7 f̃ : π−�
�

(p) → π−�
�

(f(p)) �@�T< _!

67�� f : Rk → R� �H ���� TR� �7 TRk .� /DGH �@�T< M (f∗, f) ��.
+��� E��n�# � \�%�N<��& #

	���
� �- ?�(� AB� 5!)

A�04@�T< j : N ↪→ R� � i : M ↪→ Rk �$%&�'� � . Nm ⊆ R� � Mn ⊆ Rk �L�
T (N, j) �7 �� T (M, i) A�BD f∗ E�T<Z �$'H �$P f(M) ⊆ N {�@ �# f � �A�4O�
��	� ��#�7 v ∈ T (M, i) �H #�@ ��� ��� /D�H ��� ? � ��]OG� A��7 m#��T</�
���� N �# f ◦ c /'='� �7 ��	� ��#�7 f∗(v) �\� � �$@�7/� M �# c A�/'='� �7
�7 T (M, i) .� /DGH��@�T< M �7 W �t ? � �7 +f∗(v) ∈ T (N, j) �d�4< �# �
� ���	- /4@�T< �� f : M → N�Y�O u=7 �# �H ��� �d' � �4
< +K���/� T (N, j)

m#�# 6���� J���/� R
� �7 /*Y�� �
@ �7 �� f �H ��� ��D�L �]< �# J���/� /*Y��

f : M → N 9�< � $'4N- N � M #�d� $%&�'� �# E�$'<�;< j � i �H /4��O �7 �/'* 
�# �� j ◦ f ◦ i−� : i(M) → j(N) �@�T< ��� /D�H +��� �0<Z ?�7 ���	- /4@�T<
K�-��)/� /���7 �H /4��O +K�-# 6���� Rk �7 /*Y�� �
@ �7 �� JZ � �4D�L �]<

$>� �� �� ?�.@ 0�+�A� 0�� ?�.@ 0�,��/ ���$�B9 $>� �� �C�� �� �,��/ (DE+ (�*�� (9 (.&9�

0�$9 �'�.@ 0�,.7�� �� EF ���$�B9 $>� �� ?�.@ 0�,��/ �9 �� �G
H@9 (D ��8 0�A� �� � ���$�B9
���E+ IJ� �� ��,��/ 0�� �E&���
�K�� (9 f ���  �E � �*LE+ ����� �
<� ���/M�:�B� ?�$;�
��$N ���$9 ��
 ��&N  �� 5� ���F
O
 %��& �� ���$4 ��)P ���
9 �&���

�E+ �.� �� � ���
9

�)��(.�$4

�!
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� Rk �# M E�$'<�;< j � i �H �f = IdM � M = N ���O �/'* ���� ��E#�� �K�'H
+$'@�7 R�

i
�2+2 �
@

w ∈ Tx(p)R
n �H (i ◦ x−�)∗(w) /%H �
@ �7 �� Tp(M, i) �P�'g �1��P ? � �#

w ∈ �H (j ◦ x−�)∗(w) �
@ �7 �� Tp(M, j) Ǳ�Bg� �
<Z Q�O � ��@�< J���/�
M �7 �K ��T'7 (j ◦x−�)∗(w) �7 �� (i◦x−�)∗(w) �s<�'� +�@�< J���/� Tx(p)Rn
+��� A. �� K- p�Y�7 �H �K���/� T (M, j)|U �7 T (M, i)|U .� /DGH��@�T<
���� /��h4n� E�T4�# .� �:4N� ��-��� �7 /8�:�� Tp(M, i) → Tp(M, j) �@�T<

1��P ? � �# �$@�7 A�T # /��h4n� E�T4�# (y, V ) �L� �� .
(i ◦ y−�)∗(w) = (i ◦ x−�)∗

(
(x ◦ y−�)∗(w)

)
� �

(j ◦ y−�)∗(w) = (j ◦ x−�)∗
(
(x ◦ y−�)∗(w)

)
�7 T (M, i) .� A.�� �- �@�T< �7 � #�	< 6�	d� J���/� �� �04@�T< ? � ��	- �? ��7�'7
T (M, i) A�d7 �\� m��� i E�$'<�;< .� �:4N� T (M, i) ��T # J��7 �7 +$��� T (M, j)

.� A�E#��<�) �T; �	< TM Gj 	g K�  ��# ��� �H /��O �# +#�	< E#�&4�� J���/� TM .�
�04N �" S%r� �H ��� A�E��@ ? � +(�hn7 FGH M �< ���� . �� K- A�0DGH
Q�"<# �7 �H �s<Z �#��$< A$' �@�) �-�� �j4:�:O /�� �$''H E�T< �̀Y�� ? � �7 $'% ��
�� �%H �H A�=< �7 ��� M �- A��7 A��#�7 FGH M �0'� � M �� 8��� �K�4N- JZ
E�.�$<�7 Q�O ?�g �# � $@�7 �4@�# �� A. �� K- �GH M �# #��� T (M, i) (��)
�7 9d7 �� TRn /4C� +K�<���/� ��%7 wK�4N- ��H ? � �7 �#�C � Z +$@�7 /*�"t /D�H
� �D f : Rn → Rm A��7 9�< f∗ �K�'H/� E#�&4�� _εn(Rn) �/'* a o������ /'*�

+K�'H/� E#�&4�� zK $C f∗y pG>P� .� ����O ? � �# +#�	< $-��)

�2
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� M A�� TM A��=&P−n FGH M �M $%&�'�−n �- �7 ����� �����
J���/� A��<�L �7 (f∗, f) /DGH��@�T< M �f : M → N ���	- �@�T< �- �7

��H #�	< ���'4�

9�< Id∗ : TM → TM �@�T< E�T<Z �$@�7 /<�	- �@�T< Id : M → M �L� _�
+(g ◦ f)∗ = g∗ ◦ f∗ E�T<Z �g : N → P �L� +$@�7 /<�	-

tn : TRn → εn(Rn) / �0 . �� K- �f : Rn → Rm ���	- 67�� �- Ǳ�.� �7 _!
� \�B �*� � . ���L� # �H A��<�L �7 �D� J���/� tm : TRm → εm(Rm) �

����
TRn

f∗ � TRm

tn

� �

tm

εn(Rn)
/	 $C f∗ � εm(Rm)

+��� . �� K- (TM)|U �7 TU E�T<Z �$@�7 M .� .�7 A$%&�'� � . U ⊆ M �L� _2
$ $=� J�	- ���# (f |U )∗ : TM → TN �@�T< �f : M → N �- Ǳ�.� �7
#��# #�� A��<�L �7 TU ∼= (TM)|U A. �� K- M ��4:�C# J��7 �7 +��� f∗
A�4O� �@�T< i : U ↪→ M �d' � �# +$<#�L/� � \�B �*� � . A�-��#�	< �H

�+���
TU i∗ � TM

∼=

� �
�

�
�

�
�	

⊆

(TM)|U

TU
(f |U )∗ � TM

i∗

��
�

�
�

�
�	

f∗

TM

+��� �4&0< JZ �# �<�#�4�� A��%�O ���� /*�"t ���N7 �
' � �7 TM �)�� 23�*4�
.� ��97 A�E#��<�) TM Ǳ�Bg� .� M �- /�� �K ��Z/� ��$7 TM FGH M �0'�

+��� . �� K- Ǳ��@�
�O��� �K ��# ���4)� �# TM / �0DGH �� K�'H �n;� ��� A�$47� �# �s<�'�
E�T<Z �$@�7 /��h4n� /-�T4�# (x, U) �L� +$�	0D K�-��) ��E#�� � �407 �� �)��

(f, M, N) ���� (� �*; (9 QN�� �� RfS (/ ��:�9 (<
. �.&��9 ���*/� 3��'.�� f∗ ��E� �� �.N��
�$�5 �)*���'. i : U ↪→ M 0
.�� �:�B� � T�
� (9 U 5� IdU ���E+ �:�B� �f : M → N (/ ���
0�(F
EC (9 �� TU U� $+V )*���'. ��H@W i∗ : TU → TM � IdU∗ : TU → TM 0�,.:�B�

�X���B�� Y��

�5
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(x−�)∗ ��@�T< ? � ��
*�a #�7 $-��) A. �� K- M x∗ : TU → T (x(U))

x(U)×R
n J�	- �j���� 9�< T (x(U)) � ���� (TM)|U J�	- �j���� TU J�� +_���

�#�@/� E#�7 (x(p), v) �
@ �7 /�. �7 x∗ c��� A� e ∈ π−�(p) ��>:< �- �$@�7/�
F����9 � �
;7 �� π−�(p) A�BD x∗ J�� �a $@�7/� Rn .� A�h'g v �d' � �# �H
y �L� +_$@ $-��) �-�� �
@ ?�	- �7 9�< R

n .� A� v �- �#��T</� {p} ×R
n A��

�7��7 (y(p), w) �7 y∗(e) A� w ∈ Rn M Ǳ�.� �7 E�T<Z �$@�7 A�T # /��h4n� E�T4�#
(x(p), v) J�� m#�	< �n;� �� w � v A�-��#�7 ?�7 {�"��� J���/� /4O�� �7 +���
J��'*7 �� (y◦x−�)∗ �s<�'� �#�@/� �4@�T< y(p, w) �7 y∗◦x−�∗ = (y◦x−�)∗ c���

K ��# �K�'H /:%� zK $C (y ◦ x−�)∗y

w = D(y ◦ x−�)(x(p))(v) _!+2 a

J�	- ? � +��� #�'4�� �7�C � /'*� �7 �$'@�7 �n;� �0DGH �
' � J�$7 {�@ ? �
+#.��/� TM � �*� �7 �#�C �� �� �H ��� A��4
<

E�T<Z �v, w ∈ Rn � $'@�7 p ���@ A�-�'��# �7 1�h4n� E�T4�# �# y � x �L�
K�'H/� � �*�

(x, v) ∼
p

(y, w) ⇐⇒ w = D(y ◦ x−�)(x(p))(v)

A��>7�� ∼
p

�H #�	< W�:=� J���/� /L#�� �7 �W4;� A�E��d<. E�$g�C .� E#�&4�� �7
? � +K�-#/� J�;< [x, v]p #�	< �7 �� (x, v) ���@ A. �� K- �GH m��� A.�� K-
�# ��	� A�-��#�7 ��	- ��g�	d� � E$���< p �# ��	� A�-��#�7 �� A.�� K- A�0�GH
p �7 �� ∼

p
�7 �"N< A.�� K- A�0�GH π �@�T< mK�-#/� [ �	< TpM �7 �� p ∈M

A�0����D �7 +#��T</�

[x, v]p + [x,w]p := [x, v, w]p , a.[x, v]p := [x, a.v]p

E�T4�# ^�n4<� .� �:4N� � �*� ? � +K�'H /� � �*� π−�(p) �7 A��#�7 A�BD ��4)��
Rm �7 Rn .� /	N�D����9 � D(y◦x−�)(x(p)) �@�T< �H ��� ���� y � x /��h4n�

+���
�#�@/� � . p�@ �7 �@�V � M�"
 /4@�T< ug�7 �TM A��7 $ $ � �*�

tx : π−�(U) → U × R
n [x, u]p �→ (q, v) _2+2 a

�- Ǳ�.� �7 ��� �.X ? ��7�'7 �$'@�7 KN�D�����	- �04@�T< �<�L ? � �H K ��# ���#
? � .� /g�	4� �- �\� � �$@�7 .�7 t−�x (A) ��g�	d� �A ⊂ U × Rn .�7 ��g�	d�

�,
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���# �JZ .�7 A�-�g�	d� �H #��# #�� TM �7 A�4� +$@�7 .�7 $ �7 9�< �-�g�	d�
J��'g �7 � � ? � .� � ��� ��NO /	H ��� ? � 1�"x� ��� +$'4N- �-�g�	d� ?�	-

+#�@/� E#��� E$'<��) �7 �� ��N� M .� /;n7
#�	< �7 �� π−�(p) ��� +K ��# ���4)� �# π : TM → M FGH M �S���� ? � �7
�L� +$@�7 �407 TpM #�	< $ �@ ��47� +TpRn #�	< ��"@ ���# �K�-#/	< J�;< TpM
�$'@�7 f(p) � p S���47 Q�O /��h4n� E�T4�# (y, V ) � (x, U) � �f : M → N

K�'H/� � �*�

f∗([x, y]p) := [y,D(y ◦ f ◦ x−�)(x(p))(v)]f(p) _5+2 a

+_? �	� K- .�7a ��� y � x ^�n4<� .� �:4N� � �*� ? � �H #�@ W�:=� /4N �7 ��4"��
1��P �7 �� tn �_!a 1�"x� A��7 +��� /0 $7 ��BC .� _�a {�@ �1��P ? � �#
���� E$@ � �*� _2+2 a �# tx � ��� R

n /<�	- �@�T< Id �H K�'H/� � �*� tId
+��� bY�� _!a K
O �#��# /�G
;� ���L� # A� \�B �*� W�:=� �
' � �7

�j" �:� p ∈ U A�� TU FGH �6C�� �# +��� /0 $7 �jhn;� 9�< _2a {�@
�M A��7 A.�� K- �GH �- �H ��� ? � JZ 1��&� �0'� m��� p �7 TM ��� J�	-
�� �#��# #�� p #�L A�4;�7 /��h4n� A�0-�T4�# M �# �� . �#��# A�4;�7 �P�'g
� +p #�L � U ⊂M �# /��h4n� A�0-�T4�#

i : M → �L� +K���</� M  % ���� ��� �� π : TM → M FGH �eV ? � .�
/-�T4�# (x, U) �L� �6C�� �# +��� . �� K- T (M, i) �7 TM E�T<Z �$@�7 E$'<�;< Rk

�7�'7 E�T<Z �$@� Rk /0 $7 /��h4n� E�T4�# � �@�T< Id � �$@�7 p Q�O 1�h4n�
K ��# _5+2 a

i∗([x, v]p) =
[
Id, D(i ◦ x−�)(p)(v)

]
i(p)⏐⏐%tn = tId(

i(p), D(i ◦ x−�)(x(p))(v)
)
∈ Tp(M, i)

Ǳ�& � J�4��# ? � �# A�T # [:< }�- T (M, i) ��� +��� A.�� K- M tn ◦ i∗ eV
+K�'H/� E#�&4�� JZ A�d7 TM #�	< .� �eV ? � .� � �$'H/	<

���� . �� K- T (M, i) �7 �H K $@ E��n�# M �7 /DGH �)�� �7 WD�� �H J�'H�
? � �7 �T # A�0DGH � Z +��� /C�&�� E.�$<� �� �� �)�� ? � �H K�'H �n;� $ �7
�# �� / �0DGH ?�'� .� �%4n� �̀< �# � ���� �"�� ���V wK�7��7 K�<���/� �0�L9 �

+�)�� K�-��) ���#�

��
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�H �K ��L /� �]< �# �� c : (−ω, ω) → M / �-/'='� �Q��� ?���� J��'g �7
E�T4�# (x, U) �L� +c(�) = p � $<�@/� � �*� � Q�O /T �N	- M �# M �-

K�'H/� � �*� �$@�7 p #�L A�/��h4n�

.� /4@�T< J��'g �7 x ◦ c�, x ◦ c�

+$<��# �7��7 W4;� � �# Rn �7 R

⇒ c�≈
p
c�

+$'4N- T ′M �� $ $ FGH �P�'g �E��n�# A�- p ∈ M Ǳ�.� �7 A.�� K- A�0�GH
≈p �7 �"N< c A.�� K- �GH �H #��# #�� f# /4@�T< f : M → N �@�T< Ǳ�.� �7
�1��89 �7 ?4)�#�V J�$7 +#�@/� �4@�T< ≈f(p) �7 �"N< f ◦ c A.�� K- �GH �7
+��� TM J�	- �j4:�:O Q��� ? � �H #�# J�;< J��� /� /L#�N7 �H K�'H /� ��0��
��]< γ �7 �"N< x−� ◦ y A.�� K- �GH �7 �� [x, v]p ��� /D�H ��]'� ? � A��7

+K�'H ���'4� f∗ �7 9�< �� f# � γ′(�) = v �7 Rn �# A�/'='� γ �H K�'H

� />) A�T%	g �� p �# ��	� ��#�7 +$'4N�< E#�� J�$'� Ǳ��@� ���# Q��� �#
p �# W4;� M y � #�@/� � �*� f ���	- 67��� ��	- ��g�	d� �7 �H K�'H/� � �*�

�H /'*� ? � �7 z���

�(fg) = f(p)�(q) + g(p)�(f)

?@� � +$<��# �� /Lk � ? � � = (∂/∂xi)
∣∣
p

A�-�T%	g �H K �E#�H �]OG� Gj "C
�$'@�7 �7��7 p .� /T �N	- M �# g � f � $@�7 A�T%	g ?�'� M � �L� �H ���
M �# �L� ��� . +��� ���C �7 � /:4;� �- A��7 Gj 	g {�@ ? � +�(f) = �(g) E�T<Z
#��# #�� h : M → R $'<�� A���	- 67�� E�T<Z �f = � K�@�7 �4@�# p .� /T �N	-

�d�4< �# � Supp(h) ⊂ f−�(�) � h(p) = � �H

� = �(�) = �(fh)

= f(�)�(h) + h(�)�(f) = �+ �(f)

E�T<Z �f = g K�@�7 �4@�# p .� /T �N	- M �# �L� Q�O

� = �(f − g) = �(f)− �(g)

�"��=� J���/� �� �(f) �$@�7 E$@ � �*� p .� /T �N	- M �7 �0'� f �s<�'� eV
� $@�7 M �7��7 p .� /T �N	- M �# �H K�'H ^�n4<� A��t �� h ��� /D�H �#�	<

+K�'H � �*� �(fh) �� �(f) e�� � Supp(h) ⊂ f−�(�)

�3
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$*7 /%��# }�- �7 /�� ���� A��#�7 A�BD M / �-�T%	g ?�'� ��	- ��g�	d�
�K .�#�V/� JZ ��$:� ?��*� �7 Gj  q +�N�< ��%*� �"C .� JZ

� ��� Rn �# � .� U ^$=� .�7 /T �N	- ���	- /*7�� f K ��L ��	 �����
�H A��<�L �7 �#��# #�� gi : U → R ���	- 67��� 1��P ? � �# +f(�) = �

A� x ∈ U �- Ǳ�.� �7 _�

f(x�, · · · , xn) =
n∑
i=�

xigi(x�, · · · , xn)

+gi(�) = Dif(�) K ��# A� i = l, · · · , n �- Ǳ�.� �7 _!

�7 hx ���� ^$=� U J�� +hx(t) := f(tx) K�'H /� � �*� �x ∈ U Ǳ�.� �7 23�*4�
J�'H� +��� � �*� �7�C � ≤ t ≤ � Ǳ�.�

f(x) = f(x)− f(�) =
∫ �

�

h′x(t) dt

=
∫ �

�

n∑
i=�

Dif(tx).xi dt

� +gi(x) =
∫ �

�

Dif(tx) dt K�'H R�D K�<���/� �? ��7�'7

A��#�7 FG
H M p ∈ Mn �# />) 1�:4;� ��	- ��g�	d� ����� �����
E�T<Z �$@�7 p Q�O /��h4n� E�T4�# (x, U) �L� �6C�� �# +��� A$*7−n

∂

∂x�

∣∣∣
p
, · · · , ∂

∂xn

∣∣∣
p

1��P �7 �� A� � W4;� �- � �$''H/� $���� �� �BD ? �

� =
n∑
i=�

�(xi) •
∂

∂xi

∣∣∣
p

+_#�@/� �n;� � ≤ i ≤ n �H �(xi) #�$g� c��� � eVa �@�< J���/�
�H $�'H ��� 23�*4�

�(�) = �(� •�) = � •�(�) + �(�) •�

�(c) = c •�(�) = K ��# U �7 c �7�x 67�� �- Ǳ�.� �7 ��d�4< �# +�(�) = � ? ��7�'7 �
�7 +��� ^$=� U $�'H R�D +p = � � M = Rn �H $ ��T7 �]< �# �� /4��O +�

��



Copyright :  Dr. Mehdi Nadjafikhah < m_nadjafikhah@iust.ac.ir >

����� 
. ?�%� @AB 5�& ?�%� @AB & ���

+K ��L/� �]< �# f−f(�) 67�� A��7 !+5+2 K� �# $'<�� �� gi 67��� �U �7 E��n�# f Ǳ�.�
1��P ? � �#

�(f) = �(f − f(�)) = �
( n∑
i=�

Idigi
)

=
n∑
i=�

[
�(Idi)gi(�) + Idi(�)�(gi)

]
=

n∑
i=�

�(Idi)
∂f

∂Idi
(�) = �

�-�T%	g ? � p�Y�7 m$''H/� $���� �� A��#�7 A�BD �- ∂/∂Idi
∣∣
p

�H $-#/� J�;< ? �
�7 Rn .� ��
O� ? � Q�:4<� A��7 x /��h4n� E�T4�# .� E#�&4�� +$'4N- />) �:4N�
� +��� E#�� /' �	� M

�# 1�:4;� ��	- .� E$@ �4)�� FGH K- .�7 �H ##�L/� �]OG� 2+5+2 �� �BC .�
�� 4�# �7 ��� /D�H ��� ? � E�$-�;� A��7 +��� TM #�) �j4:�:O 9�< M .� {�:< ��	-

Q���D +K�'H ��]< �� � =
∑n

i=� a
i(∂/∂xi)

∣∣
p

�T%	g [x, a]p A.�� K-

∂

∂xi

∣∣∣
p

=
n∑
j=�

∂yj

∂xi
(p)

∂

∂yj

∣∣∣
p

�H $-#/� J�;< �$@ E#�# J�;< ! �hD �# �H

bj =
n∑
i=�

ai
∂yj

∂xi
(p) ⇐⇒

n∑
i=�

ai
∂

∂xi

∣∣∣
p

=
n∑
i=�

bi
∂

∂yi

∣∣∣
p

J���/� /L#�� �7 +(x, a) ∼p (y, b) $ �L/� �H ��� A���#�*� J�	- ���# ? � �
�##�L/� ��]< � . p�@ �7 /4@�T< f∗ �7 ���'� ? � �=� �H �#�# J�;<

[
f∗(�)

]
(g) = �(g ◦ f)

∑n
i=� a

i(∂/∂xi)
∣∣
p

E�T<Z �$@�7 Rn �7 /<�	- /��h4n� E�T4�# �T; �	< x �L� �H #�@ ���
+K ��T7 /
 εN �7 �� TR

n �
<Z {�@ �7 �#�@/� ��]< ap �7

� �C o��]< W4;� �T%	g � v ∈ TpM ��	� ��#�7 J��� /���&� }�- Xj �	*�
��d�4< �# mK �@/	< � �C ∑n

i=� a
i(∂/∂xi)

∣∣
p

� [x, a]p ?�7 /���&� }�- �/'* +K4�N�<
�7 ?n� K�<���/� v(f) .� �##�L/� � �*� p .� A�/T �N	- �7 �H $@�7 /*7�� f �L�

��
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�� �O�� _��]<a W4;� �T%	g M J��'g �7 ��	� ��#�7 ��"*� ��	g �# +K ��Z J���
�#�@/� E$�	0D ��E#�� � . ��>7�� .� E#�&4�� �7 9�< f∗ �@�T< ��x��� � ���

(f∗v)(g) = v(g ◦ f)

(∂/∂t)
∣∣
t�

A�d7 � �K�-# J�;< t #�	< �7 �� R� �7 /<�	- E�T4�# �H ��� �����
A�/'='� c : R → M �L� +��� Tt�R A��7 A�� �V ? � mK�'H E#�&4�� (d/dt)

∣∣
t�

.�
��#�7 �$@�7 � \�%�N<��& #

c∗

(
d

dt

) ∣∣∣
t�

) ∈ Tc(t�)M

J�;< (dc/dt)
∣∣
t�

A�'@Z #�	< �7 �� ��#�7 ? � +K���</� t� �� c  % ���� ����% ��
J�7�NO �# Q�	*� E�"4@� �� #�H �C# $ �7 A��9L#�	< ? � .� E#�&4�� �# �4"�� +K�-#/�
�# t �H #�@/� E#�&4�� (dc/dt)

∣∣
t

/'*� �7 dc/dt #�	< .� �d<Z �# Xj �	*� �$-$< |�
+$@�7/� R� .� (�) ��>:< M |t �# t /�� ���� /��h4n� E�T4�# M dt

+$'4N- TM J�	- �j4:�:O �J�	���� ?���� � ?���# �$ �E#�7 /V J�'H�� �H ��t J�	-
+$<��# �� ��P�) ? � ��]OG� �7�C A�0���� ��	- $ �L/� �H #��# #�� /%H A���BC
+##�L/� 1�"x� �	�	Y �	NC �# �\� � ��� �>� .� /��) � /<X�t /	H ��BC ? � ���
A��=&P−n FGH M .� �4%��H A��4)�� M ���	- $%&�'� �7 TM ��	� FGH
M #�) TM p�Y� �7 eV ���� U × Rn ��"@ �j*Y�� TM J�� +#��# E��n�#
TM A�� ���	- ��4)�� M J#�H ���4�� A��7 /*�"t /: �t �/'* m��� $%&�'�
�� A� (TM)|U .� v �Bg �- E�T<Z �$@�7 M �7 /���� x : U → Rn �L� +#��# #��

�
@ �7 #�&7 �h='� 1��P �7

v =
n∑
i=�

ai
∂

∂xi

∣∣∣
p

, p = π(v)

�@�T< �1��P ? � �# +K�-# J�;< xi(v) #�	< �7 �� ai $�8��7 +�@�< J���/�

v �→
(
x�(π(v)), · · · , xn(π(v)), ẋ�(v), · · · , ẋn(p)

)
∈ R

�n

�@�T< Gj 	g �(x◦π, ẋ) �P�O �@�T< +��� U×Rn �7 (TM)|U .� /	N�D�����	-
(y, V ) �L� +K ��T7 /
 �#��$<�4�� �
@ �7 U × Rn �7 �� TU �H /t�@ �7 ���� x∗
�H ��t J�	- E�T<Z �v =

∑j=i
n (∂/∂yj)

∣∣
p

�L� 9�< � �$@�7 A��T # 1�h4n� E�T4�#

�II
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K ��# �$@ �]OG� Gj "C

bj =
n∑
i=�

ai
∂yj

∂xi
(p) =

n∑
i=�

aiDi(yi ◦ x−�)(x(p))

E�T<Z �(t, a) = (t�, · · · , tn, a�, · · · , an) ∈ R�n �L� �eV

y∗�(x∗)−�(t, a) =
(
y ◦ x−�(t),

n∑
i=�

aiDi(y� ◦ x−�)(t),

· · · ,
n∑
i=�

aiDi(yn ◦ x−�)(t)
)

+��� ���	- π : E → B �H $-# /� J�;< 1��"g ? �
Q�	�NH�� e%t� �7 ��<Z �H �K ��# TM �7 c"���−C∞ A�0���� .� A�� �#�L �? ��7�'7
+$<�@/� ���	- �TM �7 ���	- ��4)�� ? � �7 x∗ A�0 .�� /0 $7 +#�# o�4NL J���/�
� E �H K�8�L ����K A��#�7 FGH /���P �# �� π : E → B A��#�7 FGH ��H �#
���	- A��>:< �- #�L �# JZ /*Y�� A�0 .�� /0 $7 ��	- � $'@�7 ���	- $%&�'� B

+��� ���	- π : E → B �
' � �d�4< +$'@�7

8*���- C�	�� ;!)

s : �4���V /*7�� �π : E → B FGH .� a�% M .� ��]'� �H K �@ /� ��Z#� 
A��#�7 A�0DGH #��� �# m$@�7/� ���C �7 π ◦ s = IdB ��>7�� B �7 �H ��� B → E

TM A�0@�7 +$��� ���	- o�7 ��0&� �7 � #�H {�@ J���/� �� o�7 A���	- ����	-
�7 �� A��#�7 J�$�� �$@�7 RN .� A$%&�'� � . M �L� +K���</� M �% $����% &���� ��
��� �5+2 �
@ �7a #�	< ��"*� J���/� M �7 ��	� A�0<�
�V �� 4���V ^�n4<� 1��P
#��#/� J�gq� �#. �<�@ J���/	< �� E�H M A� � A�-�� $ �L/� �H A���BC +_#�@
J�;< ��j$*7 +#��$< #�� �$@�7 �&P ���n� � �	- �# �H S� �7 A��#�7 J�$�� }�- �H
�H �7 $<�/>) �:4N� � �	- �# �H ��	� A��#�7 J�$�� �# J���/	< �H #�# K�-��)

+#�	< ^�n4<� ���7�� ���<

�I�



Copyright :  Dr. Mehdi Nadjafikhah < m_nadjafikhah@iust.ac.ir >

?�%� @AB & ��� 8��+
. D���� ;�&

i
�5+2 �
@

�� X(p) ��#�7 � E#�# J�;< Z � � Y �X A�-#�	< �7 �� A��#�7 A�0<�$�� S%r�
��#�7 M� �1�C�� /)�7 +Xp ∈ TpM �H #�@ ��� mK�-#/� J�;< Xp 1��P �7
�]< �# 1�:4;� ��g�	d� J��'g �7 �� TM �L� +K�-#/� J�;< X �7 9�< �� TpM �#

K ��# M A��7 (x, U) /��h4n� E�T4�# �- Ǳ�.� �7 E�T<Z �K ��T7

∀ p ∈ U : X(p) =
n∑
i=�

ai(p)
∂

∂xi

∣∣∣
p

���	- � �4���V X : M → TM �H $<���	- �H $<� �4���V /4C� �0'� � /4C� ai 67���
1��P �7 �� X + Y $ $ A��#�7 J�$�� �$'@�7 A��#�7 J�$�� Y � X �L� +$@�7

(X + Y )(p) := X(p) + Y (p)

1��P �7 �� fX A��#�7 J�$�� �f : M → R �L� ��7�;� 1��P �7 +K�'H/� � �*�

(fx)(p) := f(p)X(p)

9�< fX � X + Y E�T<Z �$'@�7 ���	- f � Y �X �L� �H ��� ?@�� +K�'H/� � �*�
K�N �'7 K�<���/� U �7 +#�7 $'-��) ���	-

X =
n∑
i=�

ai
∂

∂xi

+��� p �→ (∂/∂xi)
∣∣
p

A��#�7 J�$�� �T; �	< ∂/∂xi �H
�# f �7 X ��x��� �7 E�T<Z �$@�7 A��#�7 /<�$�� X � ���	- /*7�� f : M → R �L�

�#�@/� �P�O X̄(f) : X → R $ $ /*7�� �E��n�# ��>:< �-

X̄(f) := Xp(f)

�I!
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Ǳ�.� �7 E�T<Z �$@�7 ���	- A��#�7 J�$�� X �L� �H #�	< �7�x J���/� �	O. /	H �7
X(p) = .� /*Y�� �
@ �7 ��H ��� m��� ���	- 9�< X̄(f) 67�� �f ���	- 67�� �-
�)Z �̀	d� �H X̄(f) =

∑i=�
n ai(∂f/∂xi) +#�@/� �d�4< ∑n

i=� a
i(p)(∂/∂xi)|p

�� �%H Ǳ�.� �7 X̄(f) �L� �e
*��7 +��� E$@ ��
;� ���	- 67��� .� / �07�B%P�O .�
X A��#�7 J�$�� _X̄(xi) = ai A� i �- Ǳ�.�7 J��a E�T<Z �$@�7 ���	- ����	- 67���

+��� ���	-
�X ���	- A��#�7 J�$�� �- �H K $ # +$@�7 M �7 67��� ��	- ��g�	d� F K ��L
X̄(fg) = fX̄(g)+ gX̄(f) p�Y� �7 +##�L/� X̄ : F → F 67�� M � �*� S��
�Xj �	*� +��� F ��:%O A��7 W4;� M X̄ �? ��7�'7 +X̄(f + g) = fX̄(f) + X̄(g) �
�H ��� JZ ��� ? � ���# +$<��L/� /
 X̄ o��]< W4;� �7 �� X ���	- A��#�7 J�$��
A��#�7 J�$�� M Ǳ�.� �7 E�T<Z �$@�7 F ��:%O A��7 E��n�# /:4;� A : F → F �L�

#�@ � �*� ��� /D�H �6C�� �# +A = X̄ $ �7 �X J�� A#�&7 �h='� ���	-

Xp(f) := A(f)(p)

+K���/� p �# Xp W4;� M �7 S���� ? � �7 �

�"	�$� =!)

? � �# A�T # S%>� Gj *D � ���� ���	- A�-$%&�'� �� *��>� .�rZ ��>:< ��	� FGH
��]< A�0DGH {�N"� �� *��>� �7 A$*7 �hD $'� +#�@ /���7 �N�< �.X (�h)
J��47 �L� �H ��� �̀Y�� ? � �Q�hD ? � ��	- �# /%P� v'-Z +#.�#�V/� JZ �7
J���/� 9�< /-��n�# A��#�7 FGH �- �7 �#�	< � �*� A��#�7 A�BD M �7 A��4)��
Q�O �# +E��n�# $%&�'� �- ��	� FGH �7 (�h) �7 m#�H � �*� �� �7�;� ��4)��
�0 ��0&� JZ Ǳ�;'� �H �K�'H/� p�>� �-$%&�'� (�h) �# A$ $ ��0&� ��Y�O

+��� A��#�7 A�BD M �7
/-�'4� $*7 �7 A��#�7 / �BD ��
;� f : V → V #�&'��< />) A�04@�T<
/ �0<Z � �� < det f �H / �0<Z �#�	< K�N:� J���/� [n7 �# �7 �� �0<Z � $'-#/�
\L7 �� ��# E��L �# � \L7 b,�: �� Q�� E� �L �# />) 1G $"� +det f < � �H
f : Rn → �@�T< �J�#�L�7 �0 />) � $"� M .� E#�� /���� +K�8�L/� &���.�%
��=&P �7� �7 �"N< ��
*<�a ��� f(x) = (x�, · · · , xn−�,−xn) ��>7�Y �7 Rn

A�04@�T< �L� m#��$< #�� E��L �# ? � ?�7 �4���V �\L A��7 /-�� }�- +_xn = �
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? � �# �_Rn
� �7 Gj 	g �/'* a K ��T7 /
 Rn

� A�0N ���� �7 �� Rn → Rn />)
�9d� .�7 $%&�'� � . �# �J�#�L�7 �0 A�04@�T< � �0 �D�O A�04@�T< 1��P
+$'-#/� ��
;� _det �= � �H / �0<Z �/'* a #�&'��< A�04@�T< ��	- ��g�	d� .�
�K �E#�
< � �*� �� �0 ��0&� .�'- �H ��� ���� ��:x /	H Gj *D �0 �D�O pG>P�
?�7 �0 �D�O �@�T< .� K�-��n7 �s<�'� ���) � $'H �&O ��<Z A9�� $@�7 ���C �H
J� �	< A�4"�� �� ��N� �K�'H u=7 W � V _F����9 � /��a 1��&4� A��#�7 A�BD �#
���C A��D�Y� A�-��4)�� W � V �7 �
<Z �T� ��N�< ?
	� ��H ? � Gj 	g m#�@/�

+K�-#
S��� ��  �V �# �- �H K�'H/� ��� �4
< ? � �7 �$ $ ��4)�� ? � �)�� A��7
f(vi) = ��>7�Y �7 f : V → V KN�D����9 � M V A��7 (v′

�
, · · · v′n) � (v�, · · · , vn)

1X#�*� M	H �7 f 67�� A = [aij ] e ���� �1��P ? � �# m$''H/� �n;� v′i

v′i =
n∑
j=�

ajivj

$'4N- \L5�K (v′
�
, · · · , v′n) � (v�, · · · , vn) K�8�L/� /���P �# +��� Q�hO �7�C

c��S� P�L7 �% /���P �# �� �0<Z � _$@�7 �0 �D�O f �/'* a detA > � �H
��g�	d� �\� � ���� A. �� A��>7�� p�Y� �7 J#�7 �d	- ��>7�� +detA < � �H K�8�L

+##�L/� K�N:� A. �� K- �� 4�# �# �7 �>7�� ? � �7 �"N< S��� A�-� �V ��	-

i

R� �R �# �0d	- � ��$40 S��� A�0d'H .� / �-�<�	< ��,+2 �
@
R� �

A��4�# +#�@/� �4&L V $��% \L7 M �A. �� K- �� 4�# �# ? � .� M �- �7
�L� �? ��7�'7 +K�-#/� J�;< [v�, · · · , vn] #�	< �7 �� #��# W%*� JZ �7 (v�, · · · , vn)

K�@�7 �4@�# �H �(v�, · · · , vn) ∈ μ /4C� �0'� � /4C� E�T<Z �$@�7 V �7 /40 μ
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J�;< −μ #�	< �7 �� �T # �0 �$@�7 V �7 �n;� /40 μ �L� +[v�, · · · , vn] = μ

+K���</� #��$<�4�� �0 �� Rn A��7 [e�, · · · , en] �0 +K�-#/�
KN�D����9 � �$'@�7 �0 �7 E��	- A$*7−n A��#�7 A�BD �# (w, v) � (V, μ) �L� Q�O
[v�, · · · , vn] = �L� �H K�8�L _ν � μ �7 �"N<a \L7b,�: /���P �# �� f : V →W

A� (v�, · · · vn) M A��7 {�@ ? � �L� �H ��� ?@� � m[f(v�), · · · , f(vn)] = ν E�T<Z �μ
+��� ���# 9�< JZ .� ?
	� A�07�n4<� ��	- A��7 E�T<Z �$@�7 ���C�7

�εn(X) = X×R
n A$*7−n /0 $7 /0 $7 FGH {x}×R

n A�-��� .� M �- �7
f : εn(X) → εn(X) �L� +K�-#/� �"N< �� [(x, e�), · · · , (x, en)] #��$<�4�� �0
�- �0 � � $'H/� �&O �� A��� �- �7 �0 f � E�T<Z �$@�7 $'"	- X � A.�� K-

�� %���7 �� aij : X → R 67��� �L� �� . m$'H/� R�g �� A���

f(x, ei) =
n∑
j=�

aji(x)(x, ej)

�s<�'� +#�@/	< �&P E�Ts�- � ��� �4���V det[aij ] : X → R E�T<Z �K�'H � �*�
�7 μ �0 M .� ��]'� �$@�7 E��n�# � /0 $7 ��r A��=&P−n FGH π : E → B

��g�	d� �- Ǳ�.� �7 �H ��� π−�(p) A�-��� .� M �- A��7 μp 1�0 .� A�� �#�L �E
�$'H/� �$P � . �# p� �;� A��L.�� {�@ �# U ⊂ B $'"	- � .�7

�7 �� U × Rn A�-��� � �$@�7 A. �� K- t : π−�(U) → U × Rn �L�
�0 �D�O �-��� ��	- �7 t � 1��P ? � �# �K�'H ����� #��$<�4�� �0

+��� J�#�L�7 �0 �-��� ��	- �# � � ���

t′ : π−�(v) → U × � �$@�7 ���C �7 (�hn7 A� t A��7 {�@ ? � �L� �H #�@ ���
�� . m$'H/� �$P {�@ ?�	- �# #�) �7 #�) 9�< t′ E�T<Z �$@�7 �T # A.�� K- R

n

t′ ◦ t−� : U × R
n → U × R

n

�$'4N- E �7 �0 M E�$''H � �*� μp 1�0 �H $-#/� J�;< ? � +��� A.�� K-
[@�V �� B �H U A�-�g�	d� .� A�� �#��L A��7 A��L.�� {�@ �
<Z �7 {��;�

+$@�7 ���C�7 �$'-#/�
JZ �7 9�< −μ = {−μp} A�T # �0 �$@�7 μ = {μp} �0 A���# /DGH �L�
�# ���7�� ���< �Gj �� +$@�7 �0 A���# /DGH �- �H �N�< ��t ? � ��� �#��# #��
+#��$< /40 }�- �#�@ �4D�L �]< �# S� A�� A��#�7 FGH M J��'*7 �H /���P
J���/� J�'� ��#�7 �# JZ ��� �- .� �#��$< /@�7 }�- ���7�� ���< �H /��O �# �� .
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[−�;�] × �� A �Gj �� +$ Z �]'7 o�7 �# 1��h7 �0<Z ��	- A ��  �#�L �H #�	< ���4)�
? � �# +$<�E$@ �4D�L /
 (�,−a) � (�, a) JZ �# �H ��D�L J���/� {−�,�}
$ Z/� �]'7 [−�;�] × [−�;�] .� �P�O M ���7�� ���< . �� 1��h7 A 1��P
�4@�# �� μp ��L.�� 1�0 M �7 �s<�'� +_#�@ ��� ��+2 �
@ .� ��� �	NC �7a
s(p) ∈ A∩π−�(p) #�&7 �h='� ��#�7 �7��7 s(p) ^�n4<� �7 s : S� →M /@�7 �K�@�7

+#� \V/	< /@�7 }�- M �� . ���� Q�=� ? � �H mK�'H/� � �*� [s(p)] = μp �7

i
+���7�� ���< . �� _��� ���+2 �
@

E�H �7 �0 _^

? � ��r �# � �#�	< ��$40 J��47 �� JZ �H K�8�L �	
��L7 /���P �# �� FGH
�& M .� ��� 1��"g ���# ����L7 ��� mK�8�L/� �	
F� \LQ �� JZ 1��P
FGH (�) ���O �# �� � �*� ? � +��� ξ FGH �7 /40 μ �H �(ξ, μ) �
@ �7
/"��� ��. ����L7 ������ +#�7 ��
7 J���/� M R� �&� $%&�'� M �7 TM ��	�
��$40 Rn $%&�'� +TM �7 �0 M � M $%&�'� .� SH�� �(M,μ) �
@ �7 ���
+��� � �*� �7�C #��$<�4�� �0 JZ �7 �H �TR

n ∼= εn(Rn) p�Y� �7 ��� . m���
��>:< �- A��7 ��� /D�H ���� ? � E�$-�;� A��7 +��� � \�40 9�< Sn−� ⊆ Rn E�H
�# �H �K ��T7 �]< �# �� w = pp ∈ εn(Rn) ∼= TR

n ��#�7 �p ∈ R
n−� E��n�#

v�, · · · , vn−� ∈ �L� �K�'H � �*� e�� � �_!� �� ���N�a #��$< ���C i∗(TpSn−�) ⊆ TpR
n

[w, i∗(v�), · · · , i∗(vn−�)] �H [v�, · · · , vn−�] ∈ μp /4C� �0'� � /4C� E�T<Z �TpSn−�
+_#�@ ��� ��+2 �
@ .� _^a �	NC �7a $@�7 W%*4� TpRn A��7 #��$<�4�� �0 �7
�7 #��$<�4�� �0 �##�L/� � �*� S���� ? � �7 �H μ = {μp|p ∈ Sn−�} /40

+##�L/� � �*� Sn−�

/D�H ��� ? � E�$-�;� A��7 +��� � \�40 $%&�'� M .� �T # /���� S�×S� ^���
Tp(M� ×M�) ��� E�T<Z �$'@�7 ��$40 / �-$%&�'� M� � M� �L� �H #�@ �O�� � �
(πi)∗ : �H �@�< J���/� V�p × V�p 1��P �7 �� T (M� × M�) ��	� FGH .�
�7 p SNO �7 Vip A�-�BD � . � ��� A��#�7 A�-�BD KN�D����9 � Vip → Tp(Mi)
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$-#/� J�;< ? � ���� /0 $7 TS� J�� +_!� �� ���N�a $''H/� �H�O �4���V �
@
�7 9�< A��:%O−n ^��� �- +��� � \�40 �d�4< �# � ��� /0 $7 9�< T (S�×S�) �H
JZ �# �H ���� E$@ p�>� �� �� ���N� �# JZ 1�"x�a $@�7/� � \�40 �1��P ?�	-

+_##�L/� b �;� 9�< ��#.�� $%&�'� �7 ��	� FGH
Gj "C +$@�7/� � \V�'40 A$*7−� $%&�'� M .� Q��� ? �� E#�� ���7�� ���<

��g�	d� � . �7 �R� �# M E�$@ E$<�;< Q$� #��� �# �H K #�	< E$-�;�

S = {(� cos θ,� sin θ,�)|� ≤ θ < �π} ⊂M

�H�O �4���V ��>7 p �7 �"N< �H #�	< ?��*� A��<�L �7 �� vp A�-��#�7 J���/�
wp =a �>:< �- �# E#��) ��@�O A�-��#�7 ?�7 .� J��47 �H ��� Q�=� ���� +$''H/�
��
;� �0<Z ��	- ��g�	d� �H #�	< ^�n4<� �� A��#�7 _JZ /&'� � � f∗((�,�)(θ,�))

E�T<Z �K�@�7 �4@�# �� μp �0 A� p ∈ S �- A��7 �s<�'� +$-$7 A��#�7 J�$�� K 
1��P ? � ��r �# � [vp, wp] ∈ μp �H K�'H ^�n4<� K�<���/� 1��P ? � �7 �� wp

+_##�L ��� �3+2 �
@ �7a ��� Q�=� ? � �H +K�'H/� ^�n4<� �� −wp

i
+��� � \V�'40 ���7�� ���< ��3+2 �
@

�# +#��# �7 �# �� ���7�� ���< �� . �$@�7 � \V�'40 $ �7 9�< P� A� �h� ��=&P
B′ ⊂ ��g�	d� � . �- � ξ = π : E → B E��n�# � \�40 FGH �- A�.� �7 �6C��
J���/� 9�< A�T # 1��P �7 �� P� A� \V�'40 +��� � \�40 9�< ξ|B′ $ $=� �B
�� A(p) = −p ��>7�Y �7 A : S

� → S
� �t�:4� �@�T< ��� /D�H m#�	< E$-�;�

�>7�Y ?�	- �7 Ā : R� → R� />) �@�T< $ $=� �@�T< ? � +$ ��T7 �]< �#
.� ��� 1��"g ���# A∗ : TpS� → T−pS� �@�T< �1��P ? � �# +$@�7/�
�@�T< +K ��T7 /
 {p}×R� �7 �� TpS� �
' � �7 {� �;� �(p, v) �→ (A(p), Ā(v))

A��7 A�� �V i = �,� �7 vi = (p, ui) ∈ TpS
� �L� �H ��� ���� J�#�L�7 �0 Ā

+$'&%4n� A�040 �7 (Ā(u�), Ā(u�), A(p)) � (u�, u�, p) A�-� �V E�T<Z �$@�7 TpS�
[Ā(v�), Ā(v�)] ∈ E�T<Z �[v�, v�] ∈ μp � $@�7 S� �7 #��$<�4�� �0 μ �L� �H $-# /� J�;< ? �
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f �H /���P �#a ��� J�#�L�7 �0 A : S� → S� �@�T< �? ��7�'7 +−μA(p)

J�N
 �-$%&�'� JZ $*7 � $@�7 ��$40 A$%&�'� �7 ��$40 $%&�'� M .� A�E$'<�;<
�7 K
O ? � .� +_$'4N- /'*< �7 /<�#�L�7 �0 � J#�7 �0 �D�O K�-�&� �$@�7
$@�7 ν = {ν[p]} �0 A���# P� �L� ��N�< � \�40 P� �H ##�L/� {�"'4�� /4O��
�D�O g K�-��n7 �s<�'� E�T<Z �$@�7 p �→ [p] ��>7�Y �7 �@�T< g : S

� → P
� �

�"N< A �@�T< $ �7 1��P ? � �# m##�L/� �P�O S� �7 {μ̄p} /40 �$@�7 �0
+$@�7 −μ � μ �7��7 μ̄ /4N �7 ��� . +$@�7/� Q�=� �H �$ �	< �&O �� �0 μ̄ �7

���O ? � �# +��� ��E$�s�V /	H ��*Y� R� �# P� A� �h� A�BD−� #��� �#
p �→ [p] �@�T< g : S� → P� �L� ���� �0 �D�O A : S� → S� �t�:4� �@�T<
�%4n� {�:< A��7 vp /��0 �g J#�7 �0 �D�O J#�H S%t �7 p�Y� �7 E�T<Z �$@�7
E�T<Z �$@�7 #�D n �L� �H $-#/� J�;< QX$4�� ? � ��H �# +#��Z ��$7 J���/� P�

+$'@�7 /� � \V�< �0 1��P ? � ��r �# � ��� � \�40 Pn

��	� FGH ��0&� .� JZ �# �H #��# #�� M A� \�40 A��7 A��E#�� � �*�
�	
F \L7 /���P �# M $%&�'� �� �*� ? � W"t �7 +##�L/	< E#�&4�� Gj P� TM

�H #��# #�� _M �7 e%t�a A .� A′ A��g�	d� � . �H ���

+$<�@�V/� �� M �- (x, U) ∈ A′ ��	- �� '��# _�

+��� �"�� U ∩ V �7 det[∂yi/∂xj ] A� (x, U), (y, V ) ∈ A′ �- A�.� �7 _!

.� A′ A��g�	d� � . �$@�7 M �7 E��n�# /N%t� A � E#�7 M �7 /40 μ �L� J�'H�
�H ��� A .� A� (x, U) A�0���� ��	- ���@ �H K�'H �n;� K�<���/� A��<�L �7 A
$@�7 �0 �D�O x∗ : TM |U → T (x(U)) ∼= x(U) × Rn o��]< W4;� �@�T<
E$@ �4D�L #��$<�4�� �0 �x(U)×R

n ⊂ R
�n A�BD �7 �0 �H ��� ?@�� ��4"��a

(y ◦ x−�)∗ : W4;� �@�T< �H ��� /'*� ? � �7 ���# _!a {�@ �J�'H� +_���
�L� �e
*��7 +��� ���C�7 v<�# /7 �H $@�7 �0 �D�O T (x(U)) → T (x(V ))

�H #�	< ��$40 J���/� A��<�L �7 �� TM |U A�-��� �$@�7 E$@ �n;� �"C .� A′

� �*� ��4"�� +##�L/� �P�O TM �7 /40 S���� ? � �7 � �$@�7 �0 �D�O x∗

�"�� �7 /'4"� � �*� �Q�O ? � �7 +��� �407 A� \V #�0@ � /�$'- �]< .� �Nn<
+$�Z $-��) ��
7 ���N7 �j$*7 J�'����# ��Gg J#�7

�I�
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?�(� 8�$B� 8#*� �" >!)

/'*� ? � �7 ���# ���� ���C�7 M �7 ��	� FGH A��7 ��� �7�C c ��@ ��	- �
' �
+$@�7/� � q �� �BC A���C�7

� �M �7 T ′M A��#�7 /DGH �M E��n�# $%&�'� �- Ǳ�.� �7 �L� � ����� ��%��
�4@�# #�� J�'� (f#, f) /DGH �@�T< M �f : M → N ���	- �@�T< �- ��.� �7

�H $@�7

�$@�7 ���C�7 �+5+2 �� �BC _�

�$@�7 ���C�7 t′n (�) A�0 . �� K- A��7 �+5+2 �� �BC _!

�$@�7 ���C�7 T ′U ∼= (T ′M)|U (�) A�0 . �� K- A��7 �+5+2 �� �BC _2

�- Ǳ�.� �7 � . ���L� # �H $<��# #�� A� eM : TM → T ′M A�0 . �� K- E�T<Z
���� � \�B �*� A� f : M → N ���	- �@�T<

TM f∗ � TN

eM

� �
eN

T ′M f∗ � T ′N

F�h'� JZ �� ��#� .� �� �	@ Xj �	4O� �H ��� K�dO J�'� 1�"x� ? � 1��89 23�*4�
�-�� � # /%�) � ?	�@�) #�	< m_$ �@/� �4N) JZ .� /8� �# E�)X�7 � �a $'H/�
(u, U) �L� +��� E#�� E#�*�� ��D 1�"x� �# /%P� E�$ � �F�P�� ? � ��	- �7 +##�L/�
+$'4N- x(U) × Rn ��"@ �# �- (T ′M)|U � (TM)|U E�T<Z �$@�7 M S7 /����
+e
*��7 � $'H/� � �h� A�T # �7 �� /
 A�-��� �H #��# #�� /4@�T< �? ��7�'7
�07�;� �d<Z �� T ′M � TM �7 c ��@ �H ��� ? � K�-# J�;< K�% �� Gj 	g �H �s<Z
E#��Z�7 �� �� �� 4@��) Gj 	g �# ? � ��4"�� +�D�L /
 �� �0<Z J��47 �j4:�:O �H $<��#
�# �.X 1�"x #�d � �0 �7 Q�O ? � �7 mK �E#�7 JZ .� A#���� $-�@ J�'H �� � $''H/�

+##�L ���C� ��� ? � A��7 /��"x� ��� �.X ��-��H

 �9 �;�"� 05�� �+ )� �� (/ )����� ��FZ� [�\�] � [�^�] 0���AN �0�
B��/ $>� (_J� 5��
�,��/ 0�
B��/ (9 ��
E+ 0�,.:�B� � ��
E+ 0�+)�'�* 0�
B��/ 5� �$'9 $HP* �
.���� U� ��+�
.����
$�5 (9 �
.���� )�)P� � ��)��N� 0�+�A� $9 (εn, f∗) �9 �;�"� �
_9 (/ ���� �
<� ���/ 0�,.:�B� �

���� 5�� �+ �5�9 0�+)�'�*

�I�
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p�@ �7 / �0 . �� K- 1��P ? ��# +$@�7 M �7 /��h4n� E�T4'�# (x, U) K ��L
�H $'4N- / �0 . �� K- �K �E#�# J�;< ∼= $O�� #�	< �7 �H �� �0<Z .� �� �# mK ��# �� � .
αx #�	< �7 �� (tn|x(U))◦ ∼= ◦x∗ ◦ (∼=)−� S�H�� +$'<���/� 1�"x �7 �� _2a {�@

+K �E#�# J�;<

TU x∗� T (x(U))
∼= � (TRn)|x(U)

∼=
� �

tn|x(U)

(TM)|U αx � ε(Rn)|x(U)

� . 1��P �7 �� βx K�<���/� �T ′ A��7 ∼=′ A. �� K- �� E#�&4�� �7 ��7�;� 1��P �7
�K�'H � �*�

T ′U x#� T ′(x(U))
∼=′� (TRn)|x(U)

∼=′

� �
t′n|x(U)

(T ′M)|U βx � ε(Rn)|x(U)

��� �\� � ���� A.�� K- M β−�
x ◦ αx : (TM)|U → (T ′M)|U 1��P ? � �#

p ∈ M �H #��T</� p A�� T ′M ��� �7 KN�D����9 � 1��P �7 �� p A�� TM
��H\� KN�D����9 � �H ��� S%>� ? � J#�# J�;< �� /%P� F$- +$@�7/� E��n�#

+��� �:4N� /��h4n� E�T4�# ^�n4<� .� p A�� A�-��� ?�7

A�04@�T< ��	- �H ��� �.X +y = x|V � ��� .�7 V ⊆ U K�'H R�D Xc!�Y
A�4O�

i : U ↪→M ĩ : V ↪→M
j : V ↪→ U k : y(U) ↪→ x(U)

�K ��L/� �]< �# �� � . ���L� # αy � αx ��N �:� ��]'� �7 +K�'H A��\L�	< ��

(TM)|U
∼=
 TU x∗� T (x(U))

∼=�

⊆

�

(�)

�

j∗ (�)

�

j∗ (�)

(TM)|V ∼=
 TV
y∗� T (y(V ))

∼=�

_,+2 a

��I
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∼=� (TRn)|x(U)
tn|x(U)� εn(Rn)|x(U)

(�) ⊆

�

(�)

�

⊆

∼=� (TRn)|y(V )
tn|y(V )� εn(Rn)|y(U)

67�� #��� �# ��� ? � ��]OG� A��7 +$<� \�B �*� X�7 ���L� # �# 67�� ��0� .� M �-
�K�'H/� / �	< ��97 � . 1��P �7 �� JZ �_�a

(TM)|V ⊆
 TM ⊆ � (TM)|U

∼=

� �
�

�
�

�
��

ĩ∗

�
�

�
�

�
��

i∗

�

∼=

TV j∗ � TU

�	� u%�� � $<� \�B �*� TM A��7 _2a {�@ #�� ���# �7 �� �	� �# u%�� �#
_!a 67�� �k ◦ y = x ◦ j �
' � ���# �7 +��� � \�B �*� �i ◦ j = ĩ J�� 9�< ����
�H #�# J�;< #�@ /� �_�a 67�� #��� �# �7�;� /�X$4�� �7 +$@�7/� � \�B �*� 9�<
y(V ) ↪→ Rn � x(U) ↪→ Rn A�4O� A�04@�T< JZ �# m��� � \�B �*� 9�< _2a 67��
9�< � . ���L� # �H #�@/� �d�4< _,+2 a ���L� # A� \�B �*� .� �J�'H� +$' Z/� ��
7

���� � \�B �*�
(TM)|U αx � εn(Rn)|x(U)

⊆

� �

⊆

(TM)|V αy � εn(Rn)|x(V )

p A�� A�-��� ?�7 αy KN�D����9 � A� p ∈ V �- A�.� �7 �H ��� /'*� J�$7 ? �
b�=P βy � βx #��� �# S%>� ?�	- p�Y� �7 +��� αx .� /8�:�� KN�D����9 � J�	-
��4)�� .� �< � ��� E$@ E#�&4�� _2a �� _�a (��) .� X�7 QX$4�� �# �H ��� +���
�7 β−�

y ◦ αy = β−�
x ◦ αx A��N� A� p ∈ M �- A�.� �7 �? ��7�'7 +TM (�hn7

+��� ���C�7 p A�� A�-���

��� �7�C �
@ M �7 T ′M � TM #��� �# �H K ��# .��< /	� �7 J�'H� X;Y
�� _�a (��) .� �0'� JZ �# J�� � �K�'H/� �7�x TM A��7 �0'� 9�< �� K� ? � +���

+$@�7/� ���# 9�< T ′M A��7 QX$4�� �K�'H/� E#�&4�� _2a

���
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���L� # E�T<Z ����	- /4@�T< f : A→ B � $'@�7 .�7 B ⊆ Rm � A ⊆ Rn �L� ]V!
���� � \�B �*� � .

TA
∼= � (TRn)|A tn|A � εn(Rn)|A

f∗

� �

K $C f∗

TB
∼= � (TR

m)|B tm|B � εm(Rm)|B
� . ���L� # +A �7 f̄ = f �H #��# #�� f̄ : Rn → Rm /4@�T< ]� \!�: 2$7 3�*4�

+$'4N- A�4O� A�04@�T< j : B ↪→ Rm � i : A ↪→ Rn �H �$ ��T7 �]< �# ��
(TRn)|A tn|A � εn(Rn)|A

�
�

�
��

∼= ⊆

� �

⊆

TA TRn
tn � εn(Rn)

f∗

�

f̄∗

� �

K $C f∗

TB TRm
tm � εm(Rm)

�
�

�
��

∼= ⊆

� �

⊆

(TRm)|B tm|B � εm(Rm)|B

�H #�@/� S�� ��� ? � +��� � \�B �*� ���L� # ? � �# ?
	� ��:%O �- �p�Y� �7
S�H�� �#

TA
∼=� (TRn)|A tn|A� εn(Rn)|A ⊆� εn(Rn)

K $C f∗� εm(Rm)

�
TA f∗� TB

∼=� (TRm)|A tm|B� εm(Rn) ⊆� εm(Rm)

f∗y � zK $C f̄∗y A�04@�T< ��� . +$<���/� 1�"x� �7 � ���O �# �� K� ? � � $<�7�7
+$<�7��7 A �7 zK $C

�# A� p ∈ A �- A�.� �7 �H K�-# J�;< K�-��)/� J�'H� ]0�� \!�: ]� \!�:
+$'4N- /
 p A�� ��� �7 �@�T<

p ∈ �H #��# #��� A′ .�7 A��g�	d� �7 f̄ = f �7 f̄ : Rn → Rm /4@�T<
�H #�@/� �d�4< �4
< ? � .� ∼= �- �H �K ��# �� � . p�@ �7 ���L� # �e�� +A′ ⊆ A

��!
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+��� A�4O� �@�T< i : A′ ↪→ A � ���� A�T # .�7 $%&�'� � . A��g�	d�

TA = TA � (TR
n)|A � εn(Rn)|A = εn(Rn)|A

(f |A′ )∗
�

(�)
�
⊆ (�)

�
⊆

f∗ TA′ ∼=� (TR
n)|A′

tn|A′� εn(Rn)|A′ f̄∗����

�
(�)

�
(f |A′ )∗ (�) ���� (f |A′ )∗

�
(�)

�
TB = TB

∼=� (TR
m)|B tm|B� εm(Rm)|B = εm(Rm)|B

_�+2 a

_5a #��� �# � ��� /0 $7 _,a � _2a �_�a �
@ ��>4N� A�-�:%O A� \�B �*�
�# ��%�� �Ha _!a ��:%O A� \�B �*� E�$-�;� A��7 +##�L/� �d�4< � ���O .� 9�<
�@�T< j : A ↪→ Rn �H K�<�;</� � . p�@ �7 A�4L�97 ���L� # �� JZ �_��� c��
A��\T	�� �A$*7 1�*��� �# ���0� #�d � ���# �7 9�< �� �04@�T< � �� � ��� A�4O�

+K �E#�	<
TA i∗ � TA′

∼=(k)

� �

∼=(λ)

�
�

�
��

j∗

(TR
n)|A′

⊆(μ) � (TR
n)|A

⊆(μ) � TR
n

�� . �ν ◦ λ ◦ i∗ = ν ◦ μ ◦ k �H ##�L 1�"x� ��� /D�H �λ ◦ i∗ = μ ◦ k 1�"x� A��7
/'*� �7 �H �j∗ ◦ i∗ = ν ◦ μ ◦ k �H ##�L 1�"x� ��� /D�H �? ��7�'7 +��� M�"
 ν

���L� # A� \�B �*�
TA′

�

∼=
�

�
�

��

(j◦i)∗

(TRn)|A′ ⊆ � TRn

+$@�7/� W:=� ��� ? � ���� Rn �# A′ A�4O� �@�T< ���# j ◦ i J�� +���
S�H�� �H $-#/� J�;< _�+2 a ���L� # A� \�B �*�

TA f∗� TB
∼=� (TRm)|B tm|B� tm(Rm)|B

9�< �
TA

∼=� (TRn)|A tn|A� εn(Rn)|A
K $C f̄∗� εm(Rm)|B

��2
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�7 +#�	< ~ �*� J���/� zK $C f∗y �7 A′ �7 �� zK $C f̄∗y �\� � �$<�7��7 (TA)|A′ �7
1�"x� K� ? ��7�'7 � $<�7��7 K- �7 p ∈ M �- .� A�/T �N	- �# S�H�� �# ��T # J��7
� +$@

p ∈ U ∩ V �7 E��n�# 1�h4n� E�T4�# �# (y, V ) � (x, U) K�'H R�D Q�O XdY
�� KN�D����9 � /
 TM .� p �# ��� �7 β−�

x ◦αx � β−�
y ◦αy �
' � 1�"x� A��7 +$'4N-

/D�H �� . �U = V �H K�'H R�D K�<���/� u=7 ��%H .� ?4��H J�$7 �$''H/� Ǳ�:��
+K�'H ��� y|U∩V � y ?�'s	- � x|U∩V � x A��7 �� _���a �	NC ���

� \�B �*� � . �# p� �;� _3+2 a ���L� # 1��P ? � �# �U = V K�'H R�D
��>4N� �_^a �	NC �7�'7 � ���� /0 $7 �� �	� u%�� A� \�B �*� ��� . +���
(y◦x−�)∗◦ �H $-#/� J�;< _3+2 a ���L� # �J�'H� +��� � \�B �*� 9�< ���� �	�
(y ◦ x−�)∗ ◦ �/'* +��� b�=P T ′ A��7 QX$4�� ?�	- ���# +αy =K $Cαx
+##�L/� �P�O v<�#/7 β−�

x ◦αx = β−�
y ◦αy �]< #��� K
O �J�'H� +βy =K $Cβx

TU x∗� T (x(U))
∼=� (TRn)|x(U)

tn|x(U)� εn(Rn)|A
∼=

�
���y∗ �

(y◦x−�)∗ K $C (y◦x−�)∗
�

(TM)|U T (y(U))
∼=� (TRn)|y(U)

tn|y(U)� εm(Rm)|B

_3+2 a

`�	4� .� SH��a TM → T ′M � �*4@�) /DGH��@�T< M ������ ? � �7
eN ◦ f∗ = 1�"x� +��� eM A. �� K- M p�Y� �7 �H �K ��# _�- β−�

x ◦ αx ��	-
� +E$'<��) E�$0g �7 ? �	� J��'g �7 f# ◦ eM

'�
��(� D!)

xi : Ui → M�"
 67��� .� A����"<# {(xi, Ui)} � �E��n�# A��g�	d� M K ��L _�
67��� .� M �- �H A��<�L �7 ���� Rn �# .�7 π(Ui) � Ui ⊂M �7 Rn

xi ◦ x−�i : xi(Ui ∩ Uj) −→ xj(Ui ∩ Uj)

�- Ui .� M �- �H #� \�7 A�4� M /4N �7 �H $�� /� �]< �7 +��� �4��V
? � ��:�:O �# ��� +$'4N- KN�D�����	- �- xi .� M �- � $<.�7 JZ �"N<

+�N�< ��t

��5
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x� : U� → R � U� = R K ��L +∗ �∈ R �H �M = R ∪ {∗} K ��L _���a
��>7�Y �7 x� : U� → R �7 U� = R− {�} ∪ {∗} � ���� /<�	-

x�(a) = a , a �= �, ∗ , x�(∗) = �

���]'� ? � A��7 +#��$< #�� E$@ �4���) /Lk � �7 M �7 A�4� }�- $�-# J�;<
? � .� +$'H/� 6>C �� ∗ A�-/T �N	- ��	- �� .� /T �N	- �- �H $�-# J�;<
�� �4� (��) ��	- �H _ρ : M×M →M /*7�� /'* a M �7 ρ �4� �"@ ��4@\L
�H #��# #�� J�'� _ρ(p, q) = � A� p �= q Ǳ�.� �7 ��� ?
	� �
' � 9d7 #��#
+$'4N- KN�D�����	- 9�< �- xi .� M �- � $<.�7 JZ �7 �"N< �- Ui .� M �-

.�7 A�-�g�	d� � . .� A�, A�, A�, · · · A����"<# �$@�7 .�7 A ⊂ R
n �L� _^a

A�- Ai .� /g�	4� �A �# .�7 A�-�g�	d� � . .� M �- �H #��# #�� J�'� A

+��� (�hn7

#��# #�� Supp(fi) ⊆ A �7 fi : A → [�,�] �4���V 67��� .� A�0��"<# _�a
E�T<Z �p ∈ A− C � �4N7 C �L� m#.��/� �$ �� �4N7 A�-�g�	d� � {�:< �H
�_^a M	H �7 �$47� 20������' � +#��# #�� fi(p) � infi(A ∩ C) �7 A� fi

+Āi ⊂ Aj �H $�'H S��� A��t �� (Ai, Aj) A�-�g�	d� �& �� ��"<#

.� M �- A��7 _�a �# ��� / �-���"<# j = �,�,�, · · · �H fi,j K ��L _#a
1��P �7 �� gi,j : M → [�,�] +$'@�7 xi(Ui) .�7 A�-�g�	d�

giij (p) =
{
fi,j(p) p ∈ Ui �L�
� p �∈ Ui �L�

� E#�H S��� C�, C�, C�, · · · (�) A����"<# �# �- gi,j ��	- +K�'H/� � �*�
1��P �7 M �7 �� ρ � ��� R �7 ��$<��H A�4� d $�'H R�D

ρ(p, q) =
∞∑
i=�

�

�i
d(Gi(p), Gi(q))

+��� �]< #��� �4� �"@ ρ $�-# J�;< +K�'H/� � �*�

p ∈ Ui �7 Uj M � Ui M A� p, q ∈ M �- Ǳ�.� �7 $�'H R�D _-a
p ∈ �H $<��# #�� J�'� Bj ⊂ xj(Uj) � Bi ⊂ xi(Ui) .�7 A�-�g�	d� �
Gj 	g ρ �H $�-# J�;< +x−�i (Bi) ∩ x−�i (Bi) = ∅ � q ∈ x−�j (Bj) �x−�i (Bi)

+��� M �7 �4� M 

��,
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�7 �@�T< �# � �$'4N- 1�h4n� E�T4�# �# (y, V ) � (x, U) $�'H R�D _���a _!
1��P �7 TM

tx : π−�(U) → U × Rn [x, u]q −→ (q, v)
ty : π−�(V ) → V × Rn [y, w]q −→ (q, w)

A ⊂ U × �H t−�x (A) �
@ �7 A�-�g�	d� $�-# J�;< +$ ��T7 �]< �# ��
�
@ �7 A�-�g�	d� J�	- ���# �$<��# ���C π−�(U ∩ V ) �# � ��� .�7 Rn

+$@�7/� ���� .�7 B ⊂ V × Rn �H t−�y (B)

� �#�L M Ǳ�.� �7 �H $@�7 J�'� TM �7 A�4� �L� �H $�-# J�;< _^a
�- tx ��	- E�T<Z �$'@�7 KN�D�����	- �- txi .� M �- �M = ∪iUi �7 (xi, Ui)

+$'4N- KN�D�����	-

.� M �- �H #��# #�� A�4� TM �7 �H $ ��T7 �d�4< !� �� ��N� .� _�a
+$'4N- KN�D�����	- �0<Z �7 �"N< �- tx

�4���V E� → E� #�@ R�D ��� /D�H A. �� K- � �*� �# �H $�-# J�;< _2
/4@�T< /*Y�� �
@ �7 �H $�'H ��� ���
*� /T4���V 1�"x� A��7a +���

+_$@�7/� U × Rn �7 U × Rn .�

��>7 �f : B� → B� �@�T< /T4���V ���	� FGH � �*� �# �H $�-# J�;< _5
+##�L/� �d�4< f̃ : E� → E� /T4���V .� ��H#�)

M .� ��� 1��"g �B � �V A�BD M A� � FGH �# ?�7 ��*Y A.�� K- _,
/	N�D�����	- f � ���� KN�D����9 � A��� �- �7 f̄ �H A��<�L �7 �(f̃ , f) /DGH �@�T<
A�� ��*Y .�� K- /�� . �� K- ��r FGH �# +��� o#�) A�� �7 B .�

�$�7��7 � q p�@ �7 A�� �V A�-�BD

E� �# �# A�9d� `�	4� _���a

∞ � �0'�7 �
@ _^a

+���� _�a

f̃ = g ◦ h $�-# J�;< �1��P ? � �# +��� /DGH /4@�T< (f̃ , f) $�'H R�D _�
A�� �7 />) ��>7 �� ��� �- h �H$'4N- A��4���V A�04@�T< J�'� h � g �H

+$@�7/� KN�D����9 � �-��� .� M �- �7 g � �#�7/� �T # A���

���
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�7 �H s : B → E �@�T< �π : E → B FGH �- Ǳ�.� �7 �H $�-# J�;< _���a _3
+��� π A��7 o�7 M ���� π−�(p) �# �&P s(p) A� p ∈ B �- Ǳ�.�

��� /0 $7 /4C� �0'� � /4C� ξ A��=&P−n FGH �- �H $�-# J�;< _^a
/>) �:4N� � �	- �# �H �$'@�7 �4@�# #�� sn � + + + �s� o�7 n �H
�:4N� s�(p), · · · , sn(p) ∈ π−�(p) A� p ∈ B �- Ǳ�.� �7 ��T # J��7 �7 +$'4N-

+$'4N- />)

���� />) �:4N� o�7 n A���# A��=&P−n FGH �- �H $�-# J�;< _�a
�/*Y�� �
@ �7 �4"��

+��� A.�� K- ��>7�� �(x, v) A�0�. ��g�	d� �7 p̃ �H $�-# J�;< _���a _�

� x /��h4n� A�0-�T4�# ^�n4<� .� �:4N� f∗ � �*� �H $�'H W�:=� _^a
+$@�7/� JZ � �*� �# E#�&4�� #��� y

+$�'H W�:=� �� �+5+2 �� �BC �# E$<�� 1��89 _�a

�- [x, v]p �H / �-/'='� A.�� K- A�-�4�# � TM ?�7 ���'� �H $�-# J�;< _���a _�
Rn �# A�/'='� γ �H �$''H/� ��]< x−� ◦ γ .� A. �� K- ≈p A�-�4�# �7 ��

+$'H/� �]< f# �7 �� f∗ �@�T< ���� γ′(�) = v �7

�[x, a]p →
∑
i a
i(∂/∂xi)

∣∣
p

/ ���# ���'� #�� �7 ��� �7 �H $�-# J�;< _^a
+#�	< � �*� J���/� [f∗(�)](q) = �(g ◦ f) 1��P �7 �� f∗ �@�T<

V �7 ���	- A��4)�� �$@�7 R A�� /-�'4� $*7 �7 A��#�7 A�BD M V �L� _�I
�:4N� �H $�7��7 TV �7 V × V ^�B%P�O .� /	N�D�����	- � E#�	< � �*�
.� v, w ∈ V Ǳ�.� �7 �Rn ���O �# ��� �Rn ���O �# ��� +$@�7 � �V ^�n4<� .�

+$�'H E#�&4�� (v, w) ��#�7 [ �	< A��7 vw ∈ Vw #�	<

h : R → ���	- /4@�T< Ǳ�.� �7 E�T<Z �$@�7 ���	- g : R → R �L� �H $�-# J�;< _��
K ��# R

g(x) = g(�) + g′(�)x + x�h(x)

� ��� f(p) = � �7 f : M → R ���	- 67��� ��	- ��g�	d� Fp K ��L _���a _�!
+�(fg) = � �- f, g ∈ Fp ��	- Ǳ�.� �7 �H ��� />) A�T%	g � : Fp → R

+#��# W4;� M �7 #�&7 �h='� /*���� � $�-# J�;<

��3
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A�07�B%P�O ��	- c��� E$@ $���� Fp .� A��#�7 A�BD � . W K ��L _^a
A�BD �7 p �# 1�:4;� ��	- A��#�7 A�BD $�-# J�;< +��� f, g ∈ Fp �7 fg

+��� F����9 � (Fp/W )∗ J�L�#

J�	- 9�< Fp/W eV ���� M $%&�'� $*7 �7 �7��7 (Fp/W )∗ $*7 J�� _�a
�H $�-# J�;< �$@�7 x(p) = � �7 /��h4n� /-�T4�# x �L� +#��# �� $*7
$'-#/� ��
;� Fp/W A��7 A�� �V xn +W � + + + �x� +W A�-�4�$	-
#��� �# ���� #�0;� $*7 �� ��N� �# �H ��t J�	- +_$�'H E#�&4�� !+5+2 K� .�a

+��� 1��&4� Gj ��H ��*Y� C� 67���

f(�) = � �7 f : R → R �
@ �7 C� 67��� ��	- A��#�7 A�BD V K ��L _���a _�2
+��� V �# A�07�B%P�O ��	- c��� E$@ $���� V .� A�BD � . W � ���

+#��# #�� limx→� f(x)/x �- f ∈ W ��	- Ǳ�.� �7 �H $�-# J�;<

K�'H R�D �� < ε < � Ǳ�.� �7 _^a

fε(x) =
{
x�+ε x ≥ �

� x ≤ �

/>) �:4N� �P�'g V/W �# /T	- � �$'4N- V �# �- fε ��	- $�-# J�;<
+$<.��/�

+��� R /4���' #��H c �H ��� cc = �c $*7 �7 (V/W )∗ $ ��T7 �d�4< _�a

�- �7 f E�T<Z �$@�7 �&P A��� �- �7 f∗ � �f : M → N �L� �H $�-# J�;< _�5
+��� �7�x M ��&����

��� �- �7 f∗ �H ��� ?@�	 � /4C� �0'� � /4C� f : M → N �@�T< _���a _�,
f∗ : />) � $"� �� "�� �7��7 p ∈ M �# f �� "�� ���/%H +$@�7 M�"
 TM .�

+��� TpM → Tf(p)N

�# f ◦ g �� "�� �H $�-# J�;< ���� KN�D����U�& # g �H �f ◦ g = f �L� _^a
_+$�'H �N �:� _#a�22�! �� ��N� �7a +��� �7��7 g(a) �# f �� "�� �7 a

/��	*� M ���O ��� ���# TM ��	� FGH �$@�7 ��#.�� M �L� _���a _��
+$'4N- (x, v) A�04& .� p̃ A. �� K- A�-�4�# TpM �P�'g �#�@/� � �*�
K- .�'- ��� �Rn A� �7 �< #�7/� Hn A� �7 �� p ∈ ∂M .� /T �N	- x �
' � �7
A�-�4��� ��	- �# ��	� A�-��#�7 TpM �# ��j4d�4< +$'H/� �H�O Rn �H �7 v

���
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�$@�7 p Q�O /��h4n� /-�T4�# x : U → Hn � p ∈ ∂M �L� +#��# #��
? � �H $�-# J�;< +��� A��#�7 A�BD � . x−�(Tx(p)Rn−�) ⊆ TpM E�T<Z
JZ �$@�7 ?@�	 � i : ∂M → M �L� �6C�� �# m�N�< x ^�n4<� .� �:4N� �BD

+��� �7��7 i∗(Tp(∂M)) �7

i_^a +$%&�'� .�� �7 ��	� A�-��#�7 _���a ���+2 �
@
+/��) � /%)�# A�-��#�7

/���P �.# �� TaHn �7 ��	� ��#�7 +a ∈ Rn−� × {�} ⊂ Hn K ��L _^a
�H $@�7 (a, v) �
@ �7 �ε(Hn) �7 THn A��L /
 �7 �"N< �H K�8�L /%)�#
E�L�- K�8�L /%)�# �� �N�< i∗Tp(∂M) �# �H v ∈ TpM ��#�7 +� < vn

E�T4�# ^�n4<� .� � �*� ? � �H $�-# J�;< +$@�7 /%)�# x∗(v) ∈ Tx(p)H
n

+��� �:4N� x /��h4n�
_�
@a

�h='� /40 ∂M E�T<Z �$@�7 μ �0 A���# M �L� �H $�-# J�;< _�a
��#�7 �- Ǳ�.� �7 �L� c:D � �L� [v�, · · · , vn−�] = (∂μ)p �H #� \V/� ∂μ #�&7

+[w, i∗(v�), · · · , i∗(vn−�)] = μp A� w ∈ TpM /��)
(−�)n �7 ��� �7��7 ∂μ �H $�-# J�;< �$@�7 Hn /��	*� �0 μ �L� _#a
�hD �# ^�n4<� ? � ���#a +Rn−� = ∂Hn �7 #��� /��	*� �0 �# ^�Y

_+#�@/� ?@�� �
g : ∂M × �@�T< +��� ���C�7 ! �hD .� �5 �� ��N� $�'H R�D _-a
J�;< +K�'H/� � �*� g(p, t) = (f(p), t) 1��P �7 �� [�,�) → ∂N× [�,�)

� (β−�)∗ ◦ g∗ ◦ α∗(v) ∈ Tf(p)(∂N) A��L /
 �7 �1��P ? � �# �H $�-#
+��� �)�� �7�C TM ∪ TM A�� .� TP �v ∈ Tp(∂M)

f : (∂M, ∂μ) → � $'@�7 ν � μ S���47 �0 A���# N � M �L� _�a
ν � M ⊂ P �7 μ �7 �H #��# /40 P $�-# J�;< �$@�7 �0 �D�O (∂N, ∂ν)

+��� ��L.�� N ⊂ P �7

���
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K �E#�H �$ JZ b>� .� (�C �# �H ��� S� .� 1��"g M $�'H R�D _.a
/�H M �7 �H ��� N �7 M .� /	N�D���U�& # f K ��L +N = [�,�]× S� �
P �d�4< $%&�'� +$@�7/� �0 J�#�L�7 �A�T # �7 � ��� �0 �D�O S

� .�
w��� ��

(p, v) ∈ Tp(S�, i) A��L /
 �7 T (S�, i) .� �P�O A�BD �7 TR� $�-# J�;< _�3
+��� F�����	- (−p,−v) ∈ T−p(S�, i) �

�H S�−{(�,�,�)} �7 �#��$< #�� A�&P�< A��#�7 J�$�� }�- S� �7 �
' � �7 _��
?�'� $�-# J�;< +#��# #�� A�A��#�7 J�$�� ?�'� ���� F����U& # R

� �7
J�$�� �7 ��"@ (�,�,�) /���O �# �H �D� J���/� A��t �� A��#�7 J�$��

+$@�7 ��+2 �
@ �# E$@ E#�# J�;< A��#�7

i
��+2 �
@

�H A��<�L �7 #��# #�� R
n �7 R

n × R
n .� (a, b) �→ a •b /4@�T< $�'H R�D _��

A� λ ∈ R �- � a, a�, a�, b, b�, b� ∈ Rn �- A�.� �7

(a� + a�) •b = a� •b+ a� •b

a • (b� + b�) = a •b� + a •b�

λ(a •b) = (λa) · · · b = a� • (λb)

a • (�,�, · · · ,�) = a

�!I
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a •b = b •a = �H $@�7 �4@�# #�� J�'� A� b M �a �= � �- A�.� �7 �
mK ��T7 �]< �# �� /��	*� ^�Y ��� /D�H n = � A��7 �Gj ��a +(�,�, · · · ,�)

�]< �# �� (a, b) • (c, d) = (ac − bd, ad + bc) c%4n� ^�Y �n = � A��7 �
$�'H �7�x K4�� Rn A��7 #��$<�4�� ��  �V {e�, · · · , en} K ��L _+$ ��T7

�
@ �7 #�D �7 �h='� A� a ∈ Rn M A�.� �7 Sn−� �# �>:< �- _���a
+��� a •e�

+$<�/>) �:4N� a •en � + + + �a •e� E�T<Z �a �= 0 �L� _^a

Tp(Sn−�, i) a •en � + + + �a •e� � ��h� E�T<Z �p = a •e� ∈ Sn−� �L� _�a
+$<�/>) �:4N�

+p �→ a •p ���� �4���V a �# î �Y _#a

+��� /0 $7 TSn−� _-a

+��� /0 $7 TP
n−� _�a

R� � R� �7 /"��'� ^�Y+$'4N- /0 $7 TS� � TS� ��	� FGH �# �-
+��� � �*� �7�C /%�H A�-/ �4;- � ?4%�	- A�-/ ����0� .� E#�&4�� �7 S���47
+$'4N�< 9�< � \�4H�@ /4O /%�H #�$g� � $'4N�< � \�B �*� ?4%�	- A�-/ ����0�
� c%4n� �/:�:O #�$g� ��g�	d�y $ �L/� �H #��# #�� M��GH A���BC
/:�:O �$g� 1���- �7 � \�4H�@ ^�Y .� A�0���� �0'� �?4%�	- A�-/ ����0�
Af���V�� .� E#�&4�� �7 9��#Z M<��D ��j��)� +#�@ ��� �?� e���V �� ��:� �7 z$'4N-

+��� ���# � � 2 �! �� A��N� n A��7 K
O ? � �H $'H/� �7�x A�"

A�BD � ��� A��#�7 A�-�BD KN�D����9 � T : Rn → Rn $�'H R�D _���a _!I
+$ ��T7 �]< �# �� (�, T (v)) � (�, v) A��L /
 �7 [�;�] × Rn .� �P�O
J���/� S

� �7 A��#�7 FGH M /%H A�BD J��'g �7 �� �BD ? � �H $�-# J�;<
+_���7�� ���< K�	*�a #�	< #�$	%C

�D�O T �H ��� � \�40 /4C� �0'� � /4C� �Y�O FGH $�-# J�;< _^a
+$@�7 �0

A� t �- A�.� �7 � c(�) = p�7 c A�0�'='� ��	- A�.� �7 �
' � J#�# J�;< �7 _!�
�- A�.� �7 $�-# J�;< ���� �&P < p, c′(�) > /%)�# ^�Y �‖c′(t)‖ = �

A��Z #� +�N�< W%*4� i∗(TS�) �7 pp ∈ TpR
� ��	� ��#�7 A� p ∈ S�

� . ��>7�� �������� �x� �-$%&�'� �7 J�7�NO ^�4H .� !2 ��=&P �7�'7 �H K�'H/�

�!�
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�K ��# ��

< f, g >′ (t) =< f ′(t)t, g(t) > + < f(t), g′(t)t >

F�����	- A ⊂M �- A�.� �7 $�'H R�D +��� /-��n�# ���	- $%&�'� M K ��L _!!
20������' +��� � \�40 M $�-# J�;< +$@�7 /0 $7 (TM)|A FGH �S� �7
(TM)|c �\� � #��# ���C A� A ?�'� M �# p ∈ M �7 p� ∈ M .� c ��C �-
+#�	< �:4'� J���/� TpM �7 �� Tp�M �7 �0 �? ��7�'7 +��� /0 $7 9�<
�& M �$47� +#��$< /T4N7 c ^�n4<� �7 Q�:4<� ? � �H #�@ /���7 /4N �7
?4N
@ �7 �H �# +$''H/� 1�CG� p � p� �# �� �T $
 �H $ ��T7 �]< �# c′ � c
��� ?
	� �$<��L A� /��h4n� A�-/T �N	- �# �H /
��H 1�*>C �7 c

+$ Z #�� �7 /	- �# A�04��O
�d�4< J���/� �!� �� ���N� 9�< � � �hD ��	�	Y �# ��
O� .� E#�&4�� �7 2���((��
#��# #�� A� S� ⊂M .� A�/T �N	- E�T<Z �$@�7 � \V�'40 M �L� �H �D�L

+�N�< � \�40 �H

+#��# (�h4)� A��#�7 A�0DGH A� � K0� A�04)�� �7 A$*7 �� ���N� �#

/4@�T< f : Y → X � A��#�7 FGH M ξ = π : E → X $�'H R�D _!2
f(y) = π(e) �7 / �- (y, e) ��	- ��g�	d� E′ ⊂ Y × E K ��L +��� �4���V
f̃ : E′ → E � π′(y, e) = y 1��P �7 �� π′ : E′ → X �@�T< � ���
�7 A��#�7 A�BD ��4)�� .� E#�&4�� �7 +K�'H � �*� f̃(y, e) = e 1��P �7 ��
π′−�(y) = {(y, e)|e ∈ π−�(f(y))} �7 A��#�7 A�BD ��4)�� �π−�(f(y))

� ��� A��#�7 FGH π′−� : E′ → X �H $�-# J�;< +#�	< � �*� J���/�
�7 �� FGH ? � +$@�7/� F����9 � ��� �- �7 �H $@�7/� /DGH /4@�T< (f̃ , f)

+K���</� f c��� _ξ .�a 0e�9!� ��� � E#�# J�;< f∗(ξ) #�	<

(f̃ ′, f) ?�'s	- � K ��# ξ′′ : π′′ : E′′ → X �T # /DGH $�'H R�D _^a
J�;< +$@�7/� KN�D����9 � A��� �- �7 �H ��� ξ �7 ξ′′ .� /DGH �@�T< M 

+ξ′′ = ξ′ = f∗(ξ) �H $�-#

+f∗(ξ) = ξ|A E�T<Z �$@�7 A�4O� �@�T< i : A ↪→ X � A ⊂ X �L� _�a

+��� � \�40 9�< f∗(ξ) E�T<Z �$@�7 � \�40 ξ �L� _#a

�!!
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f∗(ξ) /�� $@�7 � \V�< �0 ξ ��� ?
	� $-# J�;< �H $ ����7 /���� _-a
+$@�7 � \�40

π : E → B J�� +��� A��#�7 FGH ξ = π : E → B K ��L _�a
/'*� �7 π∗(ξ) #�	< ���� ξ FGH B ��  �V A�BD �7 / �BD .� �4���V /4@�T<
$-��) � \V�'40 9�< π∗(ξ) E�T<Z �$@�7 � \V�'40 ξ �L� �H $�-# J�;< +���

+#�7

A��=&P−m FGH � ξ = π : E → B A��=&P−n FGH A�.� �7 _���a _!5
A�04& ��	- ��g�	d� E′′ ⊂ E × E′ K�'H R�D �R� �&� η = π′ : E′ → B

π′′(e, e′) = ��>7�Y �7 π′′ : E′′ → B K ��L +��� π(e) = π′(e′) �7 (e, e′)

−(m + A��#�7 FGH M π′′ : E′′ → B $�-# J�;< +��� (π(e), π′(e′))

+$'��</� η � ξ A�0DGH ξ⊕η 0���	# 6��5� �� FGH ? � +��� A��=&Pn)

+��� �7��7 π−�(p)⊕ π′−�(p) K�:4N� 6	 �7 p �7 ξ ⊕ η ���

f∗(ξ ⊕ η) = f∗(ξ) ⊕ 1��P ? � �# �H $�-# J�;< �f : Y → B �L� _^a
+f∗(η)

A�04@�T< �i = �,� �7 �ξ� = πi : Ei → Bi R� �&� A�0DGH A�.� �7 _�a
� �*� π(e�, e�) = (π�(e�), π�(e�)) 1��P �7 �� π : E�×E� → B�×B�

B� ×B� �7 ξ� × ξ� A��#�7 FGH M S���� ? � �7 �H $�-# J�;< +K�'H/�
+K ��#

$�-# J�;< �$@�7 Δ(x) = (x, x) A�>C �@�T< Δ : B → B × B �L� _#a
+ξ ⊕ η = Δ∗(ξ × η)

+��� � \�40 9�< ξ ⊕ η E�T<Z �$'@�7 � \�40 η � ξ �L� �H $�-# J�;< _-a

�0 ξ ⊕ η E�T<Z �$'@�7 � \V�< �0 η � � \�40 ξ �L� �H $�-# J�;< _�a
+��� � \V�<

� �*� W × W �7 /*�"t /40 �W E��n�# A��#�7 A�BD �- A��7 _.a
+��� � \�40 ξ ⊕ ξ E���	- �H $�-# J�;< JZ M	H �7 � E#�	<

�7 X �7 η � ξ A��=&P−� FGH �# �$@�7 ∞ �
@ �7 X �s<�'� _pa
+��� � \V�< �0 9�< ξ⊕η � $<� \V�< �0 J�@#�) �H $�'H �n;� A��<�L

�- �# π∗ 1��P ? � �# �$@�7 ���	- A��#�7 FGH π : E → M �L� _���a _!,
E .� ���	- $%&�'� � . M JZ .� π−�(p) ��� �- � ���� ��H�$O �� "�� �7 A��>:<

�!2
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+$@�7/�

F���U�& # 1��P �7 π c��� �H ���� E .� A$%&�'� � . �&P o�7 _^a
+##�L/� � �h� B A��

πM : M × A�04@�T< ?�'d	- � $'@�7 ���	- / �-$%&�'� N � M �L� _���a _!�
? � �# +N � M �7 /*�"t � ��h� S���47 πN : M × N → N � N → M

+T (M ×N) ∼= π∗
M (TM)⊕ π∗

N (NT ) �H $�-# J�;< �1��P

+�N- 9�< M ×N $�-# J�;< �$'@�7 � \�40 N � M �H /���P �# _^a

+$<� \�40 �# �- N � M $�'H �7�x �$@�7 � \�40 M×N �H /���P �# _�a

�
@ �7 y∗ ◦ (x∗)−� /7�H�f e ���� �H $�-# J�;< _!3(
Dj(yi ◦ x−�) O

X Dj(yi ◦ x−�)

)
T (TM) �/'* m��� � \�40 TM $%&�'� E���	- �H $-#/� J�;< ? � +���
�v ∈ TM �- Ǳ�.� �7 ���� /P�hn7 ��*Y� ����O ? � �#a +��� � \�40

1��P �7 �� (TM)v A��7 �0[ ∂

∂(x� ◦ π)

∣∣∣
v
, · · · , ∂

∂(xn ◦ π)

∣∣∣
v
,
∂

∂ẋ�

∣∣∣
v
, · · · , ∂

∂ẋn

∣∣∣
v

]
�:4N� x ^�n4<� .� /-$40 ? � �H $-#/� J�;< y∗ ◦ (x∗)−� K�'H/� � �*�

+#��# #�� TM $%&�'� A� \�40 A��7 1��&4� /��"x� !� �� ��N� �# _+���

v ∈ TpM � ��� M �7 v(p) = � �7 /��h4n� /-�T4�# (x, U) K ��L _���a _!�
�# c(t) = v + t(∂/∂xi)|p ��>7�Y �7 /'='� +��� ∑n

i=� a
i(∂/∂xi)

∣∣
p

�7��7
+(dc/dt)(�) = (∂/∂ẋi)

∣∣
v

$�-# J�;< +$ ��T7 �]< �# �� TM

+��� (∂/∂(xi ◦ π))
∣∣
v

�7��7 �&P �# JZ ��	� �H $�7��7 A�/'='� _^a

E�
f̃→ �� ��"<# +#��# W�C# A�-���"<# ��0&� �7 / �'@Z �7 .��< ���N� ? � �O _!�

�H K�8�L M�1� /���P �# �� f = g = IdB �7 /DGH A�04@�T< .� E� g̃→ E�

+$@�7 A��#�7 A�-�BD ?�7 A�04@�T< .� W�C# A����"<# ���� �- �#

�H $�-# J�;< �$@�7 ���	- A��#�7 FGH ξ = π : E → B �L� _���a
�
@ �7 W�C# A����"<#

�→ π∗(E) → TE → π∗(TB) → �

�!5
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{�:< .� /"��� ��. π∗(ξ) /%H A�BD .� �Bg �- _�a 20������' +#��# #��
�h'g _!a +$''H/� �n;� ��� JZ �7 ��	� A��#�7 �H ���� ��� M �#

+$<��T'7 (e, π∗X) �7 �� X ∈ Te(TE)

A��#�7 A�0DGH .� W�C# A����"<# � → E� → E� → E� → � �L� _^a
+�N- 9�< /��� �$'@�7 � \�40 �- Ei .� ��� �# �L� $�-# J�;< �$@�7

+��� � \�40 �;�	- T (TM) $�-# J�;< _�a

$%&�'� �H $�-# J�;< 1��P ? � �# �$@�"< � \�40 π : E → M �L� _#a
���7�� ���< �H ��� S%>� ? � 1�"x� A��7 /-�� ? �a +�N�< � \�40 9�< E
� \V�< �0 S

� �7 /DGH J��'g �7 �H J�'s	- +��� � \V�< �0 A$%&�'�
_+���

22 ? �	� �� ��#� � $<��#�7 �# �0-��L (�h) �# A�4;�7 1�gGt� 2� � 2I � �N�
�# �#�@/� E#�&4�� 2! �� ��N� �# �0<Z .� �
' � �7 E�Gg +$' Z/� ��	@ �7 ! �hD .�

+$'4N- ��	-� �7 9�< �I �hD

f : �@�T< n ≥ � Ǳ�.� �7 +p� = (�, · · · ,�,�) ∈n−� K�'H R�D _���a _2I
$�-# J�;< +K�'H /� � �*� f(A) = A(p�) 1��P �7 �� SO(n) → Sn−�

� ���� F�����	- SO(n − �) �7 f−�(p�) $�-# J�;< +��� .�7 � �4���V f
F�����	- SO(n−�) �7 f−�(p) A� p ∈ S

n−� �- Ǳ�.� �7 �H $�-# J�;< e��
+���

�	NC .� E#�&4�� �7 +$@�7/� A$'"	- �\� � ��� A��>:< M� SO(�) _^a
+��� $'"	- SO(n) A� n ≥ � �- Ǳ�.�7 �H $�'H �7�x �n �7 Ǳ��:�� � _���a

+#��# �&��� �# �j:�C# O(n) $�-# J�;< _�a

T ∗ : /C�=�� �@�T< �$@�7 />) /% $"� T : Rn → Rn �H /���P �# _���a _2�
�- Ǳ�.� �7a K�'H/� � �*� 〈T ∗(v), w

〉
=

〈
v, T (w)

〉 1��P �7 �� R
n → R

n

�h='� T∗(v) M Ǳ�.� �7 �\� � ���� />) _w −→
〈
v, T (w)

〉 �@�T< �v
#��$<�4�� ��  �V �7 �"N< T e ���� A �s<�'� +_w �→

〈
T ∗(v), w

〉 K ��# �#�&7
+#�7 $-��) A e ���� At E�#�0<��� �7��7 T ∗ e ���� �$@�7

T = �H K�8�L f�=!� ��� /���P �# �� T : Rn → Rn />) � $"� _^a
�L� +〈T (v), w

〉
=

〈
v, T (w)

〉 K�@�7 �4@�# v, w ∈ Rn �- A�.� �7 �/'* +T ∗

T /4C� �0'� � /4C� E�T<Z �$@�7 #��$<�4�� ��  �V �7 �"N< T � $"� e ���� A

�!,
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.� #��$<�4�� A���BC +At = A �$@�7 J��:4� A e ���� �H ��� ��=�� #�)
J���/� CDC−� 1��P �7 �� J��:4� e ���� �- �H #��#/� J�gq� />) �"
������ J�7�NO ^�4H .� �!! ��=&P �#a +��� A�>C /N ���� D �H ��@�<
$��*4� /N ���� �� C J���/� $�-# J�;< _+��� E$@ E#��Z JZ .� /%�%=� /��"x�
E�k � A�-��#�7 �H $�'H �̀ �@ �4
< ? � .� ��]'� ? � A��7 +#�	< ^�n4<� J���/�

+$'4N- #�	g K- �7 1��&4� E�k � � #�:� �7 ��]<
/���P �# �� _A o��]< J��:4� e ���� � a T ��=�� q�) />) � $"� _�a
�# ��<Z m〈v, T (v)

〉
≥ � A� v ∈ Rn �- A�.� �7 �H K�8�L G�"�gV� \Ah�〈

v, T (v)
〉
> K�@�7 �4@�# A� v ∈ Rn �- A�.� �7 �H K�8�L G�"� \Ah� /���P

20������' +��� � \���
*� E�T<Z �$@�7 ?�*� �"�� A �L� �H $�-# J�;< +�
+#�@ E#�&4�� 9����@ /@�H A��N��< .�

+��� ?�*��K�< �"�� E���	- At.A $�-# J�;< _#a
�H #��# #�� A� B E�T<Z �$@�7 ?�*��K�< �"�� A �L� �H $�-# J�;< _-a

_+��� E$@ R�D J��:4� A �H $@�7 J��#� a +A = B�

J���/� A = A�.A� 1��P �7 �� A� A ∈ GL(n,R) �- �H $�-# J�;< _�a
_-a �	NC � A.At 20������' +��� ?�*� �"�� A� � A� ∈ O(n) �H �@�<

+$ ��T7 �]< �# ��
20������' +$'4N- A .� �4���V /*7��� A� � A� A�0N ���� $�'H �7�x _.a
A����"<# � . E�T<Z �A(n) = A

(n)

�
.A

(n)

�
� E#�7 A �7 ��T	- A����"<# {A(n)} �L�

+��� ��T	- {A(n)

�
} .�

�#��# �&���� �# �j:�C# � ��� F����U	- O(n)×Rn(n−�)/� �7 GL(n,R) _pa
A��7 A�T # o�� ? � �H $�'H ���a +{A| detA < �} � {A| detA > �}

_+$@�7/� O(n) $*7 ?��*�

�4���V /*7�� �H K�8�L i����K /���P �# �� f�, f� : X → Y �4���V 67�� �# _2!
f�(x) = � f�(x) = H(x,�) �H ##�L �D� J�'� H : X × [�;�] → Y

.� 67��� .� A��N� J��'g �7 �� Ht(x) := H(x, t) ��>7�Y �7 Ht 67��� +H(x,�)

� f� ?�7 0F����K �� H �@�T< +#�	< /:%� J���/� H� = f� �7 H� = f�

+$'��</� f�
�H ��� /'*� ? $7 f : (X,A) → (Y,B) #�	< �B ⊂ Y � A ⊂ X �L�
f�, f� : (X,A) → (Y,B) �H K �@/� ��Z#� +f(A) ⊂ B � f : X → Y

�!�



Copyright :  Dr. Mehdi Nadjafikhah < m_nadjafikhah@iust.ac.ir >

����
%� F�& ?�%� @AB & ���

$'<�� A� H �H $'V���	- /���P �# _(Y,B) �7 (X,A) .� / �04@�T< J��'g �7a
+Ht : (X,A) → (Y,B) �H ##�L �D� �"C

�7 H : R
n× [�;�] → R

n � E#�7 �4���V A : [�;�] → GL(n,R) �L� _���a
H� �\� � ��� �4���V H $�-# J�;< �#�@ � �*� H(x, t) = A(t)(x) 1��P
(Rn,Rn−{0}) o#�) A�� �7 (Rn,Rn−{0}) .� / �04@�T< J��'g �7 H� �
T : (Rn,Rn − {0}) → #�&'��< />) � $"� �- �H $ ��T7 �d�4< +$'V���	-

+$@�7/� ����	- /<�	- �@�T< �7 �detT > � �7 (Rn,Rn − {0})

f(Rn − � f(0) = 0 ���� ���	- f : Rn → Rn �@�T< $�'H R�D _^a
A�04@�T< �H $�-# J�;< �$@�7 #�&'��< Df(0) �H /���P �# +{0}) ⊂ Rn−{0}

f : (Rn,Rn − {0}) → (Rn,Rn − {0})

Df(0) : (Rn,Rn − {0}) → (Rn,Rn − {0})

H(x, t) = f(tx) $�'H � �*� � < t ≤ � A�.� �7 20������' +��� ����	-
!+5+2 K� .� (x,�) {�:< �# /T4���V 1�"x� A��7 +H(x,�) = Df(0)(x) 9�< �

+$�'H E#�&4��

/	N�D�����	- f : U → Rn � ��� 0 ∈ Rn Ǳ�$"� .� A�/T �N	- U K ��L _�a
r > � `�*@ � 0 �# 9H�� �7 .�7 A�L Br ⊂ V K ��L +$@�7/� f(0) = 0 �7
h(x) =

(
�r
n arctan |x|

)
x ��>7�Y �7 �H $@�7/� /	N�D�����	- h : Rn → Br � ���

A�04@�T< �1��P ? � �# +��� E$@ � �*�
f, f ◦ h : (Rn,Rn − {0}) → (Rn,Rn − {0})

�7 f ◦ h E�L �- �K�8�L 0 �� \L7 b,�: ��
Id : (Rn,Rn − {0}) → (Rn,Rn − {0})

+$@�7/� �:4N� Br ⊂ V ^�n4<� .� � �*� ? � �H $�-# J�;< +$@�7 ����	-

1��P �7 �� Tp : R
n → R

n �@�T< A� p ∈ R
n �- A�.� �7 K�'H R�D _#a

U, V ⊂ Rn � �$@�7 KN�D�����	- f : U → V �L� +K�'H � �*� Tp(q) = p+q

�D�O p �# f /���P �# E�T<Z �$@�7 � \�40 M �L� �H $�-# J�;< +$'@�7 .�7
�L� �H $�-# J�;< +$@�7 �0 �D�O 0 �# Tf(p)◦f◦Tp

�@�T< �H ��� �0
�� M �0<Z �� '��# �H #��# #�� �0���0� .� C A�� �#�L E�T<Z �$@�7 � \�40 M

p �- A�.� �7 y ◦ x−� �@�T< A� (x, U), (y, V ) ∈ C �- A�.� �7 � $<�@�V /�
+��� �0 �D�O U ∪ V .�

�!3
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� \�%�N<��& # y ◦ x−� �H /4C� A��7 /4O _#a �# {�@ �H $�'H ��� _-a
�$@�7 _� \�%�N<��& # �j��9� �<a $%&�'� M �L� �? ��7�'7 +��� /'*� �7 $@�"<
�0	N�D�����	- .� C A�� �#�L �H ��� � \�40 /���P �# M �H #�	< � �*� J���/�
�$P _#a{�@ �# C � $<�@��7 �� M �0<Z �� '��# �H ##�L �D� x : U → Rn

.� /	
O �7 �#��# �:7�>� /%"C � �*� �7 � �*� ? � �
' � 1�"x� A��7 +$'H
f(0) = 0 �7 /	N�D�����	- f : Rn → Rn �L� �K ��# .��< A�" Af���V��
�$@�7 T (x�, · · · , xn) = (x�, · · · , xn−�, xn) �
@ �7 T : R

n → R
n � E#�7

R�D �7 +��� �0 �D�O 0 �# T ◦ f � f A�04@�T< .� /
 ���# E�T<Z
�0	N�D�����	- .� C A�� �#�L ?�'� M �L� �H $�-# J�;< �K
O ? � /4��#
+��� � \�40 TM ��	� FGH �M �7 ���	- ��4)�� �- A�.� �7 E�T<Z �#� \�7

�# T3j M .� ��]'� +��� A$*7−n � ���	- A$%&�'� � . Mn ⊂ RN K ��L _22
+p, q ∈M ⊂ RN �H ���� p− q �
@ �7 A��>:< �M

J�'� A� v ∈ SN−� ��#�7 E�T<Z �N > �n + � �L� �H $�'H �7�x _���a
�H #��# #��

+�N�< A.��� v �7 M .� /-. }�- _�a
A�04@�T< 20������' +#��# �7 �# �� v ��#�7 �p �# M �7 TpM ��	� ��=&P _!a
�# �� S
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