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IMPROVED INEQUALITIES FOR THE BEREZIN NUMBER

DAVOOD AFRAZ, RAHMATOLLAH LASHKARIPOUR AND MOJTABA BAKHERAD *

(Communicated by T. Buric)

Abstract. A functional Hilbert space is the Hilbert space of complex-valued functions on some

set © C C that the evaluation functionals ¢@; (f) = f(7), T € © are continuous on ¢ . The

Berezin number(radius) of an operator 7 is defined by ber(T) = sup ‘ (Tke, k)|, where the op-
€0

erator T acts on the reproducing kernel Hilbert space .7 = ¢ (©) over some(non-empty) set
©. In this paper, we give some Berezin number inequalities. Moreover, we present some in-
equalities involving the weighted Berezin number of operators on the reproducing kernel Hilbert
space.

1. Introduction

Suppose that (47, (-,-)) is a complex Hilbert space and .Z () is the C*-algebra
of all bounded linear operators defined on .7# . For an operator T € . (J¢), the Carte-
sian decomposition of an operator 7 € .Z () can be written as T = R(T) +i3(T),
where R(7) = 5 and §(T) = 5.

A functional Hilbert space is the Hilbert space of complex-valued functions on
some set © C C that the evaluation functionals @ (f) = f (7), 7 € © are continuous on
. Applying the Riesz representation theorem there is a unique element k; € ¢ such
that f (1) = (f,k¢) forall f € 5 and every 7 € ©. The function k on © x © defined

by k(z,7) = k¢ (z) is called the reproducing kernel of J#, see [1]. It was shown that

kz (z) can be represented by k; (z) = Y. e, (7)en (z) for any orthonormal basis {ep},>1

n=1
of . For example for the Hardy-Hilbert space J#? = (D) over the unit disc
D={z€C:|z] <1}, {Z"},>1 is an orthonormal basis, and so the reproducing kernel

of 72 is the function k;(z) = ¥ Tt" = (1—Tz) ', 1€ D. Let k; = HIIE_ZII be the
n=1

normalized reproducing kernel of the space 77 (RKHS). For a given bounded linear
operator T on 7, the Berezin symbol(or Berezin transform) of 7' is the bounded
function T on © defined by

T (1) =(Thk(2) ke (2)), T€O.
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An important property of the Berezin symbol is that for all T,§ € £ (J¢) if T (1) =
S(7) forall T e O, then T = S, see Zhu [26] and for more details, see [4, 9, 12, 17, 18].
So, the map T'— T is injective [13]. The Berezin set and the Berezin number(radius)

of an operator 7' are defined, respectively, by

Ber (T) = Range (T) and  ber (T) = sup|(Tke,kc)|.
T€O

Recall that the numerical range and the numerical radius number of T € £ () are
defined, respectively, by

W(T):={(Tx,x):x€ s and ||x|=1} and w(T):= sup [(Tx,x)|.
(Txx)eW(T)

For more facts about the numerical radius, we refer the reader to [7, 20, 21, 22] and
references therein. It is clear that the Berezin transform A is the bounded function on
© whose values in the numerical range of the operator A and hence Ber(A) C W(A)
and ber(A) < w(A) for all A € £ (). Karaev [19] showed that for A=S® S €
A (% 2) , where S is the shift operator defined by Sf(z) = zf(z) on the Hardy-Hilbert
space 2 = (D) over the unitdisc D= {z € C:|z] < 1}, A(A) =|A2(1—|A]2),
and thus Ber(4) = [0,%] & [0,1] = W(A) and ber(A) = 1 < 1= w(A). For more
information about the Berezin number and the Berezin norm, see [5, 9, 11, 14, 15, 18]
and references therein.
The Berezin norm of an operator T € .Z (J¢) is defined by

”THber ‘= Ssup |<Tk77kl-l>|'
T,UEO

Clearly, by the Cauchy-Schwarz inequality, we have ber(7) < ||T||p.. Moreover for
T,S € L(A), it is clear from the above definitions of the Berezin radius and the
Berezin norms that the following properties hold:

(1) ber(aT) = |a|ber(T) forall o € C;
(2) ber(T +S) < ber(T) + ber(S);
(3) [|AT |lper = IA| T |[pep forall A € C;
4) T+ Sllper < ITllper + 1S lIper -

A generalization of the Cartesian decomposition was introduced in [25], called the
weighted real and imaginary part of 7' defined by

(1—0)T —oT*

Ro(T)=(1—a)T*+aT and Su(T)= l

forall a € [0, 1].

Obviously for @ = 1, R (T) = R(T) and F4(T) = I(T). Itis easy to see that for
every operator T € L(H), Ro(T)+iS8e(T) = (1 —20)T*+T.
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If 2 = 2 (0©) is a reproducing kernel Hilbert space for T € £ () and o €
[0, 1], the weighed Berezin radius is defined by the following formulas [10]

bery (T) := supber(Re(eT)) = supber((1 — o0)e T + e’ T). (1)
0€R 0€R

Similar to the Berezin radius inequality, the weighted Berezin radius also satisfies the
triangle inequality

bery (7T +S) < bery(T)+bery(S) forS, T € L ().

It is easy to observe that for a0 = % , bery(T) =ber(T).
For two operators S,T € .Z () the Euclidean Berezin number and the Euclidean
Berezin norm are defined, respectively, by

ber.(S,T) := sug\/|<SlA<T,lAcT>|2+ |(TIAcT,IAcT>‘2
e

and

18,7 lemer = sup 1/ |(Skeku ) >+ |(The, R
T,UEO

One of the most basic yet useful inequalities that govern the inner product is the so-
called Cauchy-Schwarz inequality, which asserts that

[ | < [lxllllyll forallx,y € 2.

Buzano in [8] showed an extension of the Cauchy-Schwarz inequality as follows:

([ + |Ix[[llyl])  forallx,y,e € 2, (2)

| =

‘(x,e><e,x>‘ <

where |le|| = 1. For an arbitrary operator T € .Z (), the mixed Schwarz inequality
has been established by Kato in [16]. This inequality asserts that

(Tx,y)| < /(|T|x,x)(|T*|y,y) forallx,yc .

Recently, Sahoo et al. [23] proved that

X
[(axsry)] < (1B + Bl jary) )

forall x,y € 7 and all A,X,B € £ (), where X is positive. The above inequalities
have many applications to obtain numerical radius and Berezin number inequalities.
In [6], the authors obtained

X1
27‘

ber’ (A"XB) < I(A"A+BB)" || per )
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for A,B,X € £ () and r > 1. Another version of this inequality was proved by [2],
as follows:

P
2

N

n
> Aig (X7 1) A

i=1

1
Y B (XD)Bi| + -

i=1

<2A XB < ber )

1

SRR

for A;,Bi,X; € L () (1 <i< nonnegatwe continuous functions f,g on [0,)
satisfying the relatlon f( )g(t) =t (t >0), L ; q =1,r>1and pr>qr>2.

In this paper, we give some Berezin number inequalities. More precisely, in the
second section, we obtain some Berezin inequalities including the product of operators.
For instance, we prove

X 1
ber (A*XB) < g (ber (A*B) + 5ber(|A|2+ |B|2)> :
where A,B,X € £(.) such that X is positive. In the third section, we show some
the Euclidean Berezin number and the Berezin norm inequalities. Furthermore, in the

last section, we present some inequalities involving the weighted Berezin radius of
operators on the reproducing kernel Hilbert space.

2. Some inequalities related to the Berezin number
The following well known lemma are essential to prove our results in this section.

LEMMA 1. [2] Let A,B € L (). Then

ber ( [‘3 g} ) < max{ber (A) ,ber (B)}.

Our first result of this section is the following.

THEOREM 1. Suppose that A,B,X € £ () such that X is positive. Then

X 1
ber(A*XB) < ||_2|| (ber (A*B) + Eber(|A|2 + |B|2)> .

Proof. Let T € © be arbitrary. From the inequality (3), we have

=

e

|(A*X By, k)| < | (A" Bl ko) | + || Akel||| Bk-||)

=

/N
=
7~ N7 N -~/

(A Bhe ke |+ \/{APRe R <|B|z;;T,i<T>)

A A 1 PO A A
(A" Bk k)| + 5 ((A ke, ko) + <]B]2kf,kf>)>

/N
=

PN 1 A oa
Bk + (P + 8P k) )

.
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By taking the supremum over 7 € © in the above inequality, we obtain

X 1
ber (A"XB) < ”—2” (ber (A"B)+ Sber (JA]* + |B|2)) - U

REMARK 1. Supposethat A,Be L (). Ifweput X =1, r=1,p=¢g=2 and
f(t)g(t) =/t (t €]0,%)) in the inequality (5), we have

ber (A*B) < %ber(yAy% B?). (6)
Now, Theorem 1 and the inequality (6) imply that
ber (A*XB) < @ (ber (A*B) + %ber(yAy% |B|2)>
< Xlper (a1 187).

The above inequalities show that Theorem 1 is a refinement of the inequality (4) for

r=1.

LEMMA 2. Assume that A € £ (). Then

%ber (A) < ber ( {g‘ 8} ) < ber(A).

Proof. For every (T,1) € © x O, let 12(17#) = U?] be the reproducing kernel of
u

H & H ie., |ke||*+|lkull> = 1. Then, we have

w(85) {3 ] o oo

>spf [([o0] ][] cox et 42 =1}

]/%T ]’%T
AQ A
— sup <l00] 2l >  (1,7) €O x O, |[ke]| = 1
Vil v

ke ke .
=su A—,— )| :7€0, k]| =1

1 A A~
= Esup{‘<AkT,kT>| 1TE @7||k7” = 1}

1
= Eber (A).
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Further, Lemma 1 implies that
AO
< .
ber (lo 0] ) < ber (A)
Then, by the two above inequalities, we get the desired result. [

THEOREM 2. Let A;,B;,X; € L(F) forall i =1,2,--- n such that X;’s (i =
1,2,---,n) are positive. Then

c * n . 1 n
ber (ZAiXiBi> S (lrgag 1X; II) (ber <l~-21A“ Bi) + ber (; (14, + yB,-yz)>> :

i=1

Proof. Consider the operator matrices

AIO"'O BlO"'O Xl()...()
Ay 0---0 B,0---0 0X,---0
A=| . . . .|, B=| . .. .| and X=| . . . .
A,0---0 B,0---0 00--X,

Therefore

" AXXB;i0 -0
XB = ,

Utilizing Lemma 2, we have

n
ber <2A;f‘XiBi> = 2ber (A*XB)
i=1

1
< [|X|| (ber (A"B) + Eber (JA* + |B|2)> (by Theorem 1)

— X; AB; (JAi* + |B: .
((max 1 ("(ZI l >+ Lher <zr 415y ))

O
COROLLARY 1. Assume that S,T € £ (). Then

ber (ST) < IS H ber (IS*|+|TJ7).
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Proof. Let S = U|S| be the polar decomposition of S. By setting A = U|S |% ,
X=|S ]% and B =T in Theorem 1, we deduce that

1
S|} 1
ber (ST) < w (ber (U|S|%T) + Sher 57|+ yT|2)> . )

On the other hand, by the Cauchy-Schwarz inequality, we have

(V1S3 Tke ke )

- ‘<T1%T, |S|%U*i<1>
< || The 18120k |
= ST Phe,ke) (UIS|U ke, k)
— ST Phe,ke) (IS* e, ke

1 -
<5 (TP +18) ke o).

By taking the supremum over 7 € © in the above inequality, we get
1
ber (Uysy%T) < sber (712 +157). )
Therefore, the inequalities (7) and (8) imply that

1
NE:
ber (ST) < %ber(mﬂ +|TP). O
THEOREM 3. Supposethat T € £ () with the polar decomposition T =U|T|.

Then

”Tz”% (ber(UyT|%)+\/ber(|Tyr)ber(yT*ylz))

ber(T) <

and

[
2

ber(T) < <ber(U|T|’) +\/ber(|T|f)ber(|T*|’))

for 0 <t < 1.

Proof. Let T € © be arbitrary. Letting A = U|T|%, B=|T|? and X = |T|% ,in
the inequality (3), we deduce that

1
(ke k)| < 22 ({07 Hke e

LA 1 ~
T RNNT] = U ke

+\/<]T|f7<1,121><U]T]1’U*IQT,IA<1>>

/(T ke, e <yT*|1r7<T,i<T>> |
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By taking the supremum over 7 € © in the above inequality, we have

ber(T) < @ (ber (U]Tﬁ) + \/ber(yT|r)ber(|T*|lr)> .

The second inequality follows similarly by setting A = U |T]%, B = |T]% and X =
iT|I'*=". O

3. Euclidean Berezin number inequalities

The next lemma is the generalized mixed Schwarz inequality was introduced in
[24].

LEMMA 3. [24, Lemma 2.1] Let x,y,z € 7. Then

[Ge )2+ 1 x2) P < ||X||\/|<X,y>|2 12+ e, 2) [ 2l + 2 ) e, 2) (0 2)]-
LEMMA 4. [24] Let x,y,e € F with ||e|]| = 1. Then
[(x,e) 2+ [ e)* < [[{esx)x+ (e, )]

THEOREM 4. Suppose that A,B € £ (). Then

ber*(A,B) < \/ Hber2 (A)|A** + ber(B) |B*|2Hb + 2ber(A*)ber(B)ber(A*B).

Proof. Let T € O be arbitrary. By substituting x = Ak, y= Bk;, and e = k¢, in
Lemma 4, we deduce that
(Ake, ko) > + |(Bhe, ko) |
(ke Ake) Ay + (ke Bhe ) Bke ||

. *7 7 *7 7 7
- Ty bl
| ((A%ke,k)A+ (B*ke,ke)B) ke |

<

((Ake,ke)A* + (Bke,ke)B*) ((A*ke ke )A + (B*he ke )B) ke ke )

|(Ake, ko) [P 1A% + | (Bhe o) | B2 + 2% (<A*1%T,121><3121,121>A*B)) 121,12T>

|(Ake, ko) [P A2 + | (B, o) | |B*|2) kk> + (2R ((A*ke, ke ) (Bhe o) A*B) e, R )

(|<Azzf,zzf>yz 1A% 2 + | (Bl o) | |B*|2) kk> +2 (R ((A*ke, ko) (Bhe, ke )A*B) e, o)

|(Ake, ko) | 1A% 2 + | (Bhe, o) | |B*|2) 1%1,1%T> +2[((A*ker, ke ) (Br, ke )A* Bl ke |

< \/ < (ber2 (A) |A*|? + ber?(B) |B*|2) 12171%T> +2ber(A*)ber(B) |(A*Bkr, kz )|

< \/Hber2 (A)|A*|* +ber?(B) |B*|*

‘b + 2ber(A*)ber(B)ber(A*B).
er
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By taking the supremum over T € ©, we have

ber? (A, B) < \/ Hber2 (4) |A*) + ber?(B) |B*|?

) + 2ber(A*)ber(B)ber(A*B).
er
This completes the proof. []
Using the generalized mixed Schwarz inequality, we establish the next result.
THEOREM 5. Assume that A,B € £ (). Then

||(A,B)||g7ber < (ber (|A|2 4 ]B’Z) ber <|A*|2 4 ]B*,z)

1

—i—2ber(|A|+i|B])ber(]A*]+i|B*|)ber(BA*)>
Proof. Let T € O be arbitrary. Lettingy:A*lAc“,z:B*lAc“,andx:lAcT,inLemma
3, we get
A a2 A a2
[(Ake k) |” + [(Bke,ky )|
N T A A 2 s
< <|<Akf,ku>| A Ry 1>+ | (Bhe, k)| 1B k|

1

~ A ~ A A 2
2 Ak )| (B ) (54 )| )

B —

< ([|A e || A* kg |+ || Bl 1B Ky | 2 | (Ake, k)| [ (B, Ky ) | [ (BA k) |)
(by the Cauchy-Schwarz inequality)

~ (PR (Pl )+ (8 ) ()

1
2 Ak | (B ) B )| )
< (PR (P + (18P ) (8 Pl

+2\/<’AVA<TJA<T> ClA* s k) 1Bl ke o) 1B o ) |<BA*7<ua’%u>|)

(by the mixed Cauchy-Schwarz inequality)
< (<|A|2f<f,f<f><|A*|2f<u,/%u>+<|3|21%u%f><|B*|21%u,/%u>

2 (Al (A" ) (Bl (8 ) (B )| )

1
2

1
2

(by the arithmetic-geometric mean inequality)
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< ( <<|A|2i<f,i<f>2+ <|B|27<T,121>2)% <<|A*|21%“,/%u>2+ <|B*|2/2u,7<u>2> ’

42 <<1Ayi<f,i<f>2 + <|B|i<f,1%f>2)

B —

1
2

1
(0 )+ (8 ha)7) (8% ) )

< (1P + 18P Yheske) (4" 18 o )|
1

~ A ~ ~ ~ ~ 2
2] sk (18 D ) (388
(since |x+iy| = /x%+y? forany x,y € R)
< (ber(|A|2+i|B|2> ber(|A*|2+i|B*|2)
1
+2ber(|A|—i—i]B])ber(|A*|—|—i]B*])ber(BA*)>

Now, by taking the supremum over 7 € ©, we deduce that

104.5) Zer < ber (AP +415) ber (Ja"F-+ 115 P)

1

2
+2ber(|A]—i—i]B|)ber(|A*|—|—i]B*])ber(BA*)> ,
which completes the proof of the statement. [J

EXAMPLE 1. Let {el,el} be the standard orthonormal basis for C2. Consider

01) and B =

C? as a RKHS on the set {1,2}. By putting 2 by 2 matrices A = (1 0

(é }) in Theorems 4 and 5, we have

ber2(A,B) =15 \/Hberz(A) |A*|> + ber? (B) \B*]ZHb + 2ber(A*)ber(B)ber(A*B)
er
~1.41

and
1(AB)|P per =2 5 (ber(|A|2+i|B|2) ber (A" +i|B*?)

1
2

+ 2ber (|A| +i|B|) ber (|JA™| +i|B*|)ber(BA*)> ~ 3.25.
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4. Some inequalities for the weighted Berezin number

Through the present section, we give some new inequalities for the weighted
Berezin radius of operators on the reproducing kernel Hilbert space .7 = 7 (©). First,
note that by the subadditivity of the Berezin radius, we deduce that

ber(Ry (7)) =ber((1 —a)T*+ aT) < bery(T)
and
ber(34 (7)) =ber ((1 —a)T —aT*) < bery(T),
where T € Z(A), Ra(T) = (1 —a)T* +aT, 34(T) = LU and o € [0,1].
Now, we give our first lemma with concerning the Cartesian decomposition.
LEMMA 5. Suppose that T € £ () and o € [0,1]. Then
bery(T) = sup ber (sRy(T)£134(T)), 9)

s2412=1

where R(T) = (1— &)T* + T and S (T) = 1=

1

Proof. Let 6 € R and « € [0,1]. Then

, 1 . .
i0 _ - o —i0 i0
Re e T)_2<(1 a)e OT* + qe T)

(1 —oc)?—ocT*)

=cosO((1—a)T*+aT)+sinb (
i

=cosORy(T) +sin 03 (T) (10)
If we take s = cos@ and ¢t = sin 0 in (10), then by (1), we have

berq(T) = supber (%a(eieT)) = sup ber (1) £13a(T)). (A1)
se4te=

O

REMARK 2. If T € £ (), then by using the properties of the Berezin radius,
we get

(Ra(T))* + (Sa(T))2>
2

(1 —o)ober (T*T +TT*) = ber (

< = (ber (Ra(T))?) +ber (Su(T))?))

(by the subadditivity of ber)

| =

< = (ber? (Re(T)) + ber? (34(T)))
(by the convexity of f(¢) = 1)

< bery (7). (12)
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In the next theorem, we give an improvement of the inequality (12).

THEOREM 6. Assume that T € £ () and a € [0,1]. Then

sup ber (SZ(ER(X(T))2 +t2(3a(T))2) < ber (T), (13)

s2412=1

where R (T) = (1 —o)T*+ aT and S4(T) = U-a)T-ol”

1

Proof. If o € [0,1], then

sup ber <s2 (Ro(T))* +12(30 (T))z)

s2+412=1

_ 1 sup ber((si)ia(T)+t5a(T))2+(59{a(T)_fsa(T))z)

s2+412=1

2 s2412=1 $2412=1

< ! ( sup ber((sRq(T) +134(T))*) + sup ber((sRe(T) —tSa(T))2)>
(by the subadditivity of ber)

<l< sup ber? (sRy(T) +13a(T)) + sup berz(si)(a(T)—tSa(T))>
s2+12=1 s2412=1

(by the convexity of f(z) = %)
< beraz(T),

as required. [

REMARK 3. If we put t =5 = g in Theorem 6, we get an improvement of (12)

as follows:

(1—o)ober (T*T +TT*) < sup bery <s2(9ta(T))2 +t2(Sa(T)2) < bery2(T),

s2412=1

where o € [0,1]. In particular for & = 1, we deduce that

ber <#) < sup ber<s2(9i(T))2+t2(S(T)2> < ber?(T).
s2412=1

In the next theorem, we present a lower bound for the Berezin radius.

THEOREM 7. Suppose that T € £ (). Then

1
~ sup ber (s°T%+1*(T*)?) < ber*(T). (14)

s2+412=1
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Proof. Assume that k; € 2. Then
1 = [(The, ko) + [(T7he, k)|
= sup (S‘(TIACT,]%TH +t|<T*lA<T,IA<T>D2

s2412=1

> sup (T +1T)ke, ko) |

s2412=1

2|(Thke, ke)

By taking the supremum on the both sides of the last inequality over ke € A, we get

2ber’(T) > sup ber?(sT +1T*). (15)

s2412=1
Therefore

4ber’(T) > sup ber’(sT +:T*)+ sup ber*(sT —tT*)

s2412=1 s2412=1

> sup (ber((sT+tT*)2)+ber((sT—tT*)2))

s2+412=1

> sup ber ((sT +1T*)*+ (sT —tT*)?)

s24+12=1
(by the subadditivity of ber)
=2 sup ber (s°T%+*(T*)?),

s2412=1

whence we get the desired result. [

COROLLARY 2. Let T € £ (). Then
V2ber(T) > max{ sup ber(sT +:T*), sup ber(sT —:T*) 3.
s2+12=1 s2+12=1

In particular,

ber(7) > max {ber(R(T)),ber(3(T))}.

Proof. Applying the inequality (15), we get the first result. For the second in-
equality, take s =t = @ in the first inequality. [
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