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where X, = (1 = 2v)X* + X. Some bounds for the weighted Davis-Wielandt Berezin
number are also established.
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1 Introduction and preliminaries
Let £ (#H) be the Banach algebra of all bounded linear operators defined on a complex
Hilbert space (#, (-, -)) with the identity operator I3; in £ (#). Recall that the numerical
range and the numerical radius of X € £(#) are defined by W (X) := { <Xy, y) yeH &
||y|| = 1} and w (X) :=sup{|t|: t € W (X)}, respectively.

For further details on the numerical radius, see [5, 23—25] and references therein. More-
over, one of the most less commonly celebrated generalizations of the numerical range and
the numerical radius is the Davis-Wielandt shell and its radius of X € L(H), which are de-
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fined as:
DWX) = {(X3,9), Xy, Xy): yeH & |lyll = 1},
and

aw(X) :=sup{|t|: T € DW(X)}

= sup { VI )P + 1017 : y e H & Iyl = 1}. M

The following inequality immediately comes from (1):

max{w(X), [IX 1%} < dw(X) < v/w2(X) + | X||*

for any X € £ (H). It is easy to see that the Davis-Wielandt radius is not a norm. The
Davis-Wielandt shell and its radius were first introduced and described by Davis [9] and
Wielandt [29]. In fact, the Davis-Wielandt shell DW (X) gives more information about the
operator X and W (X). For instance, in the finite-dimensional case, Li and Poon proved
[26] that the normal property of Hilbert space operators can be completely determined
by the geometrical shape of their Davis-Wielandt shells, namely, X € M,, (C) is normal if
and only if DW (X) is a polyhedron in C x R identified with R3. Moreover, in the finite-
dimensional case, the spectrum of an operator X; sp (X) is finite, and DW (X) is always
closed. These conditions are no longer equivalent for an infinite-dimensional operator X.
It has many properties, as discussed in reference [32]. The projection of the set DW (X)
on the first co-ordinate is W (X). One can easily check that dw (-) is unitarily invariant,
but it does not define a norm on L (H).

The Cartesian decomposition of an operator X € L£(#) can be written as X = RN(X) +
i3(X), where R(X) = XX and I(X) = X5 A generalization of this decomposition was

2 2i
introduced in [28], called the weighted real and imaginary parts of X defined as:

R,00 = (1 — X" 40X & 3,00 = L= WX—vX

for all v € [0,1].

Obviously, for v = %, NRp(X) = RX) and J,(X) = J(X). It is easy to see that every operator
X € L(H), Nu(X) + iSy(X) = (1 — 2v)X™* + X. In [23], the authors defined the weighted
numerical radius by the formula:

wy(X) := sup {0 +i,0)ys ) | = w((@ = 20)X* + X)
J/ =

for all X € £(#H) and v € [0, 1]. Conde et al. [8] and Nayak [27] introduced the weighted

numerical radius as follows:

wy(X) := sup “§)iv(ei9X)” for v € [0,1].
0eR

A functional Hilbert space is the Hilbert space of complex-valued functions on some set
® C C that the evaluation functionals ¢, (f ) =f (A), A € O are continuous on H. Then, by
the Riesz representation theorem, there is a unique element k; € H such thatf (1) = (f , k,\)
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for all f € H and every A € ©. The function k on ® x ® defined by k (z,A) = k; (2) is called
the reproducing kernel of # [2]. It was shown that k; (z) can be represented by

k(@)= e, (Mey (2)

n=1

for any orthonormal basis {e, },>1 of 1, see [30]. For example, for the Hardy-Hilbert space
H? = H? (D) over the unit disc D = {z € C: |z| < 1}, {z"},>1 is an orthonormal basis, and

0 R — — —
therefore the reproducing kernel of 74 is the function k; (z) = Y A,2" = (1 - Az) 1, reD.
n=1

Let k; = ”:ﬁ be the normalized reproducing kernel of the space #. For a given bounded
linear operator X on H, the Berezin symbol (or Berezin transform) of X is the bounded

function X on © defined by
X () = (XK, 2) K. (2)), 1 € ©.

Animportant property of the Berezin symbol is that forall X, Y € £ (H) if X ) = Y () for
all A € ©, then X = Y (at least when 7 consists of analytic functions Zhu [33]). For more
details, see [7, 11, 14, 17-22]. So, the map X — Xis injective [13]. The Berezin set and the
Berezin number of an operator X are defined by Ber (X) = {)N( M :re @} = Range (;(),
and ber (X) = sup{|y|:y € Ber (X)} = sup, c¢ ’)N( (1)|, respectively.

The Crawford Berezin number of the operator X is defined by cper(X) := inf{ |)~( M)]:re
©®} [18]. In [10], the authors defined the weighted Berezin radius and the weighted Berezin
norm for all operators X € L(H) and all v € [0,1], as follows:

ber, (X) := sup | (%, (X) + i, 0Ok, & )|
LEO
and
IX Iber, := sup [| (R, (X) + i3, O, | -
rE®

The concepts of the Davis-Wielandt Berezin set and the Davis-Wielandt Berezin number
were introduced in [1] as follows:

DWper(X) = {(Xki, K), (XK, XK; ) : 1 € ©}

and

AWper(X) = sup {\/ |(XRo K2 + ||XE||4} :

rE®

Now, we can see that dwpe,(X) < dw(X). It is easy to see that the Davis-Wielandt Berezin
number of X € L(H) satisfying the following inequality:

max {ber(X), [|X[[§e } < dWher(X) < /ber’(X) + [ X I} 2)

Several properties and generalizations of the Berezin number and the Davis-Wielandt ra-
dius have been studied in [3, 4, 12, 15, 16, 31]. Utilizing the definition of the weighted
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numerical radius, if H = H(®) is a reproducing kernel Hilbert space, for X € L(H) and
v € [0, 1], we define the weighted Davis-Wielandt Berezin number (WDWB) as follows:

— 2 ~
AWper, (X) := sup {\/ ’(S}{V(X) + i?sv(X))(x)} + 0,00 + 3,00 G| 2 e @)} .

It is easy to see that this definition is equal to

AWper, (X) = sup {\/]((1 —2u)X* +X)()»)‘2 @ -20x + )GE)|*: A e @] .

By the definition of dwper, (-), we get

max {ber(X), | Xler, } < dWber, X) < \/berim + 11X Ifer, for 3)

forall X € L(H)and v € [0,1].
In this paper, we study the weighted Davis-Wielandt Berezin number, deriving related
inequalities and establishing several bounds for it.

2 Some inequalities for the weighted Davis-Wielandt Berezin number

In the present section, we show some new inequalities for the weighted Davis-Wielandt
Berezin number of operators on the reproducing kernel Hilbert space H = H(®). The
following well-known lemmas are essential for proving our results. We begin with the
Buzano inequality.

Lemma 1 [6] Let x,y,e € H with |e|| = 1. Then

(I + iyl -

N =

(%, ) (e, x)| =
The next lemma is the McCarty inequality for positive operators.

Lemma 2 (McCarty inequality). Let X € L(H) be a positive operator. Then, for all unit

vectors y € H, we have
(X3,9)" < (XP3,9),
where p > 1. This inequality is reversed if 0 < p < 1.
The generalized mixed Schwarz inequality was introduced in [23], as follows:

Lemma 3 (23, Theorem 1] Let X € L(H) and x,y € H be any vectors.
» Iff, g are nonnegative continuous functions on [0, 00) satisfying the relation

Ffg(t) = t(t € [0,00)), then |(Xx,p)| < |f (XD || |g (X*Dy|;
o IfO<a <1, then |(Xx,5)|” < (X1 x,2) (| X219y, ).

Our first result of this section is lower and upper bounds for dwper, (-).
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Theorem 4 Let X € L(H). Then
1
(Ber (X, 41X, ) + o (X, - 1))
2
< AWy, (X)
1

=<

(ber*(X, + X, ) + ber*(X, — |X,|)

N

forallv e[0,1] and X, = (1 - 2v)X* + X.
Proof If/la € H(®) and v € [0, 1], then
(@ = 20)X* + X0k, B)|” + (@ = 20)X* + X0k, || *
1 - ~ ~
=3 (1 = 20X + X0k, &) + (1= 20)X* + Xy, (1 = 20X + X)ky)|*
1 o~ o~ _~ _~
+ §|(((1 = 20)X* + X0k, k) — (1= 20)X* + X)ky, (1 = 20)X* + X)ky ) *
1 -~ o~ ~ o~
= S A =20X" + XDk ko) + (1(1 = 20X + XK, k)
1 _~ _ -~
+ A =20)X + X0k, o) = (0= 20X + Xk, Ko ) P
= %|<(1 —2D)XF + X + (1 = 20X + X%k, ko) |2
1 PR
+ §|<(1 —20)X* + X — |(1 = 20)X* + X >k, ko) |2
1 * * 27 T 2
> 5(\((1 —20)X* + X+ |(1 - 20)X* + X%, K|
£ 2 (1= 20)X* + X — |(1 - 20)X* + X|2)).
By taking the supremum over all A € ®, we get
2 1 2 2 2 2
Do, (X0 = 5 (ber’ (X, + 1X,) + CherX, = X, D),
where v € [0,1] and X, = (1 - 2v)X* + X. To find the upper bound, we have
(@ = 20X + X0k, T )| + [ (1 = 20)X* + XK || *
1 -~ ~ -
= 5 (0 =200+ XE, K + (1= 200X + X, (1 - 200X + Xk,)|*
1 -~ ~ N
+2 (1= 20)X* + XEo, K ) — (1 = 20)X* + XKy, (1 = 20)X* + XK, )|
= = (1 = 20)X* + Xk, k) + {|(1 = 20)X* + X[ ks, ki
2|
1 ~ o~ o~ o~
+ E' (@ =20)X* + Xk, ko) = (|1 = 20)X* + X ks, ko) |2

1 PN
= 5“(1 —2D)X* + X + X 2k, ko) |2

1 PR
+ 5|((1 —2)X* + X — |(1 = 20)X* + X >k, ko) |2
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< (berz((l CO0XF 4+ X+ [(1=20)X* + X]?)

| =

+ber?(1 - 2v)X* + X — (1 - 2v)X* +X|2)).
Similarly, by taking the supremum over all 1 € ®, we get
1
AWper, (X) < 5 (ber2(Xv +1X,1%) + ber’(X, - |Xv|2)),

where X, = (1 - 2v)X* + X. These statements complete the proof. O

In the next theorem, we obtain some lower bounds for the weighted Davis-Wielandt

Berezin number.

Theorem 5 Let X € L(H) and v € [0,1]. Then

max {ber,(X) + Cpor, (IX17) [ X ey, + Cpep, XD} < dWpe, (X)
and

2max {ber,(X) cper, (1 X|*), | X 1o, Cter, XD} < dWp,, (X).
Proof If A € ©, then

(1= 20)X" + X0k, )| + e <|(1 —20)X* +X)|2)

* > T2 * 2> > \?
= [ = 20X 4 20K K[ + {1 = 200X + X0 Ko )

= (@ = 20)X* + X0k, )| + [ (1 = 20X + X0k, |*

< AWper, (X). 4)
Similarly, we have

GBor (1 =20)X* + ) + [ ((1 = 20)X* + X0k, [*

< {1 = 20" + X0k, K| + || (1 = 20)x* + X0k, ||

< AWper, (X). (5)
By taking the supremum over all A € © in inequalities (4) and (5), we conclude that the
first inequality holds.

For the second inequality, by applying the arithmetic-geometric mean inequality, we

obtain
2 [{((1 = 20)X" + Xk, K3 )| eper( (1 = 20)X* + X|2)
< 2[{(@ = 200X + 0k, Ko (| - 200X + X[ R Ko

=2 [((1 = 20)X* + X0k, )| [ (1 = 20)X* + X0k, ||
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< [((@ = 20)X* + 20K, &) + [ (@ = 20X + X0k | *

< dwﬁerv (X). (6)
Likewise, we have

20her((1 = 20)X* + X)) | (1 = 20)X* + X)ks ||2
<21 = 20)X* + X0k, )| [ (@ = 20)X* + X0k, ||

< dWper, (X). @)

Now, by taking the supremum over A € ® in inequalities (6) and (7), we have the second
result. 0

Remark 6 Note that the inequalities obtained in Theorem 5 (i) are sharper than the lower
bound obtained in (3). In fact,

max {ber2(X), | X |, }
< max {ber;(X) + Ger, (IX1*), 1X Ifer, + Cer, 0]

< AWper, (X)
forall X € L(H) and v € [0,1].
Corollary 7 [1, Theorem 3] Let X € L(H). Then
max {ber’(X) + Ce, (1X 1), 1 X ey + CerX0 | < AWy (X)
and
2max {ber(X) cper(IX[*), | X 1oy her(X)} < AW, (X).
Proof If we take v = % in Theorem 5, then we get the desired result. O

By applying the Buzano inequality, we present another upper bound for WDWB.

Theorem 8 Let X € L(H) and v € [0,1]. Then

deerv (X)

< \/ (1-2v)2ber*(X) + (1 - 2v)ber(X?) + (1 — v)ber(X*X + XX*) + ber (IX,[*),
where X, = (1 - 2v)X* + X.
Proof Let A € © be arbitrary. Then, first note that

(1 =20)X* + Xk, Ko )| < (1 =20) [(X, Ko)| + (XK 3| -
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Hence

(@ = 20X + X0k, B )|
< (1= 200 |(Xku, )| + [(XF, )| + 201 = 20) | (X, Ko )| | (X, K|
< (120 |(Xko T )| + |(1X TR, )| ({1 o Ko
+ (1= 20) [| (X, X | + [ X | X7 ]
(using Lemmas 1 and 3)
~ o~ 1 ~ o~
< (=207 Xk, K|+ 5 [[OXP 41X P, )|
o~ 1 o~ o~
+(1-2v) |(X?k, k)| + 71-2v) {(1XT> + X2k, k)|

(using Lemma 2)

<(1-2v)’ber’(X) + (1 — 2v)ber(X?) + (1 — v)ber(X*X + XX*).
Moreover, we obtain

(=20 + X) T |* = (@ = 200X + X) Ko, (1 = 200X + X) &)
= (11 = 20)X* + XK, &)
< <|(1 - 2v)X* +X|47<\A,//;k) (using Lemma 2)

<ber (|(1-2v)X* +X|*).
Hence

dwber,, (X) :

—~—— 2 o~
= sup i\/(a —20)X* + X)(x)) =200+ X0

< \/(1 —2v)?ber’(X) + (1 — 2v)ber(X2) + (1 — v)ber(X*X + XX*) + ber (|X,,|4),

where X, = (1 - 2v)X* + X. This proves the theorem.

Remark 9 1f we take v = % in Theorem 8, then we get

1
AWper(X) < \/ 5ber()(*)( +XX*) + ber (|1 X[*).

Lemma 10 Let X,Y € L(H) and v € [0,1]. Then

AWper, (X + (1 = )Y) < udwper,(X) + (1 = £)dWper, (Y)  for all € [0,1].

Page 8 of 13
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Proof First note that the functions |(-,s)|: H — R (s€ H) and || - |>: H — R are convex.

Therefore, for all v, u € [0,1] and all A € ®, we have

K[(l —V)(UX + (1= @) Y*) + (X + (1 - u)Y)]E,E>

= '<[u((1 — X+ X) + (1 - (1= v)Y* + Y]R@

< (@ = v)X* + 0k T )| + (4= 1)@ = )Y + YEi, k)|

= 1 |{(@ =X+ X0k K] + (1= ) (1= )Y + kK|
and

|[@ = )X + A= )Y + (X + (1= W)k |

< (@ =X+ 0K P+ (A= w) (@ =)y + k.
Hence,
AWper, (X + (1 - p)Y)

= sup { ({1 =200X" + (A= Y + X + (1 = W K),

(1= 20) (X" + (1= )Y + (uX + (1 = WYk || ) ‘ }

< sup [u ‘((((1 — 20X+ X0k, K, (1= 20X + X0k, Hz)‘

re®

+(1-p) ’<<((1 -20)Y* + Y),/;x,/k\x); H((l —20)Y" + V)k; ”2)‘ ]

< wsup ((((1 —20)X* + X0k, ki), [ (1 = 20)X7 + X0k || )‘
re®
# (L0 sup ((@ =207+ V&, T), (@ - 207" + k||

= :u/dwberv X+0- M)deerv(Y)' g

Utilizing the Hermite-Hadamard inequality, we have the next result.

Proposition 11 Let X,Y € L(H) and A,v € [0,1]. Then

X+Y
AWper, (%) < k(b

1
< / AWper, (EX + (1 - )Y ) dt
0

< deerv X) + deer,, Y)
- 2

’

Page 9 of 13
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where

1+ 1-A AMX+Y
k() = (1 = 2)dWper, (%X + - Y) + AdWper, (%) .

Proof The refined Hermite-Hadamard inequality for a convex function g on the interval
[0, 1] asserts that

g(l) <k < flg(t)dtf g0 +ed)
2 A 2

where

142 A
k() = (1— A)g (%) 1 g (5) .

Now, utilizing the above inequality for the convex function g(ut) = dwper, (X + (1 — n)Y),
we get the desired result. O

Proposition 12 Let X € L(H) be normal and v € [0,1]. Then
deerv (X ) = dwberv (X *)

Proof First note that an operator T is normal if and only if || Ty||? = || T*y||? for all y € H.
Now, if X is normal operator, then 0, (X) +iJ,(X) = (1 -2v)X* + X (0 <v < 1) is normal.

Therefore,
|0 + i3, C0)ED | = | (R - i3, 0) K| forall 2 € ©.

Hence,

—~—— 2 ~
Dlier, (X0 = S0 { 0,00 + 13,0000+ OO + imX))(kA)W}

— 2 ~
= sup { 61,00 =, + (000 - 3,00)&) ||4}

= AWpep, (X). O
Theorem 13 Let X € L(H), v € [0,1], and f, g are nonnegative continuous functions on
[0, 00) satisfying the relation f(¢)g(t) = t (t € [0,00)). Then

1 1
AWy, (X) < ber [; (FPAXD + 21X, 1) + p (@1ax;3D +g2q(|Xv|2))} ) (8)

wherep2q>1with}7+ =1.

1
q
Proof Utilizing Lemma 3, we have

(9, (0 + i3, OV, K )| + | 01,00 + 3,000, | *

= (R (0 + 30 XDk, ko) 12 + (19X + i3, X0 Ky, Ky )
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< {2 (.00 + i3, 0D K k) (g2 (19,0 — i3, 0D K ki)
+ {2 (190,00 + 13,0 ) K T (g2 (194, (X)) + 3,00 ) K &)

< }9 (2 (1%, 00 + i3, 0D & k) + $<g2 (1%, 00 - i2,0D &, k)

+ }7 (2 (10,0 + 2, P) ki k) + é (@ (10,00 + i3, X0 P) & k)
< }9 (2 (10,0 + i, 0D K K ) + 2 (€7 (19,0 - i, Q0D ki K

+ }9 (2 (IR0 + i3,012) Ko k) + %1 (g (1%,00 + i) & k)
< (}7 (72 (100 + i3, COP) +£2 (|9,(X) + i3, (X) %))

1 ~ o~
t (&1 (IR0 = i (XO1%) + & (IR, (X)) +iS,(01%)) km)
1 1
< ber [; (FFAX D) + 21X, %) + p (g*1(X:D +g2q<|xv|2))} ,

where X, = N,(X) + i3, (X). Therefore, by taking the supremum over all 1 € ®, we get the
desired result. a

Corollary 14 Let X € L(H) and v € [0,1]. Then

AWpey, (X)

- ber (R0 + 3,0 + [R(X) = i3OI + 2R, 00 + i3,(0[Y)) . )

< =
—2

In particular,
1
aw,(X) < 5ber (X1 + 1X*? + 21X[5) .

Proof If we put f(¢) = g(t) = £ and p =q =2 in inequality (8), then we immediately reach
1

inequality (9). Moreover, if we take v = 5, we get the second result. O

Theorem 15 Let X € L(H). Then

AWggr, (X) + 2Cper, (R (X) +i3,(X)) Cper, (1R (X) + i, (X)[*)

< sup ber® (ei(’(i)tv(X) +i3,(0) + [, (0 + iSv(X)|2>.
0eR

Proof Let A € ® and 6§ € R. Then
(9, (0 + i3, OV, Ko )| + | 91,00 + 3,000, | *
+ 2 (X)) + i3, OV k) (199,00 + 83,00 P K ki)

= (€ R X + 13, COYew K|+ [ 1,00 + i3, 0K |
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+ 2 [{(M X)) + i3, OV k) (199,00 + 83,0 P K ki)
= (00 + i3, GOV, & )| + | (RO + i3, XK [

+2(e? (R, (0 + i3, OV, &) (19, + i, 0O K &)
= ([ (R, (0 + i3, 00k, k) + (19, (X + 13,002 &, K1)
= ((€” (M0 +i3,00) + R + im(X)F)R,’/a)Z
<ber” (¢’ (M, (X) + i, (X)) + [N, (X) + i;”sv(X)|2)

< sup ber? (ai"(mv(X) Fi%,00) + R (X) + iSU(X)|2>.
6eR

Hence

(R0 + i3, X, K )| + [ (R0 + 3,000k | *

< sup ber? (e” (R, (X) + i3, (X)) + R, (X) + i3, (X))
HeR

= 2[{O(X) + 83,0V K )| (198, (X) + 13,01 &, ki)

< sup ber? (e"‘)(sﬁv(X) +i3,00) + R (X) + iSv(X)lz)
HeR

— 2Cper, (Mu(X) +i3,(X)) per, (R (X) + i3, (X)),
Therefore, by taking the supremum over all 1 € ©, we get
dwl, (X) < sup ber’ (e”(mv()() +i3,00) + R (X) + iSv(X)|2>

0eR

= 20per, (R (X) + i3, (X)) Cher, (197, (X) +i3,(X) ). O
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