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SO 2599 4
we will derive the so-called Planck Distribution and
demonstrate that it describes two completely different

phenomena: (1) Black-body radiation (BBR); and (2)

Einstein model of a solid

Description of Einstein model and Black-Body Radiation

1. A "black body” absorbs all radiation falling on it.
From a statistical point of view, we will derive an expression
for the spectrum of electromagnetic radiation in thermal

equilibrium within a cavity.



Our sun Is a good example of a black body and we will

consider the emission spectrum for such a case.

¢ Lets begin by considering electromagnetic waves within
a box (just like a string inside a box attached to two
ends).

“ These waves can be in different modes, w=2rf each

mode o 2

d
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Different wave patterns corresponding to different modes for
electromagnetic radiation in a cavity



*+ These modes can be “excited” in units of the quantum of

energy Awsuch that the energy can be written as,
es = (s + 1/2)hw

where we have explicitly included the zero-point energy

(but, as noted before, only energy differences are physically

significant so we may just consider the zero-point energy to

be zero.

*» The figure above depicts different modes for a single
photon. If we “stuff” (¢2dl) more photons in to the box,

then there will be a greater contribution to any given

mode.



Einstein Model of a Solid

*» Recall our simple model for an Einstein solid which is
composed of atoms which can vibrate about their quilibrium
or “frozen” positions.

Key Assumptions:

(a) each atom can vibrate independently and,

(b) the atoms vibrate with simple harmonic motion.
This crude (02) model does not account for coupling between
the atoms which we will later address with the Debye Model
Differences between the Einstein model and BBR

*» The harmonic oscillators treated in the Einstein model are

localized whereas the E&M waves of our cavity mode are
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distributed throughout the interior of the box.

< For the oscillator, the label s in the energy €; = shw
Denotes the quantum number, whereas for a given E&M
mode s gives the number of photons in the mode.

% Nonetheless(Jwul L), the statistical physics of the two
problems is similar, since the photons do not interact with

each other.

Planck Distribution

1. What is our partition function (for either model)?

oo
7 — E e~ sFhw
s=0

If we let = exp(—(hw), then we note that since 2 < 1 the above infinite series
converges and when summed (show in assignment) gives us,



1

4= 1 — exp(—fhw)’

which, you will note is independent of s.

2. What about probabilities? The probability that the system is in the state s with energy
€, = shw is simply,

e—sﬁﬁw

P(s) = ~ (10.4)

3. How do we calculate the thermal average of s?

(s) = sP(s) (10.5)
s=0
If we let y = Shw then we may write,
., d . dZ
;Se o= —d—yZe y:—d—y
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Therefore,
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Thus, we arrive at the Planck Distribution function:

1

(10.6)

This equation describes the thermal average number of photons in a single mode of
frequency w. Alternatively, it is the average number of phonons (lattice vibrations) for

a given mode in an elastic solid.

4. The average energy for a given mode w is then given as,

(€) = {s)hw =

ebhw _

(10.7)
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