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11.1 Introduction

Y(x)=Asinkx=Asm2mwx/A =Asing

q!; 1
—Tr —r/2 T 3m7/2 2 5/2 3 Tm/2 4 ¢
| i L | | | -
M\ MA COMA AN VA 20 x
_—A
Figure 2.6 A harmonic function, which serves as
the profile of a harmonic wave. One wavelength
corresponds to a change in phase ¢ of 27 rad.
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11.2 Fourier Transforms

11.2.1 One-Dimensional Transforms

flx) = —

1 JA
m| Jo

o0

A(k) cos kx dk +

J B(k) sin kx dk
0

—

[7.56]

A(k) and B(k), are the Fourier cosine and sine transforms of
f(x) given by

and

M. A. Mansouri-Birjandi

+ o0
A(K) = f f(x") cos kx" dx’

—_—

B(k) = f f(x') sin Kx' dx’
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oo ~+ oo
1
flx) = J’ COS ka. f(x") cos kx' dx" dk
a Jo — 0

oo ~+ o
R if sin kxf f(x') sin kx" dx' dk
T Jo —oc

But since cos K(x' — x) = cos Kx cos kx" + sin Kx sin kx’,
this can be rewritten as

flx) = LJ. {f f(x") cos K(x"—x) dx’] dk (11.1)
a Jo —o

The quantity in the square brackets is an even function of K,
and therefore changing the limits on the outer integral leads to

f(x) = ij [f f(x') cos K(x' —x) dx’] dk (11.2)
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-—I-f [f f(x") sin k(x"—x) dx’] dk =0
27 J — oo

because the factor in brackets is an odd function of k. Adding
these last two expressions yields the complex* form of the
Fourier integral,

f(x) = —f [ flx') e dx] gk (11.3)

Thus we can write

f(x) = 1 f F(k)e ™ dk (11.4)
27T

provided that

F(k) = J_ f(x)e™™ dx (11.5)
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f(x) = L j F(k)e ™ dk (11.4)
27?' —o

provided that
F(k) = f +: f(x)e™™ dx (11.5)
F(k) = F f(x)} (11.6)
F(k) = A(k) + iB(k) (11.7a)
F(k) = |F(k)|e"®™® (11.7b)
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inverse Fourier transform of F(k), or symbolically

f(x) = F~HF(K} = FYF{f(x)}} (11.8)

K = l/)\;k/i’,ﬂ'

F{F(k)} = 2w f(—x) while %~ YF(k)} = f(x)

we would merely have to replace x by ¢ and then k, the angu-
lar spatial frequency, by w, the angular temporal frequency, in

f(r)=1f Flw)e “dw (11.9)
27 J—=

o
F(w)—f f(t)e'" dt (11.10)
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Function Transform

4+ oo f,(x) Fy(k)

f(x) = 1 F(k)e ** dk
27?' oo

F(k) = f_ f(x)e™™ dx

(b)
J4(x) F,(k)

Lx) = fi(x) + f(x) >

Fi(k) = Fi(k) + Fy(k)
Llx) = filx) + f,(x) (c) Filky = Fi(k) + Fy(k)

F[k} —_ :?{ f'[.r]} Flk) = F{f(x0)}

Figure 11.1 A composite function and its Fourier transform.,
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Transform of the Gaussian Function

f(x) = Ce “anc where C = Va/m and a is a constant

F(k) _ f (CE’ —nr:)‘?;kxdx

On completing the square, the exponent, —ax~ + ikx,
becomes —(x\a — ik/2\/a)* — k?/4a, and letting x Va —
ik/2V a = B yields

=
C 2 2
F(k) = —\—/EE’_!\ ’MGJ.F e P dB

The definite integral can be found in tables and equals \V/7r;
hence

F(k) = e K/ (11.12)
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J,0, — ]

o, =1/V2a Ok = V2a

(a) fix) (b) Fo(hj
d Valm {
|
| | - -
0 o, ' 0 g, k

Figure 11.2 A Gaussian and its Fourier transform.
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11.2.2 Two-Dimensional Transforms

flxy) =

and

M. A. Mansouri-Birjandi

1 _ f f F(k.k e "5 tR v qpe dk. (11.13)
(27r)” J : :
F(k.k,) = fff(x,y)e“k“"*k*”dxdy (11.14)

K.x + K,y = constant = A

K
y=——xx+

A
— 11.15
k¥ Tk (1D
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k.x + K,y = constant = A L

y=——x+

The orientation of the constant phase lines 1s

k
a = tan_li = tanli—i (11.16)
1
Ao = k, = VK2 + K>
\/Af + X, '

M. A. Mansouri-Birjandi
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Transform of the Cylinder Function

-

) | 1 \/’;Tyi < 4 (1 l 19) S
X,y) = .
Jlxy 0 Vi*+y >a

e

kK. = Kk, cos

K,= K, sin «
' (11.20)

X = rcos @

y = rsin 6 f

dxdy = rdrdf /(\

a ("2

=) 6={} ky

(11.21) ‘

Fourier Optics 15
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a 2T
[‘(ka) — j f eikarcosﬂ do
0 0

F(k,) = wa Jo(Kyr)r dr
0

rdr (11.22)

M. A. Mansouri-Birjandi
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(11.23)
Kqa
k_2 . Jo(w)w dw (11.24)
2
F(kuf) = k_qzr k(anI(kaa)
F(k,) = 2ma’ Ji(kat) (11.25)
K. a
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Figure 10.22 Bessel functions.
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The Lens as a Fourier Transformer

Figure 11.5 The light diffracted by a transparency at the front
(or object) focal point of a lens converges to form the far-field diffrac-
tion pattern at the back (or image) focal point of the lens.
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The Lens as a Fourier Transformer

Jr (X, ¥ ‘ F(k')

Figure 11.6 The transform of the triangle function is the
sinc? function.
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11.2.3 The Dirac Delta Function

(a) f(x)=8(x)
0O x#0 1
o(x) = (11.26)
o x =10
+ oo 0 =X
f O(x) dx =1 (11.27) (b) f(x)=Ab(x)
— A
+ < + y
j 8(x)f(x)dx = f(0) d(x) dx
o —y . .
f Y () b f(x)=38(x—xo)
o(x)dx = 1
.
+ o0 L
J o(x)f(x) dx = f(0) (11.28) i
- sifting property > ! X

M. A. Mansouri-Birjandi Fourier Optics
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3(;{ _Ig) ={

(11.29)

~+ o0

f | &(x — xg)f(x) dx = j o(x")g(x") dx" = g(0)

and since g(0) = f(xy),

M. A. Mansouri-Birjandi

J’ d(x — xp)f(x) dx = f(xp) (11.30)
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sequence of Gaussians

(0
3{,(;;):\/—(;”* (11.31)
Il

a .
lim_ f 5. (x)f(x) dx = f(0) (11.33)

delta sequences
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two dimensions

5 )—{m e (1134

Y 0 otherwise '
+00

ff o(x,y)dxdy =1 (11.35)

o0

jjf(x,y)ﬁ(x — X0)0(y — yo) dx dy = f(x9,y0) (11.36)

— oo

+oo [ 400 ]
| . :
f(x) = j — e KG=XD) gk f(x') dx’
—oo 2T J -

sl
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f(x) = f o(x — x')f(x") dx’ (11.37)

-+ oo

1 , ,
S(x — x') = | e KX gk (11.38)

—+ oo

8(x) = — f e o dk = — e*"“dk (11.39)

§(x) = F {1} and so F{5(x)} = 1
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Displacements and Phase Shifts

If the &-spike is shifted off x = 0 to, say, x = x,, its transform
will change phase but not amplitude—that remains equal to one.

F{b(x — x,)} = j S(x — x,) e dx

e

F{8(x — xp)} = e (11.40)

All of this 1s quite general in its applicability, and we
observe that the Fourier transform of a function that is dis-
placed in space (or time) is the transform of the undisplaced
function multiplied by an exponential that is linear in phase

M. A. Mansouri-Birjandi Fourier Optics 25



Figure 11.9 A shifted square wave showing PN 4 Gin kx
! m
the corresponding change in phase / _ .
for each component wave. N/ | ~

b} i{sin kx 4+ 1sin3 kx)
w

M. A. Mansouri-Birjandi Fourier Optics

26



Sines and Cosines Figure 11.10 Two delta functions and their cosine-function transform.

comb(x) fix)= Y o(x—x) (11.41)  F{f(0} = > ™ (11.42)
J J
(a) fivl (b) Fik) = Aik)

Li ID'\"/\ :

E}F{f{l)} — €ika’/2 + e—e‘kd,/l

(11.43)
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Figure 11.11 Two delta functions and their sine-function transform

f(x) =8[x — (+d/2)] — 8[x — (—=d/2)]

F{f(x)} = "2 — K2 = 2 sin (kd/2) (11.44)

(a)  Sf(x) (b) B(k)
i

-
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Figure 11.12 The spectra of a shifted cosine function

fix) = Acos kg (x—x)

Most functions, even harmonic ones, will usually be a blend of
real and imaginary parts. For example, once a cosine is dis-
placed a little, the new function, which is typically neither odd

nor even, has both a real and an imaginary part. Moreover, it
can be expressed as a cosinusoidal amplitude spectrum, which
is appropriately phase-shifted (Fig. 11.12). Notice that when
the cosine is shifted A into a sine, the relative phase difference
between the two component delta functions is again 7 rad.

M. A. Mansouri-Birjandi Fourier Optics

fix) = Acos kg (x-xg)

-4

|F (k)|

_‘-‘0 0 +ko
(k)

koxo— e
~

—ilq, <10 - +i’

~
./-koxl}—*
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(a) } f(x)=A F (k)

(b) | f(x)=A cos kox ) F(k)

A TA|_

/NS
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(c) b f(x)= Acus3kgx | F(k)
-'-/\/\f\/\/"i |
\/ \/ -3k, +3k,
(d) y f(x)=A(1+cos kyx) 5oa b FO)
- _kg U +kD -k
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Figure 11.13 Some functions and their transforms.

(b) § f(x)=A cos kox | F(k)

A TA|_
/N i
/ 0 \y Ao —koO| +k, k

(©)  FO)=A sin kox p FUO

ab . > I

+kg

-— ""k
L R
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Figure 11.14 (a) The comb function and its transform
(b) A shifted comb function and its transform.

(a) fix) Fik)

17 _ﬂ‘ k
d
ko 2k,
(b) b fix) F(k)
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11.3 Optical Applications

11.3.1 Linear Systems
system is linear if:

1. multiplying f(y, z) by a constant a produces an output
ag(t, Z).

2. when the input is a weighted sum of two (or more) func-
tions, afi(y, z) + bf>(y, z), the output will similarly have
the form ag.(Y, Z) + bg,(Y, Z), where f,(y, z) and f>(y, z)
generate g,(Y, Z) and g,(Y, Z) respectively.

Furthermore, a linear system will be space invariant if it pos-
sesses the property of stationarity; that is, in effect, changing
the position of the input merely changes the location of the
output without altering its functional form. The 1dea behind

M. A. Mansouri-Birjandi Fourier Optics 34



impulse response

the input and output can be written as

8(Y.Z) = Lif(y.2)} (11.46)

gY,z2) =% jjf(y’, Z')6(y' —y)o(z' —z)dy" d7’

g(Y Z) = jﬁf(y’, 7 )E{8(y — y)d(z' — z)}dy' d7’
- (11.47)
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Consider the self-luminous and, therefore, incoherent
source depicted in Fig. 11.15. We can imagine that each point
on the object plane, 2, emits light that is processed by the

Figure 11.15 A lens system forming an image.
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di(Y,Z) = 5(v, z; Y, Z)Io(y, z) dy dz  (11.48)

+coc
I(Y, Z) = Jf Iy, z)o(y, z; Y, Z)dy dz (11.49)

+ o0
Ii(Y, Z) = AJ’f O(y —¥o)o(z —zp)o(y, 2, Y, Z)dy dz

from the sifting property — mmE) I;(Y, Z) = Ad(yo, 20, Y, Z)
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Optical system

I,

Figure 11.16 The point-spread function: the irradiance produced
by the optical system with an input point source.
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Figure 11.17 Here (a) is convolved first o
with (b) to produce (c) i i i
and then with (d) to produce (e). ? 1 )

Siv. ¥} (c)
The resulting pattern is the sum of all the J\
spread-out contributions as indicated

by the dashed curve in (e). \ n M
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Figure 11.18

The point-spread function.

Sy, z2; Y, Z)= (Y =y, Z—2)

$(Y-y)
Y
— ~—(Y-y)
o————y—-——-—”
- NN
Y=y a

b
I— i(f)

(11.50)

+ o
L(Y,Z)=J‘flg(y,:)ﬁﬁ(Y—y,ZZ)dydz: (11.51)

M. A. Mansouri-Birjandi
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11.3.2 The Convolution Integral

one-dimensional

400

gX)=|  fon(X — x)dx

— 00

M. A. Mansouri-Birjandi

(11.52)

1 i l ii -

| (b)
i,
¥
|
(d)
~ =
- —7 A\
| \
M, N\ !
el e (WY
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11.3.2 The Convolution Integral

two dimensions

+ =<
L(Y,Z)—J'J’Ig(y,:)s?(}’—y,zZ)dydz: (11.51)

AN

A~ S0 dx -
SN

M. A. Mansouri-Birjandi

SUOMACX ) dx

SO X;) dx

—— s o e

.IHJL}'M:X - x)
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flx)

T f(x)h(0)

f{x:lﬁ'[f = x3)

Figure 11.19 The overlapping
*2 of weighted spread functions.



(<) . ‘

i gl!X} |
M—/\/\
- |

(=D . ‘

W

Figure 11.20 The irradiance distribution is converted to a function f(x)
shown in (&). This is convolved with a §-function (b) to yield a duplicate
of f(x). By contrast, convolving f(x) with the spread function h; in (d)
yields a smoothed-out curve represented by g:(x) in (e).
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h(x)
/Jj\ X

Ca)y

[§=3]

(=]

t f(x)
X
h(X — x)
f(x) ‘
L N = N
I d | =

Figure 11.21 The geometry of the convolution process in the object
coordinates.
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(a) &

/"/’_\ Wa T .
MX.*‘IJ)‘
® I ﬁfl(x x)
S 2 v
/ f(x;) h(X - x;)

| D

Figure 11.22 The geometry of the convolution process in the image
coordinates.
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f(x) h(X — Xx)
| 1 ® 1 | -
I————d'——-—l | d |
| 1 1 1 .
1 1 I 1 -
| S R R x
l [ T | ~
1 T , 1 .
l A
i | | L x
L 2d |
I 1

Figure 11.23 Convolution of two square pulses. The fact that we rep-
resented f(x) by a finite number of delta functions (viz., /) accounts for
the steps in g(X).
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X, X, Xy X, Xs Xo X,

Figure 11.24 Convolution of two square pulses.
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Here the volume under the product curve Iy(y, z)S(Y —y,
Z — z), that 1s, the region of overlap, equals I;(Y, Z) at (Y, Z);

Io(y, 2)

Figure 11.25 Convolution in two dimensions.
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The Convolution Theorem

Suppose we have two functions f(x) and h(x) with Fourier
transforms #{ f(x)} = F(k) and F{h(x)} = H(k), respectively.
The convolution theorem states thatif ¢ = f ® h,

Flgt = Ff @ hp = F{f} Fhi (11.53)

or G(k) = F(k)H(k) (11.54)

where F#{g} = G(k). The proof is quite straightforward:

+ 00

g(X)e™ ™ dx

=J e""‘*XU f(x)h(X — x)dx]dX

M. A. Mansouri-Birjandi Fourier Optics 49
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+ o0

F{f ® h} = f g(X)e"™ dx

- J e*'"XU f{x)h(X—x)dx]dX

p— —

G(k) = f j WX — x)e™dX | f(x) dx

— —

Thus

If we put w = X — x in the inner integral, then dX = dw and

G(k) = f f(x)eik”dxf h(w)e'™ dw

Hence
G(k) = F(k)H(k)
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F{g} = [d sinc (kd/2))* (11.55)

/ ® h = g

F(f) x F {h) _
4 |
d d
-/ \dsinc (v) x i Tdsiﬂc (u)=
~=n 0 m"2n =n |0 m2nm
kd _ kd
U = ? u = 2

Figure 11.26 An illustration of the convolution theorem.
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Ff}

d
dsinc (u)

0O and—-n

Figure 11.27 An illustration of the convolution theorem.
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Frequency Convolution Theorem

gy
I

kg 0 ky k

Figure 11.28
An example of the {r{f h) = O“{f}@ F{h} (11.56)

frequency convolution
theorem.
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Transform of the Gaussian Wave Packet

E(X, f) — Eoe—il{k”x—mr]

F{E(x, 0)}
'l

E(x,0)
T /\/Ef_ﬂxzfﬂkﬂx I
,--'m‘\\ 1 e—{k-ku]:f"‘?
A I
A/ﬁ/ I .
~ h‘\
L1711 A
N e
N
\U\\ u/
o 1Y
g = — —=l |-
Ko

Figure 11.29 A Gaussian wave packet and its transform.
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E(X, f) — Eoe—il{k”x—mr]

dent of time, we can write it as
E(x,0) = f(x)e "

Now, to determine F{f (xje '**} evaluate

~+ oo
j f(x)e %o e™ dx

Letting k' = k — kg, we get

+ 2
F(k') = f fx)e™**dx = F(k — ko)

M. A. Mansouri-Birjandi Fourier Optics

(11.57)

(11.58)
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[n other words, if F(k) = F{f(x)}. then F(k — ko) =
F{f(x)e "**}. For the specific case of a Gaussian envelope
[Eq. (11.11)], as in the figure, f(x) = Va/me “*, that is,

E(x,0) = Va/me e o (11.59)

From the foregoing discussion and Eq. (11.12), it follows that

F{E(x,0)) = ¢~k k/4a (11.60)
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11.3.3 Fourier Methods in Diffraction Theory

(wr—kR)

Fraunhofer Diffraction 7 _ & f f e MIVEZI/R g ge (11.61)

R

Aperture

Figure 10.18 Fraunhofer diffraction from
an arbitrary aperture, where r and R are
very large compared to the size of the hole.

//
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aperture function (y, z) = sdo(y, z)e'*™> (11.62)

+ o
E(Y,Z) = f f Ay, 7)e*DHEIR gy 4= (11.63)

and K as
ky = kY/R = ksin ¢ = k cos B (11.64)

and k;=kZ/R = ksin 6 = k cos y (11.65)

For each point on the image plane, there is a corresponding
spatial frequency. The diffracted field can now be written as

+ oo
E(Ky, kz) = j f A(y,z)e" KD dy dz  (11.66)
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and we’ve arrived at the key point: the field distribution in the
Fraunhofer diffraction pattern is the Fourier transform of
the field distribution across the aperture (i.e., the aperture
function). Symbolically, this 1s written as

E(ky, kz) = F{A(y,2)} (11.67)

The field distribution in the image plane is the spatial-fre-
quency spectrum of the aperture function. The inverse trans-
form is then

Ay, z) = E(ky, ky)e "0t gk, dk,  (11.68)

(2 )
that 1s,

A(y,z) = F YE(ky, kz)} (11.69)
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