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Abstract. This paper presents several inequalities related to the A-numerical radius
in the context of semi-Hilbert space operators. By integrating modern techniques
from operator theory and functional analysis, we derive new inequalities for the
A-numerical radius that emphasize the unique characteristics of semi-Hilbert space
operators. Among other results, it is shown that, if A, T ∈ B(H ), where A is a
positive and onto operator, and T has a polar decomposition given by T = U |T |,
x ∈ H , 0 ≤ α ≤ 1 and θT,x = ∠|T |αx,|T |1−α∗AU∗Ax, then

wA(T ) ≤
µ(θ)

2

∥∥∥|T |α∗A |T |α + U |T |1−α|T |1−α∗AU∗A
∥∥∥
A
,

where either 0 ≤ θ < θT,x ≤ π
2
for all unit vectors x ∈ H , or π

2
≤ θT,x < θ ≤ π for

all A-unit vectors x ∈ H .

Mathematics Subject Classification (2020): Primary: 47A30, 47A63, 15A60; Secondary:
15A45.

Key words: A-numerical radius, semi-Hilbert space, angle, Cauchy-Schwarz inequality.

1. Introduction. Let B(H ) be the Banach algebra of all bounded linear op-
erators defined on a complex Hilbert space (H , ⟨·, ·⟩) with the identity operator
IH in B(H ). An operator T ∈ B(H ) is called positive if ⟨Tx, x⟩ ≥ 0 for all
x ∈ H , and we then write T ≥ 0. The absolute value of T is denoted by
|T |, that is |T | = (T ∗T )

1
2 . For a bounded linear operator T on a Hilbert space

H , the numerical range W (T ) is the image of the unit sphere of H under
the quadratic form x → ⟨Tx, x⟩ associated with the operator. More precisely,
W (T ) = {⟨Tx, x⟩ : x ∈ H , ∥x∥ = 1} . Also, the numerical radius is defined by
w (T ) = sup {| ⟨Tx, x⟩ | : x ∈ H , ∥x∥ = 1} . This norm is equivalent to the oper-
ator norm. In fact, the following inequalities hold

1

2
∥T∥ ≤ ω (T ) ≤ ∥T∥ .

Let T ∈ B (H ). In [18], the author proved that

1

4
∥|T |2 + |T ∗|2∥ ≤ ω2(T ) ≤ 1

2
∥|T |2 + |T ∗|2∥. (1.1)
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1492 M. Bakherad

The second inequality in (1.1) is a special case of the following more general form
[14]

ω2r(T ) ≤ 1

2
∥|T |2r + |T ∗|2r∥ for all r ≥ 1. (1.2)

In [2], the authors proved that

ω2r (T ) ≤ 1

2
∥T∥2r + 1

4
∥|T |4αr + |T ∗|4(1−α)r∥ for all 0 ≤ α ≤ 1 and r ≥ 1. (1.3)

Taking r = 1 in the inequality (1.3), we get

ω2 (T ) ≤ 1

2
∥T∥2 + 1

4
∥|T |4α + |T ∗|4(1−α)∥ for all 0 ≤ α ≤ 1. (1.4)

In [22], the authors showed that if T ∈ B (H ) has the Cartesian decomposition
T = X + iY , then

ω(T ) ≤ 1

2
∥|X|2α + |X|2(1−α) + |Y |2α + |Y |2(1−α)∥ for all 0 ≤ α ≤ 1. (1.5)

EL-Haddad and Kittaneh in [14] showed that if S, T ∈ B (H ), 0 ≤ α ≤ 1 and
r ≥ 1, then

∥S + T∥r ≤ 2r−2
(
∥|S|2αr + |T |2αr∥+ ∥|S∗|2(1−α)r + |T ∗|2(1−α)r∥

)
.

Also, they proved the following numerical radius and norm inequality for the sum
of operators

ωr(S + T ) ≤ 2r−2
∥∥∥|S|2αr + |T |2αr + |S∗|2(1−α)r + |T ∗|2(1−α)r

∥∥∥ (1.6)

for S, T ∈ B (H ), 0 ≤ α ≤ 1 and r ≥ 1.
For more similar inequalities, we refer to [3, 4, 1, 8, 9, 17, 19, 21, 24, 27], as

well as their respective references.
In the following, we focus on the semi-Hilbert spaces. Any positive operator

A ∈ B(H ) defines a positive semidefinite sesquilinear form:

⟨·, ·⟩A : H × H −→ C,
⟨x, y⟩A = ⟨Ax, y⟩ (x, y ∈ H ).

Note that, for any A ∈ B(H ), R(A) and N (A) are, respectively, the rang space
of A and the null space of A. We denote by ∥ · ∥A the semi-norm induced by ⟨·, ·⟩A,
that is, ∥x∥A =

√
⟨x, x⟩A for all x ∈ H . Observe that ∥x∥A = 0 if and only if

x ∈ N (A). The semi-normed space (H , ∥ · ∥A) is a complete space if and only if
every Cauchy sequence is convergent to a member of it or, in other words, R(A)
is closed in H . For T ∈ B(H ), the A-operator semi-norm of T is defined by

∥T∥A = sup{∥Tx∥A : x ∈ R(A), ∥x∥A = 1} < +∞.

An element Z ∈ B(H ) is called an A-adjoint operator of T ∈ B(H ), if for every
x, y ∈ H , ⟨Tx, y⟩A = ⟨x, Zy⟩A. In other words, AZ = T ∗A. It follows from
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[13] that T admits an A-adjoint operator if and only if R(T ∗A) ⊆ R(A), and so
there exists a unique operator Y ∈ B(H ) such that AY = T ∗A and R(Y ) ⊆
R(A). The set of all such operators is denoted by BA(H ). If S, T ∈ BA(H ),
then ST ∈ BA(H ) and (ST )∗A = T ∗AS∗A . Moreover, if BA(H ) is the set of
all bounded linear operators on H whose A-operator seminorm is finite, then
BA(H ) ⊆ BA(H ) ⊆ B(H ). If the operator A is positive onto, then for every
operator T ∈ B(H ), we have R(T ∗A) ⊆ R(A) = H , and so B(H ) ⊆ BA(H ).

An operator T ∈ BA(H ) is called A-selfadjoint if AT is selfadjoint, i.e., AT =
T ∗A, or simply ⟨Tx, x⟩A ∈ R for all x ∈ H . For T ∈ BA(H ), T = T ∗A if and only
if T is A-selfadjoint and R(T ) ⊆ R(A). Also, T is called A-positive if AT is posi-
tive. Note that, if T is A-selfadjoint, then T ∈ BA(H ). An operator T ∈ BA(H )
is said to be A-normal if TT ∗A = T ∗AT . The fact that every selfadjoint operator
is normal does not hold in this case, i.e., an A-selfadjoint operators not necessarily
A-normal, see [7, Example 5.1]. Indeed, this property holds if T commutes with
A. Note that if T is A-positive, then

∥T∥A = sup{|⟨Tx, x⟩A| : x ∈ H , ∥x∥A = 1}.

If follows from for every T ∈ BA(H ), the operators T ∗AT and TT ∗A are both
A-positive, that

∥T ∗AT∥A = ∥TT ∗A∥A = ∥T∥2A = ∥T ∗A∥2A.

For more investigations about semi-Hilbert spaces and their details, we refer to
[5, 6, 29] and references therein.

The definition of the A-numerical radius of an operator T ∈ BA(H ) reads as
follows:

wA(T ) := sup{|⟨Tx, x⟩A| : x ∈ H , ∥x∥A = 1}
= sup{|⟨ATx, x⟩| : x ∈ H , ∥x∥A = 1}.

It follows that for any T ∈ BA(H ), that wA(T ∗A) = wA(T ).
The A-numerical radius and the numerical radius of operators in Hilbert spaces

have been extensively studied over the past few decades. They are valuable for
understanding the role of operators in various applications, including numerical
analysis, physics, information theory, differential equations, and the stability the-
ory of difference approximations for hyperbolic initial value problems (see references
[5, 6, 16, 29]). The A-numerical radius is often used as a more reliable indicator
of the convergence rate of iterative methods compared to the spectral radius. It’s
important to note that computing the A-numerical radius is an optimization prob-
lem. For more information about semi-Hilbert spaces, we refer readers to references
[7, 11, 10, 12, 20, 23, 25] and the associated literature.

Our findings will utilize the angle ∠x,y between two vectors x, y ∈ Cn or x, y ∈
H . For such x and y, the Cauchy-Schwarz inequality states that |⟨x, y⟩| ≤ ∥x∥∥y∥.
From this, the angle between the non-zero vectors x and y can be defined by

∠x,y = cos−1

(
|⟨x, y⟩|
∥x∥∥y∥

)
.
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Sababheh et al. [26, Corollary 2.1] proved a refinement of the Cauchy-Scharwz
inequality as follows

|⟨x, y⟩| ≤ µ(θx,y)∥x∥∥y∥, (1.7)

where x, y ∈ H , θx,y = ∠x,y and µ(ψ) := 1
4 (2 + cosψ cotψ log( 1+sinψ

1−sinψ )).

The function µ is defined on R− {nπ}n∈Z. Since limψ→nπ µ(ψ) = 1, we define
µ(nπ) := 1. It was also shown that the function µ is decreasing on the interval
[0, π2 ] and is increasing in [π2 , π] and the inequalities 1

2 ≤ µ(ψ) ≤ 1 hold for all
ψ ≥ 0. In fact, the following inequalities hold
(i) If 0 ≤ θ1 < θ2 ≤ π

2 , then
µ(θ2) ≤ µ(θ1); (1.8)

(ii) If π2 ≤ θ1 < θ2 ≤ π, then
µ(θ1) ≤ µ(θ2). (1.9)

Moreover, they derived a reverse version of the Cauchy-Schwarz inequality as fol-
lows: [26, Remark 2.3]:

γt(θx,y)∥x∥∥y∥ ≤ |⟨x, y⟩|, (1.10)

where

x, y ∈ H , θx,y = ∠x,y, t ∈ [0, 1], γt(ψ) := 1 − 1
2rt

(1 −
√
cos2 ψ + (2t− 1)2 sin2 ψ)

and rt = min{t, 1− t}. γt(ψ) := 1− 1
2rt

(1−
√
cos2 ψ + (2t− 1)2 sin2 ψ) is periodic

in ψ with period π and γt(ψ) = γ1−t(ψ) for t ∈ [0, 1]. Furthermore, the function
γ is decreasing on the interval [0, π2 ] and is increasing in [π2 , π] and the inequalities
0 ≤ γt(ψ) ≤ 1 holds, and also max

0⩽t⩽1
γt(ψ) = cos(ψ).

This paper aims to explore generalized inequalities involving the A-numerical
radius within the framework of semi-Hilbert spaces. Especially, we generalize the
inequalities (1.2), (1.4) and (1.5). By examining these inequalities, we can gain
deeper insights into the spectral properties and stability of operators in these gen-
eralized spaces. The results obtained could have significant ramifications for both
pure mathematics and applied fields, where such operators are frequently encoun-
tered.

2. Some bounds for A-numerical radius. In this section, we present upper
bounds related to the A-numerical radius within the context of semi-Hilbert spaces.
Our findings offer a thorough analysis of its properties and implications. Before
we delve into the main theorems and results, we will state some relevant lemmas
related to this topic.

The A-Cauchy-Schwarz inequality is stated as follows:

|⟨x, y⟩A|2 ≤ ∥x∥A∥y∥A. (2.1)

where x, y ∈ H ; see [29]. In the following lemma, we present a reversed and refined
version of the A-Cauchy-Schwarz inequality.

Lemma 2.1. Let H be a Hilbert space, A ∈ B(H ) be a positive operator and
x, y ∈ H . Then

γt(θx,y)∥x∥A∥y∥A ≤ |⟨x, y⟩A| ≤ µ(θx,y)∥x∥A∥y∥A, (2.2)
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where θx,y = ∠
A

1
2 x,A

1
2 y
, t ∈ [0, 1], rt = min{t, 1 − t}, γt(ψ) := 1 − 1

2rt
(1 −√

cos2 ψ + (2t− 1)2 sin2 ψ) and µ(ψ) := 1
4 (2 + cosψ cotψ log( 1+sinψ

1−sinψ )).

Proof. Applying the inequality (1.7), we have

γ2t (θx,y)∥x∥2A∥y∥2A = γ2t (θx,y)∥A
1
2x∥2∥A 1

2 y∥2 ≤ |⟨A 1
2x,A

1
2 y⟩|2 = |⟨x, y⟩A|2.

where θx,y = ∠
A

1
2 x,A

1
2 y
, t ∈ [0, 1], γt(ψ) := 1− 1

2rt
(1−

√
cos2 ψ + (2t− 1)2 sin2 ψ)

and rt = min{t, 1− t}. Moreover, using the inequality (1.10), we have

|⟨x, y⟩A|2 = |⟨A 1
2x,A

1
2 y⟩A|2

≤ µ2(θx,y)∥A
1
2x∥2∥A 1

2 y∥2,
= µ2(θx,y)∥x∥2A∥y∥2A,

where θx,y = ∠
A

1
2 x,A

1
2 y

and µ(ψ) := 1
4 (2 + cosψ cotψ log( 1+sinψ

1−sinψ )). 2

Lemma 2.2. Let A, T ∈ B(H ) be such that A is a positive onto operator and
T have the polar decomposition T = U |T |, x, y ∈ H and f, g be nonnegative
continuous functions on [0,+∞) satisfying the relation f(t)g(t) = t (t ∈ [0,+∞)).
Then

|⟨Tx, y⟩A|2 ≤ µ2(θT,x,y) ⟨(f(|T |))∗Af(|T |)x, x⟩A ⟨(Ug(|T |)(g(|T |))∗AU∗A) y, y⟩A ,

where θT,x,y = ∠f(|T |)x,g(|T |)∗AU∗Ay. In particular, for 0 ≤ α ≤ 1

|⟨Tx, y⟩A|2 ≤ µ2(θT,x,y)
〈
|T |α∗A |T |αx, x

〉
A

〈(
U |T |1−α|T |1−α∗A

U∗A

)
y, y

〉
A
,

where θT,x,y = ∠|T |αx,|T |1−α∗AU∗Ay.

Proof. First, note that, it follows from R(A) = H , that R(T ∗A),R(|T |A),
R(U∗A),R(UA) ⊆ R(A), and so T, |T |, U, U∗ ∈ BA(H ). If x, y ∈ H , then we
have

|⟨Tx, y⟩A|2 = |⟨U |T |x, y⟩A|2

= |⟨Ug(|T |)f(|T |)x, y⟩A|2

= |⟨f(|T |)x, (g(|T |))∗AU∗Ay⟩A|2

≤ µ2(θT,x,y) ∥f(|T |)x∥2A ∥(g(|T |))∗AU∗Ay∥2A
= µ2(θT,x,y) ⟨f(|T |)x, f(|T |)x⟩A ⟨(g(|T |))∗AU∗Ay, g(|T |)∗AU∗Ay⟩A
= µ2(θT,x,y) ⟨(f(|T |))∗Af(|T |)x, x⟩A

〈
[g(|T |)∗AU∗A ]

∗
Ag(|T |)∗AU∗Ay, y

〉
= µ2(θT,x,y) ⟨(f(|T |))∗Af(|T |)x, x⟩A ⟨[AUg(|T |)] g(|T |)∗AU∗Ay, y⟩

(since (ST )∗A = T ∗AS∗A and AS∗A = S∗A)

= µ2(θT,x,y) ⟨(f(|T |))∗Af(|T |)x, x⟩A ⟨(Ug(|T |)(g(|T |))∗AU∗A) y, y⟩A ,

where θT,x,y = ∠f(|T |)x,g(|T |)∗AU∗Ay. For the specific case, it suffices to use f(t) = tα

and g(t) = t1−α, where 0 ≤ α ≤ 1. 2
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Theorem 2.3. Let A, T ∈ B(H ) be such that A is a positive onto operator and
T have the polar decomposition T = U |T |, x ∈ H , θT,x = ∠f(|T |)x,g(|T |)∗AU∗Ax

and f, g be nonnegative continuous functions on [0,+∞) satisfying the relation
f(t)g(t) = t (t ∈ [0,+∞)). Then

wA(T ) ≤
µ(θ)

2
∥(f(|T |))∗Af(|T |) + Ug(|T |)(g(|T |))∗AU∗A∥A ,

either 0 ≤ θ < θT,x ≤ π
2 for all unit vectors x ∈ H , or π

2 ≤ θT,x < θ ≤ π for all
A-unit vectors x ∈ H .

Proof. Assume x ∈ H . Using Lemma 2.2, we have

|⟨Tx, x⟩A| ≤ µ(θT,x)
√

⟨(f(|T |))∗Af(|T |)x, x⟩A
√

⟨(Ug(|T |)(g(|T |))∗AU∗A)x, x⟩A

≤ µ(θT,x)

2
(⟨((f(|T |))∗Af(|T |) + (Ug(|T |)(g(|T |))∗AU∗A))x, x⟩A)

(by the arithmetic-geometric mean inequality)

≤ µ(θT,x)

2
∥(f(|T |))∗Af(|T |) + Ug(|T |)(g(|T |))∗AU∗A∥A ∥x∥A,

where θT,x = ∠f(|T |)x,g(|T |)∗AU∗Ax. If either 0 ≤ θ < θT,x ≤ π
2 or π

2 ≤ θT,x < θ ≤ π
for all A-unit vectors x ∈ H , then by (1.8) and (1.9), we have µ(θT,x) ≤ µ(θ).
Therefore,

|⟨Tx, x⟩A| ≤
µ(θT,x)

2
∥(f(|T |))∗Af(|T |) + Ug(|T |)(g(|T |))∗AU∗A∥A

≤ µ(θ)

2
∥(f(|T |))∗Af(|T |) + Ug(|T |)(g(|T |))∗AU∗A∥A .

By taking the supremum over x ∈ H with ∥x∥A = 1 in the above inequalities, we
get the desired results. 2

As a special case of Theorem 2.3 for f(t) = tα and g(t) = t1−α (0 ≤ α ≤ 1), we
obtain the following result.

Corollary 2.4. Let A, T ∈ B(H ) be such that A is a positive onto operator
and T have the polar decomposition T = U |T |, x ∈ H , 0 ≤ α ≤ 1 and θT,x =
∠|T |αx,|T |1−α∗AU∗Ax. Then

wA(T ) ≤
µ(θ)

2

∥∥∥|T |α∗A |T |α + U |T |1−α|T |1−α∗A
U∗A

∥∥∥
A
,

where either 0 ≤ θ < θT,x ≤ π
2 for all unit vectors x ∈ H , or π

2 ≤ θT,x < θ ≤ π for
all A-unit vectors x ∈ H .

Example 2.5. If we consider the matrix T =

[
1 3
−2 5

]
, the positive semidefinite

matrix A =

[
3 1
1 2

]
and the A-unit vector x =

[
x1
x2

]
, then by the polar decomposi-

tion

T = U |T | =
[
0.7673 0.6392
−0.6425 0.7681

] [
2.0523 −0.9032
−0.9032 5.7582

]
,
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we have

0.428789 ≲ cos(θT,x)

=
⟨|T |

1
2 x, |T |

1
2

∗A
U∗Ax⟩

∥|T |
1
2 x∥∥|T |

1
2

∗A
U∗Ax∥

=
(1.413x1 − 0.238x2)(0.932x1 − 1.091x2) + (−0.238x1 + 2.388x2)(1.344x1 + 1.987x2)√

(1.413x1 − 0.238x2)2 + (−0.238x1 + 2.388x2)2
√

(0.932x1 − 1.091x2)2 + (1.362x1 + 1.987x2)2
≲ 0.681583,

whence
47.032532◦ ≲ θT,x ≲ 64.609839◦.

Now, if we take α = 1
2 in Corollary 2.4, we obtain

wA(T ) ≃ 7.1589 ⪇
µ(θ)

2

∥∥∥|T | 12 ∗A |T | 12 + U |T | 12 |T | 12
∗A

U∗A

∥∥∥
A
≃ µ(θ)

2
31.1658,

where 0 ≤ θ < 47.032532.

Remark 2.6. If we take A = I in Corollary 2.4, we will have:

w(T ) ≤ µ(θ)

2

∥∥∥|T |α∗|T |α + U |T |1−α|T |1−α∗
U∗

∥∥∥
=
µ(θ)

2

∥∥∥|T |2α + U |T |2(1−α)U∗
∥∥∥

=
µ(θ)

2

∥∥∥|T |2α + |T ∗|2(1−α)
∥∥∥ ,

where 0 ≤ α ≤ 1 and either 0 ≤ θ < θT,x ≤ π
2 or π

2 ≤ θT,x < θ ≤ π for all unit
vectors x ∈ H . For α = 1

2 , we have

w(T ) ≤ µ(θ)

2
∥|T |+ |T ∗|∥

≤ 1

2
∥|T |+ |T ∗|∥ .

These inequalities indicate that Corollary 2.4 generalizes and refines the inequality
(1.2) for the case when the power is one.

In the theorem presented below, we generalize and refine the inequality given in
the inequality (1.5).

Theorem 2.7. Let A, T ∈ B(H ) be such that A is a positive onto operator and T
have the polar decomposition T = U |T |, µ(ψ) = 1

4 (2+cosψ cotψ log( 1+sinψ
1−sinψ )), and

let If f, g be nonnegative continuous functions on [0,+∞) satisfying the relation
f(t)g(t) = t (t ∈ [0,+∞)). If either 0 ≤ θ < θT,x ≤ π

2 or π
2 ≤ θT,x < θ ≤ π for all

A-unit vectors x ∈ H , then

ωA(T ) ≤ α∥T∥A +
(1− α)

2
µ(θ) ∥(f(|T |))∗Af(|T |) + Ug(|T |)(g(|T |))∗AU∗A∥A ,

where θT,x = ∠f(|T |)x,(g(|T |))∗AU∗Ax and 0 ≤ α ≤ 1.
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Proof. Assume T ∈ B (H ) has the polar decomposition T = U |T | and x ∈ H .
Then

|⟨Tx, y⟩|A
= α|⟨Tx, x⟩|A + (1− α)|⟨Tx, x⟩|A
≤ α∥Tx∥A∥x∥A + (1− α)|⟨Tx, x⟩|A
≤ α∥Tx∥A∥x∥A

+ (1− α)µ(θT,x)
√

⟨(f(|T |))∗Af(|T |)x, x⟩A ⟨(Ug(|T |)(g(|T |))∗AU∗A)x, x⟩A
(by Lemma (2.2))

≤ α∥Tx∥A∥x∥A

+
(1− α)

2
µ(θT,x)

(
⟨(f(|T |))∗Af(|T |)x, x⟩A + ⟨(Ug(|T |)(g(|T |))∗AU∗A)x, x⟩A

)
(by the arithmetic-geometric mean inequality)

= α∥Tx∥A∥x∥A +
(1− α)

2
µ(θT,x) ⟨((f(|T |))∗Af(|T |) + Ug(|T |)(g(|T |))∗AU∗A)x, x⟩A

≤ α∥T∥A∥x∥2A +
(1− α)

2
µ(θT,x) ∥(f(|T |))∗Af(|T |) + Ug(|T |)(g(|T |))∗AU∗A∥A ∥x∥A,

where θT,x = ∠f(|T |)x,g(|T |)∗AU∗Ax and 0 ≤ α ≤ 1. Hence,

|⟨Tx, x⟩| ≤ α∥T∥A∥x∥2A

+
(1− α)

2
µ(θT,x) ∥(f(|T |))∗Af(|T |) + Ug(|T |)(g(|T |))∗AU∗A∥A ∥x∥A (2.3)

for all 0 ≤ α ≤ 1. Using the inequality (2.3), we have
(i) If 0 ≤ θ < θT,x ≤ π

2 for all A-unit vectors x ∈ H , then

|⟨Tx, x⟩| ≤ α∥T∥A∥x∥2A

+
(1− α)

2
µ(θT,x) ∥(f(|T |))∗Af(|T |) + Ug(|T |)(g(|T |))∗AU∗A∥A ∥x∥A

≤ α∥T∥A∥x∥2A

+
(1− α)

2
µ(θ) ∥(f(|T |))∗Af(|T |) + Ug(|T |)(g(|T |))∗AU∗A∥A ∥x∥A.

By taking the supremum over x ∈ H with ∥x∥A = 1, we get

ω(T ) ≤ α∥T∥A +
(1− α)

2
µ(θ) ∥(f(|T |))∗Af(|T |) + Ug(|T |)(g(|T |))∗AU∗A∥A .

(ii) If π2 ≤ θT,x < θ ≤ π for all A-unit vectors x ∈ H , we have

|⟨Tx, x⟩| ≤ α∥T∥A∥x∥2A

+
(1− α)

2
µ(θT,x) ∥(f(|T |))∗Af(|T |) + Ug(|T |)(g(|T |))∗AU∗A∥A ∥x∥A

≤ α∥T∥A∥x∥2A

+
(1− α)

2
µ(θ) ∥(f(|T |))∗Af(|T |) + Ug(|T |)(g(|T |))∗AU∗A∥A ∥x∥A.
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Now, by taking the supremum over x ∈ H with ∥x∥A = 1, we deduce the required
result. 2

Remark 2.8. Consider the functions f(t) = tp and g(t) = t1−p (0 ≤ p ≤ 1), in
Theorem 2.7, then we have

ωA(T ) ≤ α∥T∥A +
(1− α)

2
µ(θ)

∥∥(|T |p)∗A |T |p + U |T |1−p(|T |1−p)∗AU∗A
∥∥
A
,

where θT,x = ∠|T |px,(|T |1−p)∗AU∗Ax, either 0 ≤ θ < θT,x ≤ π
2 or π

2 ≤ θT,x < θ ≤ π
for all A-unit vectors x ∈ H and 0 ≤ α ≤ 1. For an special case A = I, we abtian

ω(T ) ≤ α∥T∥+ (1− α)

2
µ(θ)

∥∥∥|T |2p + |T ∗|2(1−p)
∥∥∥ for 0 ≤ α ≤ 1.

This generalizes the inequality (1.4) to the case, where the power is one.

Theorem 2.9. Let A, T ∈ B(H ) be such that A is a positive onto operator and
T have the Cartesian decomposition T = X + iY , x, y ∈ H be A-unit vectors,
X = U |X|, Y = V |Y | be the polar decompositions of X and Y , and let f, g
be nonnegative continuous functions on [0,+∞) satisfying the relation f(t)g(t) =
t (t ∈ [0,+∞)), θX,x,y = ∠f(|X|)x,g(|X|)∗AU∗Ay, θY,x,y = ∠f(|Y |)x,g(|Y |)∗AV ∗Ay, and

µ(ψ) = 1
4 (2 + cosψ cotψ log( 1+sinψ

1−sinψ )). Then

(i) If 0 ≤ θ′ < θX,x,y ≤ π
2 and 0 ≤ θ′′ < θY,x,y ≤ π

2 for all A-unit vectors
x, y ∈ H , then

∥T∥2A ≤µ2(θ) ∥(f(|X|))∗Af(|X|) + (f(|Y |))∗Af(|Y |)∥A
∥Ug(|X|)(g(|X|))∗AU∗A + Ug(|Y |)(g(|Y |))∗AU∗A∥A ,

where θ = min{θ′, θ′′};

(ii) If π
2 ≤ θX,x,y < θ′ ≤ π and π

2 ≤ θY,x,y < θ′′ ≤ π for all A-unit vectors
x, y ∈ H , then

∥T∥2A ≤µ2(θ) ∥(f(|X|))∗Af(|X|) + (f(|Y |))∗Af(|Y |)∥A
∥Ug(|X|)(g(|X|))∗AU∗A + Ug(|Y |)(g(|Y |))∗AU∗A∥A ,

where θ = max{θ′, θ′′}.

Proof. Assume T ∈ B (H ) has the Cartesian decomposition T = X+iY , x, y ∈ H
are A-unit vectors, θX,x,y=∠f(|X|)x,g(|X|)∗AU∗Ay and θY,x,y=∠f(|Y |)x,g(|Y |)∗AV ∗Ay.
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We have

|⟨Tx, y⟩|A
= |⟨(X + iY )x, y⟩|A
≤ |⟨Xx, y⟩|A + |⟨Y x, y⟩A| (by the triangle inequality)

≤ µ(θX,x,y)
√

⟨(f(|X|))∗Af(|X|)x, x⟩A ⟨(Ug(|X|)(g(|X|))∗AU∗A) y, y⟩A

+ µ(θY,x,y)
√
⟨(f(|Y |))∗Af(|Y |)x, x⟩A ⟨(Ug(|Y |)(g(|Y |))∗AU∗A) y, y⟩A

(by Lemma 2.2)

≤ µθ

(√
⟨(f(|X|))∗Af(|X|)x, x⟩A ⟨(Ug(|X|)(g(|X|))∗AU∗A) y, y⟩A

+
√

⟨(f(|Y |))∗Af(|Y |)x, x⟩A ⟨(Ug(|Y |)(g(|Y |))∗AU∗A) y, y⟩A

)
(by µθ = max{µ(θX,x,y), µ(θY,x,y)})

≤ µθ ×
√

⟨(f(|X|))∗Af(|X|)x, x⟩A + ⟨(f(|Y |))∗Af(|Y |)x, x⟩A√
⟨(Ug(|X|)(g(|X|))∗AU∗A) y, y⟩A + ⟨(Ug(|Y |)(g(|Y |))∗AU∗A) y, y⟩A
(by the Cauchy-Schwarz inequality),

whence

|⟨Tx, y⟩|A

≤ µθ ×
√

⟨(f(|X|))∗Af(|X|)x, x⟩A + ⟨(f(|Y |))∗Af(|Y |)x, x⟩A√〈
[Ug(|X|)(g(|X|))∗AU∗A ]

∗A y, y
〉
A
+ ⟨(Ug(|Y |)(g(|Y |))∗AU∗A) y, y⟩A, (2.4)

where µθ = max{µ(θS,x,y), µ(θT,x,y)}. Hence,

|⟨Tx, y⟩|A

≤ µθ ×
√

⟨(f(|X|))∗Af(|X|)x, x⟩A + ⟨(f(|Y |))∗Af(|Y |)x, x⟩A√
⟨(Ug(|X|)(g(|X|))∗AU∗A ])y, y⟩A + ⟨(Ug(|Y |)(g(|Y |))∗AU∗A) y, y⟩A

≤ µθ ×
√

⟨((f(|X|))∗Af(|X|) + (f(|Y |))∗Af(|Y |))x, x⟩A√
⟨(Ug(|X|)(g(|X|))∗AU∗A) + (Ug(|Y |)(g(|Y |))∗AU∗A) y, y⟩A

≤ µθ ∥((f(|X|))∗Af(|X|) + (f(|Y |))∗Af(|Y |))∥
1
2

A

∥(Ug(|X|)(g(|X|))∗AU∗A) + (Ug(|Y |)(g(|Y |))∗AU∗A)∥
1
2

A , (2.5)

where µθ = max{µ(θX,x,y), µ(θY,x,y)}. Hence, we have two cases as follow:
(i) If 0 ≤ θ′ < θX,x,y ≤ π

2 and 0 ≤ θ′′ < θY,x,y ≤ π
2 for all A-unit vectors x, y ∈ H ,
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then put θ = min{θ′, θ′′}. It follows from the monotonicity of µ (1.8), θ ≤ θ′ and
θ ≤ θ′′ that

µ(θ′) ≤ µ(θ) and µ(θ′′) ≤ µ(θ). (2.6)

Moreover, by the monotonicity of µ (1.8), θ′ < θX,x,y and θ′′ < θY,x,y, we have

µ(θX,x,y) ≤ µ(θ′) and µ(θY,x,y) ≤ µ(θ′′). (2.7)

Therefore, applying (2.6) and (2.7), we obtain

µθ := max{µ(θX,x,y), µ(θY,x,y)} ≤ max{µ(θ′), µ(θ′′)} ≤ µ(θ). (2.8)

Hence, using (2.5) and (2.8), we have

|⟨Tx, y⟩| = |⟨(X + iY )x, y⟩|

≤ µθ ∥(f(|X|))∗Af(|X|) + (f(|Y |))∗Af(|Y |)∥
1
2

A

∥Ug(|X|)(g(|X|))∗AU∗A + Ug(|Y |)(g(|Y |))∗AU∗A∥
1
2

A ,

≤ µ(θ) ∥(f(|X|))∗Af(|X|) + (f(|Y |))∗Af(|Y |)∥
1
2

A

∥Ug(|X|)(g(|X|))∗AU∗A + Ug(|Y |)(g(|Y |))∗AU∗A∥
1
2

A ,

where θ = min{θ′, θ′′}. By taking the supremum on the above inequalities overall
A-unit vectors x, y ∈ H , we get the first case.
(ii) If π2 ≤ θX,x,y < θ′ ≤ π and π

2 ≤ θY,x,y < θ′′ ≤ π for all A-unit vectors x, y ∈ H ,
then put θ = max{θ′, θ′′}. It follows from the monotonicity of µ (1.9), θ′ ≤ θ and
θ′′ ≤ θ that

µ(θ′) ≤ µ(θ) and µ(θ′′) ≤ µ(θ). (2.9)

Moreover, by the monotonicity of µ (1.9), θX,x,y < θ′ and θY,x,y < θ′′, we get

µ(θX,x,y) ≤ µ(θ′) and µ(θY,x,y) ≤ µ(θ′′). (2.10)

Thus, by using (2.9) and (2.10), we obtain

µθ := max{µ(θX,x,y), µ(θY,x,y)} ≤ max{µ(θ′), µ(θ′′)} ≤ µ(θ). (2.11)

Applying (2.5) and (2.11), we have

|⟨Tx, y⟩| = |⟨(X + iY )x, y⟩|

≤ µθ ∥(f(|X|))∗Af(|X|) + (f(|Y |))∗Af(|Y |)∥
1
2

A

∥Ug(|X|)(g(|X|))∗AU∗A + Ug(|Y |)(g(|Y |))∗AU∗A∥
1
2

A ,

≤ µ(θ) ∥(f(|X|))∗Af(|X|) + (f(|Y |))∗Af(|Y |)∥
1
2

A

∥Ug(|X|)(g(|X|))∗AU∗A + Ug(|Y |)(g(|Y |))∗AU∗A∥
1
2

A ,
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By taking the supremum on the above inequalities overall A-unit vectors x ∈ H ,
we obtain the second inequality. 2

In the special case of Theorem 2.9, when A = I, we obtain the following result.

Corollary 2.10. Let T ∈ B(H ) have the Cartesian decomposition T = X + iY ,
x, y ∈ H be unit vectors, S = U |S|, T = V |T | be the polar decompositions
of X and Y , θX,x,y = ∠f(|X|)x,g(|X|)U∗y, θY,x,y = ∠f(|Y |)x,g(|Y |)V ∗y, and let f, g
be nonnegative continuous functions on [0,+∞) satisfying the relation f(t)g(t) =
t (t ∈ [0,+∞)). Then

(i) If 0 ≤ θ′ < θX,x,y ≤ π
2 and 0 ≤ θ′′ < θY,x,y ≤ π

2 for all unit vectors x, y ∈ H ,
then

∥T∥ ≤ µ(θ)
√

∥f2(|X|) + f2(|Y |)∥ ∥g2(|X|) + g2(|Y |)∥,

where θ = min{θ′, θ′′};

(ii) If π2 ≤ θX,x,y < θ′ ≤ π and π
2 ≤ θY,x,y < θ′′ ≤ π for all unit vectors x, y ∈ H ,

then

∥T∥ ≤ µ(θ)
√
∥f2(|X|) + f2(|Y |)∥ ∥g2(|X|) + g2(|Y |)∥,

where θ = max{θ′, θ′′}.

Theorem 2.11. Let A, T ∈ B(H ) be such that A is a positive onto operator and
T have the Cartesian decomposition T = X + iY , x ∈ H , X = U |X|, Y = V |Y |
be the polar decompositions of X and Y , θX,x = ∠f(|X|)x,g(|X|)∗AU∗Ax, θY,x =

∠f(|Y |)x,g(|Y |)∗AV ∗Ax, and let µ(ψ) = 1
4 (2 + cosψ cotψ log( 1+sinψ

1−sinψ )) and f, g be

nonnegative continuous functions on [0,+∞) satisfying the relation f(t)g(t) =
t (t ∈ [0,+∞)). Then

(i) If 0 ≤ θ′ < θX,x ≤ π
2 and 0 ≤ θ′′ < θY,x ≤ π

2 for all A-unit vectors x ∈ H ,
then

wA(T )

≤ µ(θ)

2
×
∥∥∥∥(f(|X|))∗Af(|X|) + (f(|Y |))∗Af(|Y |)

+ Ug(|X|)(g(|X|))∗AU∗A + Ug(|Y |)(g(|Y |))∗AU∗A

∥∥∥∥
A

,

where θ = min{θ′, θ′′};

(ii) If π2 ≤ θX,x < θ′ ≤ π and π
2 ≤ θY,x < θ′′ ≤ π for all A-unit vectors x ∈ H ,

then

wA(T )

≤ µ(θ)

2
×
∥∥∥∥(f(|X|))∗Af(|X|) + (f(|Y |))∗Af(|Y |)

+ Ug(|X|)(g(|X|))∗AU∗A + Ug(|Y |)(g(|Y |))∗AU∗A

∥∥∥∥
A

,
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where θ = max{θ′, θ′′}.

Proof. Assume T ∈ B (H ) has the Cartesian decomposition T = X + iY ,
θX,x = ∠f(|X|)x,g(|X|)∗AU∗Ax and θY,x = ∠f(|Y |)x,g(|Y |)∗AV ∗Ax. Using the inequality
(2.4), we have

|⟨Tx, x⟩|A

≤ µθ ×
√

⟨(f(|X|))∗Af(|X|)x, x⟩A + ⟨(f(|Y |))∗Af(|Y |)x, x⟩A√
⟨(Ug(|X|)(g(|X|))∗AU∗A)x, x⟩A + ⟨(Ug(|Y |)(g(|Y |))∗AU∗A)x, x⟩A

≤ µθ
2

× ⟨(f(|X|))∗Af(|X|)x, x⟩A + ⟨(f(|Y |))∗Af(|Y |)x, x⟩A
+ ⟨(Ug(|X|)(g(|X|))∗AU∗A)x, x⟩A + ⟨(Ug(|Y |)(g(|Y |))∗AU∗A)x, x⟩A

≤ µθ
2

×
∥∥∥∥(f(|X|))∗Af(|X|) + (f(|Y |))∗Af(|Y |)

+ (Ug(|X|)(g(|X|))∗AU∗A) + (Ug(|Y |)(g(|Y |))∗AU∗A)

∥∥∥∥
A

∥x∥A, (2.12)

where µθ = max{µ(θX,x), µ(θY,x)}. Hence, we have two cases as follow:
(i) If 0 ≤ θ′ < θX,x ≤ π

2 and 0 ≤ θ′′ < θY,x ≤ π
2 for all A-unit vectors x ∈ H , then

put θ = min{θ′, θ′′}. It follows from the monotonicity of µ (1.8), θ ≤ θ′ and θ ≤ θ′′

that

µ(θ′) ≤ µ(θ) and µ(θ′′) ≤ µ(θ). (2.13)

Moreover, by the monotonicity of µ (1.8), θ′ < θX,x and θ′′ < θY,x, we have

µ(θX,x) ≤ µ(θ′) and µ(θY,x) ≤ µ(θ′′). (2.14)

Therefore, applying (2.13) and (2.14), we obtain

µθ := max{µ(θX,x), µ(θY,x)} ≤ max{µ(θ′), µ(θ′′)} ≤ µ(θ). (2.15)

Applying (2.12) and (2.15), we have

|⟨Tx, x⟩|A

≤ µθ
2

×
∥∥∥∥(f(|X|))∗Af(|X|) + (f(|Y |))∗Af(|Y |)

+ Ug(|X|)(g(|X|))∗AU∗A + Ug(|Y |)(g(|Y |))∗AU∗A

∥∥∥∥
A

∥x∥A

≤ µ(θ)

2
×
∥∥∥∥(f(|X|))∗Af(|X|) + (f(|Y |))∗Af(|Y |)

+ Ug(|X|)(g(|X|))∗AU∗A + Ug(|Y |)(g(|Y |))∗AU∗A

∥∥∥∥
A

∥x∥A,

where θ = min{θ′, θ′′}. By taking the supremum on the above inequalities over an
A-unit vector x ∈ H , we get the first inequality.
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(ii) If π
2 ≤ θX,x < θ′ ≤ π and π

2 ≤ θY,x < θ′′ ≤ π for all A-unit vectors x ∈ H ,
then put θ = max{θ′, θ′′}. It follows from the monotonicity of µ (1.9), θ′ ≤ θ and
θ′′ ≤ θ that

µ(θ′) ≤ µ(θ) and µ(θ′′) ≤ µ(θ). (2.16)

Moreover, by the monotonicity of µ (1.9), θX,x < θ′ and θY,x < θ′′, we get

µ(θS,x) ≤ µ(θ′) and µ(θT,x) ≤ µ(θ′′). (2.17)

Thus, by using (2.16) and (2.17), we obtain

µθ := max{µ(θX,x), µ(θY,x)} ≤ max{µ(θ′), µ(θ′′)} ≤ µ(θ). (2.18)

Applying (2.12) and (2.18), we have

|⟨Tx, x⟩|A

≤ µθ
2

×
∥∥∥∥(f(|X|))∗Af(|X|) + (f(|Y |))∗Af(|Y |)

+ Ug(|X|)(g(|X|))∗AU∗A + Ug(|Y |)(g(|Y |))∗AU∗A

∥∥∥∥
A

∥x∥A

≤ µ(θ)

2
×
∥∥∥∥(f(|X|))∗Af(|X|) + (f(|Y |))∗Af(|Y |)

+ Ug(|X|)(g(|X|))∗AU∗A + Ug(|Y |)(g(|Y |))∗AU∗A

∥∥∥∥
A

∥x∥A,

By taking the supremum of the above inequalities for x ∈ H with ∥x∥A = 1, we
derive the second inequality. 2

Next, we will obtain [28, Lemma 2.2] for the semi-Hilbert spaces.

Lemma 2.12. Let H be a Hilbert space, x, y, z ∈ H and p ≥ 1. Then

⟨x, y⟩2pA + ⟨x, z⟩2pA ≤ ∥x∥2pA max{∥y∥2pA , ∥z∥
2p
A }+ ⟨y, z⟩pA.

Proof. Using [28, Lemma 2.2], we have

⟨x, y⟩2p + ⟨x, z⟩2p ≤ ∥x∥2pmax{∥y∥2p, ∥z∥2p}+ ⟨y, z⟩p, (2.19)

where x, y, z ∈ H and p ≥ 1. Moreover,

⟨x, y⟩2pA + ⟨x, z⟩2pA = ⟨A 1
2x,A

1
2 y⟩2p + ⟨A 1

2x,A
1
2 y⟩2p.

Applying the recent equation and the inequality (2.19), we have

⟨x, y⟩2p + ⟨x, z⟩2p = ⟨A 1
2x,A

1
2 y⟩2p + ⟨A 1

2x,A
1
2 y⟩2p

≤ ∥A 1
2x∥2pmax{∥A 1

2 y∥2p, ∥A 1
2 z∥2p}+ ⟨A 1

2 y,A
1
2 z⟩p

= ∥x∥2pA max{∥y∥2pA , ∥z∥
2p
A }+ ⟨y, z⟩pA,

as required. 2
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Theorem 2.13. Let X,Y ∈ BA (H ) and p ≥ 1. Then

21−2pw2p
A (X + Y ) ≤ wpA(XX

∗A + Y Y ∗A) + ∥XX∗A − Y Y ∗A∥pA + 2wpA(Y X
∗A).

Proof. Assume x ∈ H is an A-unit vector. We have

2−2p|⟨(X + Y )x, x⟩A|2p

≤ 2−2p(|⟨Xx, x⟩A|+ |⟨Y x, x⟩A|)2p

= 2−2p(|⟨x,X∗Ax⟩A|+ |⟨x, Y ∗Ax⟩A|)2p

≤ |⟨x,X∗Ax⟩A|2p + |⟨x, Y ∗Ax⟩A|2p

(by the convexity of f(t) = t2p for p ≥ 1)

≤ max
{
∥X∗Ax∥2pA , ∥Y

∗Ax∥2pA
}
+ |⟨X∗Ax, Y ∗Ax⟩A|p

(by Lemma 2.12)

≤ 1

2

(
∥X∗Ax∥2pA + ∥Y ∗Ax∥2pA +

∣∣∣∥X∗Ax∥2pA − ∥Y ∗Ax∥2pA
∣∣∣)+ |⟨X∗Ax, Y ∗Ax⟩A|p

(since max{u, v} =
1

2
(u+ v + |u− v|))

=
1

2
(⟨XX∗A + Y Y ∗Ax, x⟩pA + |⟨XX∗A − Y Y ∗Ax, x⟩A|p) + |⟨X∗Ax, Y ∗Ax⟩A|p

≤ 1

2
(wpA(XX

∗A + Y Y ∗A) + ∥XX∗A − Y Y ∗A∥pA) + wpA(Y X
∗A).

By taking the supremum on the above inequalities overall A-unit vectors x ∈ H ,
we get the desired inequality. 2

In the next theorem, we show [10, Theorem 3.2] for p ≥ 1.

Proposition 2.14. Let X,Y ∈ BA (H ) and p ≥ 1. Then

21−4pw4p
A (X + Y )

≤ max
{
∥X∥2pA , ∥Y ∥2pA

}
+ wpA(Y X

∗A) + 22pw2p
A (X)2w2p

A (Y ).

Proof. Assume x ∈ H is an A-unit vector. We have

21−4p|⟨(X + Y )x, x⟩A|4p

≤ 21−4p(|⟨Xx, x⟩A|+ |⟨Y x, x⟩A|)4p

≤ 21−4p (|⟨x,X∗Ax⟩A|+ |⟨x, Y ∗Ax⟩A|+ 2|⟨Xx, x⟩A||⟨Y x, x⟩A|)2p

≤ |⟨x,X∗Ax⟩A|2p + |⟨x, Y ∗Ax⟩A|2p + 22p|⟨Xx, x⟩A|2p|⟨Y x, x⟩A|2p

(by the convexity of f(t) = t2p for p ≥ 1)
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≤ max
{
∥X∗Ax∥2pA , ∥Y

∗Ax∥2pA
}
+ |⟨Y X∗Ax, x⟩A|p + 22p|⟨Xx, x⟩A|2p|⟨Y x, x⟩A|2p

(by Lemma 2.12)

≤ max
{
∥X∗A∥2pA , ∥Y

∗A∥2pA
}
+ wpA(Y X

∗A) + 22pw2p
A (X)2w2p

A (Y )

= max
{
∥X∥2pA , ∥Y ∥2pA

}
+ wpA(Y X

∗A) + 22pw2p
A (X)2w2p

A (Y ).

By taking the supremum on the above inequalities overall A-unit vectors x ∈ H ,
we get the desired inequality. 2
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